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Abstract

Thispaperdescribesascalablealgorithmfor thesimultaneousmappingandlocalization(SLAM)

problem. SLAM is the problemof acquiringa mapof a staticenvironmentwith a mobile robot.

Thevastmajority of SLAM algorithmsarebasedon theextendedKalman�lter (EKF). This paper

advocatesan algorithmthat relieson the dual of the EKF, the extendedinformation �lter (EIF).

We show thatwhenrepresentedin the informationform, mapposteriorsaredominatedby a small

numberof links thattie togethernearbyfeaturesin themap.This insightis developedinto asparse

variantof theEIF, calledthesparseextendedinformation�lters (SEIF).SEIFsrepresentmapsby

graphicalnetworksof featuresthatarelocally interconnected,wherelinks representrelative infor-

mationbetweenpairsof nearbyfeatures,aswell asinformationaboutthe robot's poserelative to

the map. We show that all essentialupdateequationsin SEIFscanbe executedin constanttime,

irrespectiveof thesizeof themap.Wealsoprovideempiricalresultsobtainedfor abenchmarkdata

setcollectedin anoutdoorenvironment,andusingamulti-robotmappingsimulation.

1 Intr oduction

Simultaneouslocalizationandmapping(SLAM) is the problemof acquiringa mapof an un-

known environmentwith a moving robot, while simultaneouslylocalizing the robot relative

to this map[9, 21]. The SLAM problemaddressessituationswherethe robot lacksa global

positioningsensor. Instead,it hasto rely on a sensorof incrementalegomotionfor robotposi-

tion estimation(e.g.,odometry, inertial navigation). Suchsensorsaccumulateerrorover time,

makingtheproblemof acquiringanaccuratemapa challengingone[47]. In recentyears,the

SLAM problemhasreceivedconsiderableattentionby thescienti®ccommunity, anda �urry of

new algorithmsandtechniqueshasemerged[20].

Existing algorithmscanbe subdivided into batchandonline techniques.The former of-

fer sophisticatedtechniquesto copewith perceptualambiguities[3, 41, 50], but they canonly

generatemapsafter extensive batchprocessing.Online techniquesarespeci®callysuitedto

acquiremapsas the robot navigates[9, 44]. Online SLAM is of greatpracticalimportance
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in many navigationandexplorationproblems[4, 42]. Today's mostwidely usedonlinealgo-

rithmsarebasedon theextendedKalman®lter (EKF), whoseapplicationto SLAM problems

wasdevelopedin a seriesof seminalpapers[30, 43, 44]. TheEKF calculatesa Gaussianpos-

terior over the locationsof environmentalfeaturesandtherobot itself. Theestimationof such

a joint posteriorprobabilitydistribution solvesoneof the mostdif®cult aspectsof the SLAM

problem,namelythefactthattheerrorsin theestimatesof featuresin themaparemutuallyde-

pendent,by virtue of thefactthatthey areacquiredthrougha moving platformwith inaccurate

positioning. Unfortunately, maintaininga Gaussianposteriorimposesa signi®cantburdenon

thememoryandspacerequirementsof theEKF. Thecovariancematrix of theGaussianposte-

rior requiresspacequadraticin the sizeof the map,andthe basicupdatealgorithmfor EKFs

requiresquadratictime per measurementupdate. This quadraticspaceandtime requirement

imposesseverescalinglimitations. In practice,EKFscanonly handlemapsthatcontaina few

hundredfeatures.In many applicationdomains,it is desirableto acquiremapsthatareorders

of magnitudelarger[17].

This limitation haslong beenrecognized,anda numberof approachesexist that represent

the posteriorin a morestructuredway; someof thosewill be discussedin detail towardsthe

end of the paper. Possiblythe most popularidea is to decomposethe map into collections

of smaller, more manageablesubmaps[2, 11, 22, 46, 55], therebygaining representational

and computationalef®ciency. An alternative structuredrepresentationseffectively estimates

posteriorsover entirepaths(alongwith themap),not just thecurrentrobotpose.This makes

it possibleto exploit a conditionalindependencethat is characteristicof the SLAM problem,

whichin turnleadsto afactoredrepresentation[31, 27, 28]. Mostof thesestructuredtechniques

areapproximate,andmostof themrequirememorylinear in the sizeof the map. Somecan

updatetheposteriorin constanttime; whereasothersmaintainquadraticcomplexity at a much

reducedconstantfactor.

This paperdescribesa SLAM algorithmthatrepresentsmapposteriorby relativeinforma-

tion betweenfeaturesin themap,andbetweenthemapandthe robot's pose.This ideais not

new; in fact, it is at thecoreof recentalgorithmsby Newman[37] andCsorba[7, 8], andit is

relatedto analgorithmby Lu andMilios [24]. Justasin recentwork by Nettletonetal. [36], our

approachis basedon thewell-known informationformof theEKF, alsoknown astheextended

information®lter (EIF) [26]. This®lter maintainsaninformationmatrix,insteadof thecommon

covariancematrix. Themaincontribution of this paperis anEIF thatmaintainsa sparseinfor-

mationmatrix, calledthesparseextendedinformation�lter (SEIF). This sparsematrix de®nes

a Web-like network of local relative constraintsbetweenpairsof adjacentfeaturesin themap,

reminiscentof a GaussianMarkov random®eld [54]. Thesparsityhasimportantrami®cations

on thecomputationalpropertiesof solvingSLAM problems.

Theuseof sparsematrices,or local links, is motivatedby akey insight: theposteriordistri-

bution in SLAM problemsis dominatedby a smallnumberof relative links betweenadjacent

featuresin themap. This is bestillustratedthroughanexample. Figure1 shows the resultof



Figure1: Typicalsnapshotsof EKFsappliedto theSLAM problem:Shown hereis amap(left panel),acorrelation
(centerpanel),anda normalizedinformationmatrix (right panel).Noticethat thenormalizedinformationmatrix
is naturallyalmostsparse,motivatingourapproachof usingsparseinformationmatricesin SLAM.

the vanilla EKF [30, 44, 43] appliedto the SLAM problem,in an environmentcontaining50

landmarks.The left panelshows a moving robot, alongwith its probabilisticestimateof the

locationof all 50 point features.The centralinformationmaintainedby the EKF solution is

a covariancematrix of thesedifferentestimates.The normalizedcovariance,i.e., the correla-

tion, is visualizedin the centerpanelof this ®gure. Eachof the two axeslists the robot pose

(x-y locationandorientation)followedby thex-y-locationsof the50 landmarks.Dark entries

indicatestrongcorrelations.It is known that in the limit of SLAM, all x-coordinatesandall

y-coordinatesbecomefully correlated[9]. Thecheckerboardappearanceof thecorrelationma-

trix illustratesthis fact. Maintainingthesecross-correlations—ofwhich therearequadratically

many in thenumberof featuresin themap—areessentialto theSLAM problem. This obser-

vationhasgivenriseto the(false)suspicionthatonlineSLAM inherentlyrequiresupdatetime

quadraticin thenumberof featuresin themap.

The key insight that underliesSEIF is shown in the right panelof Figure1. Shown there

is the inversecovariancematrix (alsoknown asinformationmatrix [26, 36]), normalizedjust

like the correlationmatrix. Elementsin this normalizedinformation matrix can be thought

of as constraints,or links, which constrainthe relative locationsof pairs of featuresin the

map: Thedarker anentry in thedisplay, thestrongerthe link. As this depictionsuggests,the

normalizedinformationmatrixappearsto benaturallysparse:it is dominatedby asmallnumber

of stronglinks; andit possessesa large numberof links whosevalues,whennormalized,are

nearzero.Furthermore,thestrengthof eachlink is relatedto thedistanceof thecorresponding

features:Stronglinks are found only betweenmetrically nearbyfeatures. The moredistant

two features,theweaker their link. As will becomemoreobviousin thepaper, this sparseness

is not coincidental;rather, it directly relatesto theway informationis acquiredin SLAM. This

observationsuggestthattheEKF solutionto SLAM canindeedbeapproximatelyusingasparse

representation—despitethefact that thecorrelationmatrix is denselypopulated.In particular,

while any two featuresarefully correlatedin the limit, thecorrelationarisesmainly througha



Figure2: Illustrationof thenetwork of featuresgeneratedby ourapproach.Shown ontheleft is asparseinforma-
tion matrix,andon theright a mapin which entitiesarelinkedwhoseinformationmatrix elementis non-zero.As
arguedin thepaper, thefact thatnot all featuresareconnectedis a key structuralelementof theSLAM problem,
andat theheartof ourconstanttimesolution.

network of local links, which only connectnearbyfeatures.It is importantto noticethat this

structurenaturallyemergesin SLAM; theresultsin Figure1 areobtainedusingthevanillaEKF

algorithmin [45].

As notedabove, our approachexploits this insight by maintaininga sparse information

matrix, in which only nearbyfeaturesare linked througha non-zeroelement. The resulting

network structureis illustratedin theright panelof Figure2, wherediskscorrespondsto point

featuresanddashedarcsto links, asspeci®edin the informationmatrix visualizedon the left.

Thisdiagramalsoshows therobot,which is linkedto asmallsubsetof all featuresonly. Those

featuresarecalledactivefeaturesandaredrawn in black. Storinga sparseinformationmatrix

requiresspacelinear in the numberof featuresin the map. More importantly, all essential

updatesin SLAM canbe performedin constanttime, regardlessof the numberof featuresin

the map. This result is somewhat surprising,as a naive implementationof motion updates

in information ®lters requireinversionof the entire information matrix, which is an O(N3)

operation;plainEKFs,in comparison,requireO(N 2) time (for theperceptualupdate).

The remainderof this paperis organizedas follows. Section2 formally introducesthe

extendedinformation®lter (EIF), which formsthebasisof our approach.SEIFsaredescribed

in Section3, which statesthemajorcomputationalresultsof this paper. Thesectiondevelops

the constanttime algorithmfor maintainingsparseinformationmatrices,andit alsopresents

anamortizedconstanttimealgorithmfor recoveringaglobalmapfrom therelative information

in the SEIF. The importantissueof dataassociation®nds its treatmentin Section4, which

describesa constanttime techniquefor calculatinglocal probabilitiesnecessaryto make data

associationdecisions.Experimentalresultsareprovidedin Section5, we speci®callycompare

our new approachto the EKF solution, using a benchmarkdataset collectedin an outdoor

environment[9, 11]. Theseresultssuggestthat thesparsenessconstraintintroducesonly very

small errorsin the resultingmaps,whencomparedto the computationallymorecumbersome

EKF solution. The paperis concludedby a literaturereview in Section6 anda discussionof



openresearchissuesin Section7.

2 ExtendedInformation Filters

This sectionreviews theextendedinformation®lter (EIF), which formsthebasisof our work.

EIFsarecomputationallyequivalentto extendedKalman®lters (EKFs),but they representin-

formationdifferently: insteadof maintaininga covariancematrix, theEIF maintainsaninverse

covariancematrix, alsoknown as informationmatrix. EIFs have previously beenappliedto

theSLAM problem,mostnotablyby Nettletonandcolleagues[33, 36], but they aremuchless

commonthantheEKF approach.

Most of thematerialin this sectionappliesequallyto linearandnonlinear®lters. We have

chosento presentall materialin the moregeneralnonlinearform, sincerobotsareinherently

nonlinear. Thelinearform is easilyobtainedasaspecialcase.

2.1 Inf ormation Form of the SLAM Problem

Let x t denotetheposeof therobotat time t. For rigid mobilerobotsoperatingin a planaren-

vironment,theposeis givenby its two Cartesiancoordinatesandtherobot'sheadingdirection.

Let N denotethenumberof features(e.g.,landmarks)in theenvironment.Thevariableyn with

1 � n � N denotestheposeof then-th feature.For example,for point landmarksin theplane,

yn maycomprisethe two-dimensionalCartesiancoordinatesof this landmark.In SLAM, it is

usuallyassumedthatfeaturesdonotchangetheir locationovertime;see[16,53] for atreatment

of SLAM in dynamicenvironments.

Therobotposex t andthesetof all featurelocationsY togetherconstitutethestateof the

environment.It will bedenotedby thevector� t =
�

x t y1 : : : yN

� T
, wherethesuperscript

T refersto thetransposeof avector.

In theSLAM problem,it is impossibleto sensethestate� t directly—otherwisetherewould

benomappingproblem.Instead,therobotseeksto recoveraprobabilisticestimateof � t . Writ-

ten in a Bayesianform, our goalshallbe to calculatea posteriordistribution over thestate� t .

Thisposteriorp(� t j zt ; ut ) is conditionedonpastsensormeasurementszt = z1; : : : ; zt andpast

controlsut = u1; : : : ; ut . Sensormeasurementszt might, for example,specifytheapproximate

rangeandbearingto nearbyfeatures.Controlsut specifytherobotmotioncommandasserted

in thetime interval (t � 1;t].

Following therich EKF tradition in theSLAM literature,our approachrepresentsthepos-

terior p(� t j zt ; ut ) by a multivariateGaussiandistribution over thestate� t . Themeanof this

distributionwill bedenoted� t , andcovariancematrix � t :

p(� t j zt ; ut ) / exp
n
� 1

2(� t � � t )T � � 1
t (� t � � t )

o
(1)

Theproportionalitysignreplacesaconstantnormalizerthatis easilyrecoveredfrom thecovari-

ance� t . Therepresentationof theposteriorvia themean� t andthecovariancematrix � t is the

basisof theEKF solutionto theSLAM problem(andto EKFsin general).



Information®lters representthesameposteriorthrougha so-calledinformationmatrix Ht

andaninformationvectorbt—insteadof � t and� t . Theseareobtainedby multiplying out the

exponentof (1):

p(� t j zt ; ut ) / exp
n
� 1

2

h
� T

t � � 1
t � t � 2� T

t � � 1
t � t + � T

t � � 1
t � t

i o

= exp
n
� 1

2 � T
t � � 1

t � t + � T
t � � 1

t � t � 1
2 � T

t � � 1
t � t

o
(2)

We now observe thatthelast termin theexponent,� 1
2 � T

t � � 1
t � t doesnot containthefreevari-

able� t andhencecanbesubsumedinto theconstantnormalizer. Thisgivesustheform:

/ expf� 1
2 � T

t � � 1
t| {z }

=: H t

� t + � T
t � � 1

t| {z }
=: bt

� tg (3)

TheinformationmatrixH t andtheinformationvectorbt arenow de®nedasindicated:

H t = � � 1
t and bt = � T

t H t (4)

Usingthesenotations,thedesiredposteriorcannow berepresentedin whatis commonlyknown

astheinformationformof theKalman®lter:

p(� t j zt ; ut ) / exp
n
� 1

2 � T
t H t � t + bt � t

o
(5)

As thereadermayeasilynotice,bothrepresentationsof themulti-variateGaussianposteriorare

functionallyequivalent(with theexceptionof certaindegeneratecases):TheEKF representa-

tion of themean� t andcovariance� t , andtheEIF representationof the informationvectorbt

andthe informationmatrix H t . In particular, theEKF representationcanbe`recovered' from

theinformationform via thefollowing algebra:

� t = H � 1
t and � t = H � 1

t bT
t = � tbT

t (6)

Theadvantageof theEIF over theEKF will becomeapparentfurtherbelow, whentheconcept

of sparseEIFswill beintroduced.

Of particularinterestwill be thegeometryof the informationmatrix. This matrix is sym-

metricandpositive-de®nite:

H t =

0

B
B
B
B
B
B
@

Hx t ;x t Hx t ;y1 � � � Hx t ;yN

Hy1 ;x t Hy1 ;y1 � � � Hy1 ;yN

...
...

...
...

HyN ;x t HyN ;y1 � � � HyN ;yN

1

C
C
C
C
C
C
A

(7)

Eachelementin the informationmatrix constraintsone(on themaindiagonal)or two (off the

maindiagonal)elementsin thestatevector. We will referto theoff-diagonalelementsaslinks:

thematricesHx t ;yn link togethertherobotposeestimateandthelocationestimateof a speci®c

feature,and the matricesH yn ;yn 0 for n 6= n0 link togethertwo featurelocationsyn and yn0.

Althoughrarelymadeexplicit, themanipulationof theselinks is thevery essenceof Gaussian

solutionsto theSLAM problem.It will beananalysisof theselinks thatultimately leadsto a

constant-timesolutionto theSLAM problem.



(a) (b)

Figure 3: The effect of measurementson the information matrix and the associatednetwork of features: (a)
Observingy1 resultsin a modi®cationof the informationmatrix elementsHx t ;y 1 . (b) Similarly, observingy2

affectsH x t ;y 2 . Bothupdatescanbecarriedout in constanttime.

2.2 MeasurementUpdates

In SLAM, measurementszt carryspatialinformationon therelationof therobot'sposeandthe

locationof a feature.For example,zt might betheapproximaterangeandbearingto a nearby

feature. Without lossof generality, we will assumethat eachmeasurementzt correspondsto

exactly onefeaturein themap. Sightingsof multiple featuresat thesametime mayeasilybe

processedone-after-another.

Figure3 illustratestheeffect of measurementson the informationmatrix H t . Supposethe

robotmeasurestheapproximaterangeandbearingto thefeaturey1, asillustratedin Figure3a.

This observation links therobotposex t to the locationof y1. Thestrengthof the link is given

by the level of noisein themeasurement.UpdatingEIFsbasedon this measurementinvolves

the manipulationof the off-diagonalelementsH x t ;y and their symmetriccounterpartsH y;x t

that link togetherx t andy. Additionally, the on-diagonalelementsH x t ;x t andHy1 ;y1 arealso

updated.Theseupdatesareadditive: Eachobservationof a featurey increasesthestrengthof

the total link betweentherobotposeandthis very feature,andwith it the total informationin

the ®lter. Figure3b shows the incorporationof a secondmeasurementof a differentfeature,

y2. In responseto this measurement,the EIF updatesthe links H x t ;y2 = H T
y2 ;x t

(andHx t ;x t

andHy2 ;y2 ). As this examplesuggests,measurementsintroducelinks only betweenthe robot

posex t andobservedfeatures.Measurementsnevergeneratelinks betweenpairsof features,or

betweentherobotandunobservedfeatures.

For a mathematicalderivationof theupdaterule, we observe thatBayesrule enablesusto

factorthedesiredposteriorinto thefollowing product:

p(� t j zt ; ut ) / p(zt j � t ; zt � 1; ut ) p(� t j zt � 1; ut )

= p(zt j � t ) p(� t j zt � 1; ut ) (8)

The secondstepof this derivation exploited common(andobvious) independencesin SLAM

problems[49]. For the time being,we assumethat p(� t j zt � 1; ut ) is representedby �H t and
�bt . Thosewill bediscussedin thenext section,whererobotmotionwill beaddressed.Thekey

questionaddressedin this section,thus,concernstherepresentationof theprobabilitydistribu-

tion p(zt j � t ) andthe mechanicsof carryingout the multiplication above. In the `extended'



family of ®lters,a commonmodelof robotperceptionis onein which measurementsaregov-

ernedvia adeterministicnonlinearmeasurementfunctionh with addedGaussiannoise:

zt = h(� t ) + " t (9)

Here" t is anindependentnoisevariablewith zeromean,whosecovariancewill bedenotedZ .

Put into probabilisticterms,(9) speci®esa Gaussiandistribution over the measurementspace

of theform

p(zt j � t ) / exp
n
� 1

2(zt � h(� t ))T Z � 1(zt � h(� t ))
o

(10)

Following therich literatureof EKFs,EIFsapproximatethis Gaussianby linearizingthemea-

surementfunctionh. Morespeci®cally, aTaylorseriesexpansionof h givesus

h(� t ) � h(� t ) + r � h(� t )[� t � � t ] (11)

wherer � h(� t ) is the®rst derivative (Jacobian)of h with respectto thestatevariable� , taken

� = � t . For brevity, we will write ẑt = h(� t ) to indicatethatthis is a predictiongivenour state

estimate� t . Thetransposeof theJacobianmatrix r � h(� t ) andwill bedenotedCt . With these

de®nitions,Equation(11) readsasfollows:

h(� t ) � ẑt + CT
t (� t � � t ) (12)

Thisapproximationleadsto thefollowing Gaussianapproximationof themeasurementdensity

in Equation(10):

p(zt j � t ) / exp
n
� 1

2(zt � ẑt � CT
t � t + CT

t � t )T Z � 1(zt � ẑt � CT
t � t + CT

t � t )
o

(13)

Multiplying out theexponentandregroupingtheresultingtermsgivesus

= exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t (14)

� 1
2(zt � ẑt + CT

t � t )T Z � 1(zt � ẑt + CT
t � t )

o

As before,the®nal termin theexponentdoesnot dependon thevariable�t andhencecanbe

subsumedinto theproportionalityfactor:

/ exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t

o
(15)

We arenow in the position to statethe measurementupdateequation,which implementthe

probabilisticlaw (8).

p(� t j zt ; ut ) / exp
n
� 1

2 � T
t

�H t � t + �bt � t

o

� exp
n
� 1

2 � T
t CtZ � 1CT

t � t + (zt � ẑt + CT
t � t )T Z � 1CT

t � t

o

= expf� 1
2 � T

t ( �H t + CtZ � 1CT
t| {z }

H t

)� t + ( �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t| {z }
bt

)� tg (16)



(a) (b)

Figure 4: The effect of motion on the information matrix and the associatednetwork of features: (a) before
motion, and(b) after motion. If motion is non-deterministic,motion updatesintroducenew links (or reinforce
existing links) betweenany two active features,while weakeningthe links betweentherobotandthosefeatures.
Thisstepintroduceslinks betweenpairsof features.

Thus,themeasurementupdateof theEIF is givenby thefollowing additive rule:

H t = �H t + CtZ � 1CT
t (17)

bt = �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t (18)

In thegeneralcase,theseupdatesmaymodify theentireinformationmatrix H t andvectorbt ,

respectively. A key observation of all SLAM problemsis that the JacobianCt is sparse. In

particular, Ct is zeroexceptfor theelementsthatcorrespondto therobotposex t andthefeature

yt observedat time t.

Ct =
�

@h
@x t

0� � � 0 @h
@yt

0� � � 0
� T

(19)

Thiswell-known sparsenessof Ct [9] is dueto thefactthatmeasurementszt areonly afunction

of the relative distanceand orientationof the robot to the observed feature. As a pleasing

consequence,the updateCtZ � 1CT
t to the informationmatrix in (17) is only non-zeroin four

places:theoff-diagonalelementsthat link therobotposex t with theobserved featureyt , and

themain-diagonalelementsthatcorrespondto x t andyt . Thus,theupdateequations(17) and

(18)arewell in tunewith our intuitive descriptiongivenin thebeginningof thissection,where

we arguedthat measurementsonly strengthenthe links betweenthe robot poseandobserved

features,in theinformationmatrix.

To comparethis to theEKF solution,wenoticethateventhoughthechangeof theinforma-

tion matrix is local, theresultingcovarianceusuallychangesin non-localways.putdifferently,

thedifferencebetweentheold covariance�� t = �H � 1
t andthenew covariancematrix � t = H � 1

t

is usuallynon-zeroeverywhere.

2.3 Motion Updates

Thesecondimportantstepof SLAM concernstheupdateof the®lter in accordanceto robotmo-

tion. In thestandardSLAM problem,only therobotposechangesover time. Theenvironment

is static.

Theeffectof robotmotionon theinformationmatrixH t areslightly morecomplicatedthan

thatof measurements.Figure4a illustratesan informationmatrix andtheassociatednetwork



beforethe robot moves, in which the robot is linked to two (previously observed) features.

If robot motion wasfree of noise,this link structurewould not be affectedby robot motion.

However, thenoisein robotactuationweakensthelink betweentherobotandall activefeatures.

HenceHx t ;y1 andHx t ;y2 aredecreasedby a certainamount.This decreasere�ects thefact that

thenoisein motion inducesa lossof informationof therelative locationof the featuresto the

robot. Not all of this informationis lost, however. Someof it is shiftedinto between-feature

links Hy1 ;y2 , as illustratedin Figure 4b. This re�ects the fact that even thoughthe motion

induceda loss of information of the robot relative to the features,no information was lost

betweenindividual features.Robotmotion,thus,hastheeffect thatfeaturesthatwereindirectly

linkedthroughtherobotposebecomelinkeddirectly.

To derive theupdaterule,we begin with a Bayesiandescriptionof robotmotion. Updating

a®lter basedon robotmotionmotioninvolvesthecalculationof thefollowing posterior:

p(� t j zt � 1; ut ) =
Z

p(� t j � t � 1; zt � 1; ut ) p(� t � 1 j zt � 1; ut ) d� t � 1 (20)

Exploiting thecommonSLAM independences[49] leadsto

p(� t j zt � 1; ut ) =
Z

p(� t j � t � 1; ut ) p(� t � 1 j zt � 1; ut � 1) d� t � 1 (21)

Thetermp(� t � 1 j zt � 1; ut � 1) is theposteriorat time t � 1, representedby H t � 1 andbt � 1. Our

concernwill thereforebe with the remainingterm p(� t j � t � 1; ut ), which characterizesrobot

motionin probabilisticterms.

Similar to themeasurementmodelabove, it is commonpracticeto modelrobotmotionby

anonlinearfunctionwith addedindependentGaussiannoise:

� t = � t � 1 + � t with � t = g(� t � 1; ut ) + Sx � t (22)

Hereg is themotionmodel,a vector-valuedfunctionwhich is non-zeroonly for therobotpose

coordinates,asfeaturelocationsarestaticin SLAM. Thetermlabeled� t constitutesthestate

changeattimet. Thestochasticpartof thischangeismodeledby � t , aGaussianrandomvariable

with zeromeanandcovarianceUt . ThisGaussianvariableis alow-dimensionalvariablede®ned

for therobotposeonly. HereSx is a projectionmatrixof theform Sx = ( I 0 : : : 0 )T , where

I is an identity matrix of the samedimensionasthe robot posevectorx t andasof � t . Each

0 in this matrix refersto a null matrix, of which thereareN in Sx . TheproductSx � t , hence,

give thefollowing generalizednoisevariable,enlargedto thedimensionof thefull statevector

� : Sx � t = ( � t 0 : : : 0 )T . In EIFs, the functiong in (22) is approximatedby its ®rst degree

Taylorseriesexpansion:

g(� t � 1; ut ) � g(� t � 1; ut ) + r � g(� t � 1; ut )[� t � 1 � � t � 1]

= �̂ t + A t � t � 1 � A t � t � 1 (23)

HereA t = r � g(� t � 1; ut ) is thederivativeof g with respectto � at � = � t � 1 andut . Thesymbol

�̂ t is shortfor thepredictedmotioneffect, g(� t � 1; ut ). Pluggingthis approximationinto (22)



leadsto anapproximationof � t , thestateat time t:

� t � (I + A t )� t � 1 + �̂ t � A t � t � 1 + Sx � t (24)

Hence,underthisapproximationtherandomvariable� t is againGaussiandistributed.Its mean

is obtainedby replacing� t and� t in (24)by their respectivemeans:

�� t = (I + A t )� t � 1 + �̂ t � A t � t � 1 + Sx0 = � t � 1 + �̂ t (25)

The covarianceof � t is simply obtainedby scaledandaddingthe covarianceof the Gaussian

variableson theright-handsideof (24):

�� t = (I + A t )� t � 1(I + A t )T + 0 � 0 + SxUtST
x

= (I + A t )� t � 1(I + A t )T + SxUtST
x (26)

Updateequations(25)and(26)arein theEKF form, thatis, they arede®nedovermeansandco-

variances.Theinformationform is now easilyrecoveredfrom thede®nitionof theinformation

form in (4) andits inversein (6). In particular, wehave

�H t = �� � 1
t =

h
(I + A t )� t � 1(I + A t )T + SxUtST

x

i � 1

=
h
(I + A t )H � 1

t � 1(I + A t )T + SxUtST
x

i � 1
(27)

�bt = �� T
t

�H t =
h
� t � 1 + �̂ t

i T �H t =
h
H � 1

t � 1bT
t � 1 + �̂ t

i T �H t

=
h
bt � 1H � 1

t � 1 + �̂ T
t

i
�H t (28)

Theseequationsappearcomputationallyinvolved, in that they requirethe inversionof large

matrices.In thegeneralcase,thecomplexity of theEIF is thereforecubicin thesizeof thestate

space.In thenext section,weprovide thesurprisingresultthatboth �H t and�bt canbecomputed

in constanttime if H t � 1 is sparse.

3 SparseExtendedInformation Filters

Thecentral,new algorithmpresentedin this paperis thesparseextendedinformation�lter , or

SEIF. TheSEIFdiffersfrom theextendedinformation®lter describedin theprevioussectionin

thatit maintainsasparseinformationmatrix. An informationmatrixH t is consideredsparseif

thenumberof links to therobotandto eachfeaturein themapis boundedby a constantthatis

independentof thenumberof featuresin themap.Theboundfor thenumberof links between

the robot poseandotherfeaturesin the mapwill be denoted� x ; the boundon the numberof

links for eachfeature(notcountingthelink to therobot)will bedenoted� y. Themotivationfor

maintaininga sparseinformationis mainly computational,aswill becomeapparentbelow. Its

justi®cationwasalreadydiscussedabove,whenwedemonstratedthatin SLAM, thenormalized

informationmatrix is alreadyalmostsparse.This suggeststhat by enforcingsparseness,the

inducedapproximationerroris small.



3.1 ConstantTime Results

Webegin by proving threeimportantconstanttime results,which form thebackboneof SEIFs.

All proofscanbefoundin theappendix.

Lemma1: Themeasurementupdatein Section(2.2) requiresconstanttime, irrespective of
thenumberof featuresin themap.

This lemmaensuresthat measurementscanbe incorporatedin constanttime. Notice that

this lemmadoesnot requiresparsenessof the informationmatrix; rather, it is a well-known

propertyof information®lters in SLAM.

Lesstrivial is thefollowing lemma:

Lemma2: If theinformationmatrix is sparseandA t = 0, themotionupdatein Section(2.3)
requiresconstanttime. Theconstant-timeupdateequationsaregivenby:

L t = Sx [U� 1
t + ST

x H t � 1Sx ]� 1ST
x H t � 1

�H t = H t � 1 � H t � 1L t (29)
�bt = bt � 1 + �̂ T

t H t � 1 � bt � 1L t + �̂ T
t H t � 1L t

This resultaddressesthe importantspecialcaseA t = 0, that is, theJacobianof posechange

with respectto theabsoluterobotposeis zero.This is thecasefor robotswith linearmechanics,

andwith nonlinearmechanicswherethereis no `cross-talk'betweenabsolutecoordinatesand

theadditivechangedueto motion.

In general,A t 6= 0, sincethe x-y updatedependson the robot orientation. This caseis

addressedby thenext lemma:

Lemma3: If the informationmatrix is sparse,the motion updatein Section(2.3) requires
constanttimeif themean� t is availablefor therobotposeandall active features.Theconstant-
timeupdateequationsaregivenby:

	 t = I � Sx (I + [ST
x A tSx ]� 1)� 1ST

x

H 0
t � 1 = 	 T

t H t � 1	 t

� H t = H 0
t � 1Sx [U� 1

t + ST
x H 0

t � 1Sx ]� 1ST
x H 0

t � 1

�H t = H 0
t � 1 � � H t

�bt = bt � 1 � � T
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t (30)

For A t 6= 0, a constanttime updaterequiresknowledgeof the mean� t � 1 beforethe motion

command,for therobotposeandall activefeatures(but not thepassivefeatures).This informa-

tion is notmaintainedby thestandardinformation®lter, andextractingit in thestraightforward

way(via Equation(6)) requiresmorethanconstanttime. A constant-timesolutionto thisprob-

lemwill now bepresented.

3.2 Sparsi�cation

The®nal stepin SEIFsconcernsthesparsi®cationof theinformationmatrix Ht . Sparsi®cation

is necessarilyan approximative step,sinceinformation matricesin SLAM are naturally not



sparse—eventhoughnormalizedinformationmatricestendto bealmostsparse.In thecontext

of SLAM, it suf®cesto removelinks (deactivate)betweentherobotposeandindividual features

in themap;if donecorrectly, thisalsolimits thenumberof links betweenpairsof features.

To see,let usbrie�y considerthetwo circumstancesunderwhich a new link maybeintro-

duced. First, observinga passive featureactivatesthis feature,that is, introducesa new link

betweentherobotposeandthevery feature.Thus,measurementupdatespotentiallyviolatethe

bound� x . Second,motionintroduceslinks betweenany two active features,andhenceleadto

violationsof the bound� y. This considerationsuggeststhat controlling the numberof active

featurescanavoid violationof bothsparsenessbounds.

Oursparsi®cationtechniqueis illustratedin Figure5. Shown thereis thesituationbeforeand

aftersparsi®cation.Theremoval of alink in thenetworkcorrespondsto settinganelementin the

informationmatrix to zero;however, this requiresthemanipulationof otherlinks betweenthe

robotandotheractive features.Theresultingnetwork is only anapproximationto theoriginal

one,whosequalitydependson themagnitudeof thelink beforeremoval.

We will now presenta constant-timesparsi®cationtechnique.To do so,it will prove useful

to partitionthesetof all featuresinto threedisjoint subsets:

Y = Y + + Y 0 + Y � (31)

whereY + is the setof all active featuresthat shall remainactive. Y 0 areoneor moreactive

featuresthatwe seekto deactivate(remove thelink to therobot). Finally, Y � areall currently

passive features.

The sparsi®cationis bestderived from ®rst principles. If Y+ ] Y 0 containsall currently

active features,theposteriorcanbefactoredasfollows:

p(x t ; Y j zt ; ut ) = p(x t ; Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � ; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

= p(x t j Y 0; Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut ) (32)

In thelaststepweexploitedthefactthatif weknow theactive featuresY 0 andY + , thevariable

x t doesnot dependon the passive featuresY � . We canhencesetY � to an arbitraryvalue

without affectingtheconditionalposteriorover x t , p(x t j Y 0; Y + ; Y � ; zt ; ut ). Herewe simply

choseY � = 0.

To sparsifytheinformationmatrix, theposterioris approximatedby thefollowing distribu-

tion, in which we simply drop thedependenceon Y 0 in the®rst term. It is easilyshown that

thisdistributionminimizestheKL divergenceto theexact,non-sparsedistribution:

~p(x t ; Y j zt ; ut ) = p(x t j Y + ; Y � = 0; zt ; ut ) p(Y 0; Y + ; Y � j zt ; ut )

=
p(x t ; Y + j Y � = 0; zt ; ut )

p(Y + j Y � = 0; zt ; ut )
p(Y 0; Y + ; Y � j zt ; ut ) (33)

Thisposterioris calculatedin constanttime. In particular, webegin by calculatingtheinforma-

tion matrix for thedistributionp(x t ; Y 0; Y + j Y � = 0) of all variablesbut Y � , andconditioned



onY � = 0. This is obtainedby extractingthesubmatrixof all statevariablesbut Y � :

H 0
t = Sx;Y + ;Y 0 ST

x;Y + ;Y 0 H tSx;Y + ;Y 0 ST
x;Y + ;Y 0 (34)

With that,thematrix inversionlemma1 leadsto thefollowing informationmatricesfor theterms

p(x t ; Y + j Y � = 0; zt ; ut ) andp(Y + j Y � = 0; zt ; ut ), denotedH 1
t andH 2

t , respectively:

H 1
t = H 0

t � H 0
t SY0 (ST

Y0
H 0

t SY0 )� 1ST
Y0

H 0
t

H 2
t = H 0

t � H 0
t Sx;Y0 (ST

x;Y0
H 0

t Sx;Y0 )� 1ST
x;Y0

H 0
t (36)

HerethevariousS-matricesareprojectionmatrices,analogousto thematrixSx de®nedabove.

The®nal termin ourapproximation(33),p(Y0; Y + ; Y � j zt ; ut ), hasthefollowing information

matrix:

H 3
t = H t � H tSx t (S

T
x t

H tSx t )
� 1ST

x t
H t (37)

Puttingtheseexpressionstogetheraccordingto Equation(33) yieldsthefollowing information

matrix, in which thefeatureY 0 is now indeeddeactivated:

~H t = H 1
t � H 2

t + H 3
t = H t � H 0

t SY0 (ST
Y0

H 0
t SY0 )� 1ST

Y0
H 0

t

+ H 0
t Sx;Y0 (ST

x;Y0
H 0

t Sx;Y0 )� 1ST
x;Y0

H 0
t � H tSx t (S

T
x t

H tSx t )
� 1ST

x t
H t (38)

Theresultinginformationvectoris now obtainedby thefollowing simpleconsideration:

~bt = � T
t

~H t = � T
t (H t � H t + ~H t )

= � T
t H t + � T

t ( ~H t � H t ) = bt + � T
t ( ~H t � H t ) (39)

All equationscanbe computedin constanttime, regardlessof the sizeof H t . The effect of

this approximationis the deactivation of the featuresY 0, while introducingonly new links

betweenactive features.Thesparsi®cationrule requiresknowledgeof themeanvector� t for

all active features,which is obtainedvia theapproximationtechniquedescribedin theprevious

section. From (39), it is obvious that the sparsi®cationdoesnot affect the mean� t , that is,

H � 1
t bT

t = [ ~H t ]� 1[~bt ]T . Furthermore,our approximationminimizesthe KL divergenceto the

correctposterior. Thesepropertyis essentialfor theconsistency of ourapproximation.

The sparsi®cationis executedwhenever a measurementupdateor a motion updatewould

violate a sparsenessconstraint. Active featuresare chosenfor deactivation in reverseorder

of the magnitudeof their link. This strategy tendsto deactivate featureswhoselast sighting

is furthestaway in time. Empirically, it inducesapproximationerrorsthat arenegligible for

appropriatelychosensparsenessconstraints� x and� y.
1Thematrix inversionlemma(Sherman-Morrison-Woodbury formula),asusedthroughoutthisarticle,is stated

asfollows:

�
H � 1 + SB ST � � 1

= H � H S
�
B � 1 + ST H S

� � 1
ST H (35)



3.3 Amortized ApproximateMap Recovery

Beforederiving an algorithmfor recovering the stateestimate� t from the informationform,

let us brie�y considerwhat partsof � t areneededin SEIFs,andwhen. SEIFsneedthe state

estimate� t of therobotposeandtheactive featuresin themap.Theseestimatesareneededat

threedifferentoccasions:(1) thelinearizationof thenonlinearmeasurementandmotionmodel,

(2) the motion updateaccordingto Lemma3, and(3) the sparsi®cationtechniquedescribed

furtherbelow. For linearsystems,themeansareonly neededfor thesparsi®cation(third point

above). Wealsonotethatweonly needconstantlymany of thevaluesin � t , namelytheestimate

of therobotposeandof thelocationsof active features.

As statedin (6), themeanvector� t is a functionof H t andbt :

� t = H � 1
t bT

t = � tbT
t (40)

Unfortunately, calculatingEquation(40)directlyinvolvesinvertingalargematrix,whichwould

requiresmorethanconstanttime.

The sparsenessof the matrix H t allows us to recover the stateincrementally. In particu-

lar, we cando so on-line, as the datais beinggatheredandthe estimatesb andH arebeing

constructed.To doso,it will proveconvenientto pose(40)asanoptimizationproblem:

Lemma4: Thestate� t is themode�̂ t := argmax� t
p(� t ) of theGaussiandistribution, de-

®nedover thevariable�t :

p(� t ) = const: � exp
n
� 1

2 � T
t H t � t + bT

t � t

o
(41)

Here � t is a vector of the sameform and dimensionalityas � t . This lemmasuggeststhat

recovering � t is equivalentto ®nding themodeof (41). Thus,it transformsa matrix inversion

probleminto an optimizationproblem. For this optimizationproblem,we will now describe

an iterative hill climbing algorithmwhich, thanksto thesparsenessof the informationmatrix,

requiresonly constanttimeperoptimizationupdate.

Our approachis aninstantiationof coordinatedescent.For simplicity, we stateit herefor a

singlecoordinateonly; our implementationiteratesaconstantnumberK of suchoptimizations

aftereachmeasurementupdatestep.Themode�̂ t of (41) is attainedat:

�̂ t = argmax
� t

p(� t ) = argmax
� t

exp
n
� 1

2 � T
t H t � t + bT

t � t

o

= argmin
� t

1
2 � T

t H t � t � bT
t � t (42)

We notethat theargumentof themin-operatorin (42) canbewritten in a form thatmakesthe

individual coordinatevariables� i;t (for thei -th coordinateof � t ) explicit:

1
2 � T

t H t � t � bT
t � t = 1

2

X

i

X

j

� T
i;t H i;j ;t � j ;t �

X

i

bT
i;t � i;t (43)

whereH i;j ;t is the elementwith coordinates(i; j ) in H t , andbi;t if the i -th componentof the

vectorbt . Takingthederivativeof thisexpressionwith respectto anarbitrarycoordinatevariable



(a) (b)

Figure 5: Sparsi®cation:A featureis deactivatedby eliminating its link to the robot. To compensatefor this
changein informationstate,links betweenactive featuresand/ortherobotarealsoupdated.Theentireoperation
canbeperformedin constanttime.
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j

H i;j ;t � j ;t � bT
i;t (44)

Settingthis to zero leadsto the optimum of the i -th coordinatevariable� i;t given all other

estimates� j ;t :

� [k+1]
i;t = H � 1

i;i;t

2

4bT
i;t �

X

j 6= i

H i;j ;t �
[k]
j ;t

3

5 (45)

The sameexpressioncanconvenientlybe written in matrix notation,wereSi is a projection

matrix for extractingthei -th componentfrom thematrixH t :

� [k+1]
i;t = (ST

i H tSi )� 1ST
i

h
bt � H t �

[k]
t + H tSi ST

i � [k]
t

i
(46)

All otherestimates� i 0;t with i 0 6= i remainunchangedin thisupdatestep,thatis, � [k+1]
i 0;t = � [k]

i 0;t .

As is easilyseen,the numberof elementsin the summationin (45), andhencethe vector

multiplicationin (46), is constantif H t is sparse.Hence,eachupdaterequiresconstanttime. To

maintaintheconstant-timepropertyof our SLAM algorithm,we canafford a constantnumber

of updatesK per time step. This will generallynot lead to convergence,but the relaxation

processtakesplaceovermultiple timesteps,resultingin smallerrorsin theoverall estimate.

4 Data Association

Data associationrefersto the problemof determiningthe correspondencebetweenmultiple

sightingsof identicalfeatures.Featuresaregenerallynot uniquein appearance,andtherobot

hasto make decisionswith regardsto the identity of individual features.Dataassociationis

generallyacknowledgedto be a key problemin SLAM, anda numberof solutionshasbeen

proposed[9, 28, 46]. Herewe follow the standardmaximumlikelihoodapproachdescribed

in [9]. This approachrequiresa mechanismfor evaluatingthe likelihoodof a measurement

underanallegeddataassociation,soasto identify theassociationthatmakesthemeasurement

mostprobable.Thekey resulthereis thatthislikelihoodcanbeapproximatedtightly in constant

time.



4.1 Recovering Data AssociationProbabilities

To performdataassociation,we augmentthe notationto make the dataassociationvariable

explicit. Let nt betheindex of themeasurementzt , andlet nt bethesequenceof all correspon-

dencevariablesleadingup to time t. Thedomainof nt is 1; : : : ; N t � 1 + 1 for somenumberof

featuresN t � 1 that is increaseddynamicallyasnew featuresareacquired.We distinguishtwo

cases,namelythat a featurecorrespondsto a previously observed one(hencen t � N t � 1), or

thatzt correspondsto a new, previously unobserved feature(n t = N t � 1 + 1). We will denote

therobot's guessof nt by n̂t .

To make the correspondencevariablesexplicit in our notation,the posteriorestimatedby

SEIFwill henceforthbedenoted

p(� t j zt ; ut ; n̂t ) (47)

Heren̂t is thesequenceof theestimatedvaluesof thecorrespondencevariablesn t . Noticethat

we choseto placethe correspondenceson the right sideof the conditioningbar. The maxi-

mumlikelihoodapproachsimply chosesthecorrespondencethatmaximizesthemeasurement

likelihoodatany point in time:

n̂t = argmax
n t

p(zt j zt � 1; ut ; n̂t � 1; nt )

= argmax
n t

Z
p(zt j � t ; nt ) p(� t j zt � 1; ut ; n̂t � 1)

| {z }
�H t ;�bt

d� t

= argmax
n t

Z Z
p(zt j x t ; yn t ; nt ) p(x t ; yn t j zt � 1; ut ; n̂t � 1) (48)

Our notationp(zt j x t ; yn t ; nt ) of the sensormodelmakesthe correspondencevariablent ex-

plicit. Calculatingthis probability exactly is not possiblein constanttime, sinceit involves

marginalizingout almostall variablesin themap(which requiresthe inversionof a largema-

trix). However, thesametypeof approximationthatwasessentialfor theef®cientsparsi®cation

canalsobeappliedhereaswell.

In particular, let us denoteby Y +
n t

the combinedMarkov blanket of the robot posex t and

the landmarkyn t . This Markov blanket is the setof all featuresin the mapthat arelinked to

the robotof landmarkyn t . Figure6 illustratesthis set. Notice thatY +
n t

includesby de®nition

all active landmarks.The sparenessof �H t ensuresthat Y +
n t

containsonly a ®xed numberof

features,regardlessof thesizeof themapN .

All otherfeatureswill becollectively referredto asY �
n t

, thatis:

Y �
n t

= Y � Y +
n t

� f yn t g (49)

The set Y �
n t

containsonly featureswhoselocation assertsonly an indirect in�uence on the

two variablesof interest,x t andyn t . Our approachapproximatesthe probability p(x t ; yn t j

zt � 1; ut ; n̂t � 1) in Equation(48)by essentiallyignoringtheseindirectin�uences:

p(x t ; yn t j zt � 1; ut ; n̂t � 1)
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Figure 6: ThecombinedMarkov blanket of featureyn androbotx t is suf®cient for approximatingtheposterior
probability of the featurelocations,conditioningaway all other features. This insight leadsto a constanttime
methodfor recoveringtheapproximateprobabilitydistributionp(x t ; yn j zt � 1; ut ).

=
Z Z

p(x t ; yn t ; Y +
n t

; Y �
n t

j zt � 1; ut ; n̂t � 1) dY +
n t

dY �
n t

=
Z Z

p(x t ; yn t j Y +
n t

; Y �
n t

; zt � 1; ut ; n̂t � 1) p(Y +
n t

j Y �
n t

; zt � 1; ut ; n̂t � 1)

p(Y �
n t

j zt � 1; ut ; n̂t � 1) dY +
n t

dY �
n t

(50)

�
Z

p(x t ; yn t j Y +
n t

; Y �
n t

= � �
n ; zt � 1; ut ; n̂t � 1) p(Y +

n t
j Y �

n t
= � �

n ; zt � 1; ut ; n̂t � 1) dY +
n t

This probabilitycanbecomputedin constanttime. In completeanalogyto variousderivations

above, we notethat the approximationof the posterioris simply obtainedby carvingout the

submatrixcorrespondingto thetwo targetvariables:

� t :n t = ST
x t ;yn

(ST
x t ;yn ;Y +

n
H t Sx t ;yn ;Y +

n
)� 1 Sx t ;yn

� t :n t = � tSx t ;yn (51)

This calculationis constanttime, sinceit involvesa matrix whosesize is independentof N .

From this Gaussian,the desiredmeasurementprobability in Equation(48) is now easily re-

covered,asdescribedin Section2.2. In our experiment,we foundthis approximationto work

surprisinglywell. In theresultsreportedfurtherbelow usingreal-world data,theaveragerela-

tive errorin estimatinglikelihoodsis 3:4 � 10� 4. Associationerrorsdueto this approximation

werepracticallynon-existent.

New featuresaredetectedby comparingthelikelihoodp(zt j zt � 1; ut ; n̂t � 1; nt ) to a thresh-

old � . If thelikelihoodis smallerthan� , we setn̂t = N t � 1 + 1 andN t = N t � 1 + 1; otherwise

the sizeof the mapremainsunchanged,that is, N t = N t � 1. Suchan approachapproachis

standardin thecontext of EKFs[9].

4.2 Map Management

Our exactmechanismfor building up themapis closelyrelatedto commonproceduresin the

SLAM community[9]. Due to erroneousfeaturedetectionscausedfor exampleby moving

objectsor measurementnoise,additionalcarehasto betakento ®lter out thoseinterferingmea-

surements.For any detectedobjectthatcannotbeexplainedby existing features,anew feature

candidateis generatedbut not put into SEIFdirectly. Insteadit is addedinto a provisional list



Figure7: Comparisonof EKFswith SEIFsusingasimulationwith N = 50 landmarks.In bothdiagrams,theleft
panelsshow the ®nal ®lter result,which indicateshighercertaintiesfor our approachdueto the approximations
involvedin maintainingasparseinformationmatrix. Thecenterpanelsshow thelinks (red:betweentherobotand
landmarks;green:betweenlandmarks).Therightpanelsshow theresultingcovarianceandnormalizedinformation
matricesfor bothapproaches.Noticethesimilarity!

with a weight representingits probability of beinga usefulfeature. In the next measurement

step,thenewly arrivedcandidatesarecheckedagainstall candidatesin thewaiting list; reason-

ablematchesincreasetheweightof correspondingcandidates.Candidatesthatarenotmatched

loseweightbecausethey aremorelikely to beamoving object.Whenacandidatehasits weight

aboveacertainthreshold,it joins theSEIFnetwork of features.

Wenoticethatdataassociationviolatestheconstanttimepropertyof SEIFs.This is because

whencalculatingdataassociations,multiple featureshave to be tested.If we canensurethat

all plausiblefeaturesare alreadyconnectedin the SEIF by a short path to the set of active

features,it would be feasibleto performdataassociationin constanttime. In this way, the

SEIFstructurenaturallyfacilitatesthesearchof themostlikely featuregivena measurement.

However, this is not thecasewhenclosinga cycle for the®rst time, in which casethecorrect

associationmight befar away in theSEIFadjacency graph.Usingincrementalversionsof kd-

trees[23, 40], it appearsto be feasibleto implementdataassociationin logarithmic time by

recursively partitioningthe spaceof all featurelocationsusinga tree. However, our present

implementationdoesnot rely onsuchtrees,henceis overly inef®cient.

As a ®nal aside,we noticethat anotherimportantoperationcanbe donein constanttime

in SEIF: themergeof identicalfeaturespreviously mistreatedastwo or moreuniqueones.It

is simply accomplishedby addingcorrespondingvaluesin the H t matrix andbt vector. This

operationis necessarywhencollapsingmultiple featuresinto oneuponthe arrival of further

sensorevidence,a topic thatis presentlynot implemented.



Figure 8: The vehicleusedin our experimentsis equippedwith a 2D laserrange®nderanda differentialGPS
system.Thevehicle's ego-motionis measuredby a linearvariabledifferentialtransformersensorfor thesteering,
andawheel-mountedvelocityencoder. In thebackground,theVictoriaPark testenvironmentcanbeseen.

5 Experimental Results

The primary purposeof our experimentalcomparisonwasto evaluatethe performanceof the

SEIFagainstthatof the“gold standard”in SLAM, which is theEKF, from which theSEIF is

derived. Someof our experimentsrely on a benchmarkdataset,commonlyusedto evaluate

SLAM algorithms[9, 11]. Othersrely onsimulation,to facilitatemoresystematicevaluations.

The vehicleandits environmentareshown in Figures8 and9, respectively. The robot is

equippedwith a SICK laserrange®nderanda unit for measuringsteeringangleandforward

velocity. Thelaseris usedto detecttreesin thepark,but it alsopicksup hundredsof spurious

featuressuchascornersof moving carsona nearbyhighway. Theraw odometryof thevehicle

is extremelypoor, resultingin severalhundredmetersof errorwhenusedfor pathintegration

alongthevehicle's 3.5kmpath. This is illustratedin Figure9(a),which shows thepathof the

vehicle.Thepoorqualityof theodometryinformationalongwith thepresenceof many spurious

featuresmake thisdatasetparticularlyamenablefor testingSLAM algorithms.

Thepathrecoveredby theSEIFis shown in Figure9(b). Thispathis visually indistinguish-

ablefrom theoneproducedby theEKF andrelatedvariants[9, 11]. Theaveragepositionerror

is smallerthan0.50meters,which is vanishinglysmallcomparedto theoverall pathlengthof

3.5 km. Comparingwith EKF, SEIFrunsapproximatelytwice asfastandconsumeslessthan

a quarterof thememoryEKF uses.We concludethat theSEIFperformsaswell on a physical

benchmarkdatasetasfarasits accuracy is concerned;however, eventhoughtheoverall sizeof

themapis small,usingSEIFsresultin noticeablesavingsbothin memoryandexecutiontime.

In additionto the real-world data,we alsouseda robot simulator. The simulatorhasthe

advantagethatwe know thegroundtruth (which is unknown for thereal-world datasets),and

that it facilitatessystematicexperimentsspeci®callywith regardsto scalingup SEIFsto large

environments.In our simulations,we focusedparticularlyon theloop closingproblem,which

is generallyacknowledgedto be oneof the hardestproblemsin SLAM [13, 24]. Whenclos-

ing a loop, usuallymany landmarklocationsareaffected,testingour amortizedmaprecovery



Figure 9: The testingenvironment: A 350 metersby 350 meterspatchin Victoria Park in Sydney. (a) shows
integratedpathfrom odometryreadings(b) shows thepathastheresultof SEIF.

(a) (b)

mechanismunderthe hardestpossiblecircumstances.As notedabove, loop closuresare the

only conditionunderwhich SEIFscannotbe executedin constanttime per update,sincethe

mostlikely dataassociationrequiresnon-localsearch.

Therobotsimulatoris setup to alwaysgeneratemapswith thesamedensityof landmarks

(on average);asthenumberof landmarksis increased,sois thesizeof theenvironment.Each

unit interval possesses50 landmarks(on average). The landmarksare randomlydistributed

in a squaredregion with a minimum distancebetweenany pair of landmarks. The noiseof

robot motion andmeasurementsareall modeledby zeromeanGaussiannoise. Speci®cally,

thevarianceis 10� 4 for forwardvelocity, 10� 3 for rotationalvelocity, 0.002for rangedetection

and0.003for bearingsmeasurements.In eachiterationof thesimulation,the robot takesone

move andonemeasurement,at which it may sensea variablenumberof nearbylandmarks.

In eachour experiments,we performeda total of 20N iterations,which leadsroughly to the

samenumberof sightingsof individual landmarks.The maximumsensorrangeis setto 0.2,

which resultsin approximately6 landmarkdetectionson averagefor onemeasurementstep.

Themaximumnumberof active landmarksis alwayssetto be10,aparameterthatworkedwell

empirically.

Figure11 and 12 show thatSEIFbeatsEKF in termsof computationandmemoryusage.

This doesnot surprise,giventhatSEIFsmaintainsparsematrices.As predictedby thetheory,

EKF's usageof computationandmemorybothincreasequadraticallywith thenumberof land-

marksN . In SEIFs,theCPUtime periterationappearsto stayroughlyconstantfor mapswith

300or morelandmark.Thememoryusedto storetheinformationmatrix increasesonly linearly

asexpected.Dueto theapproximationof theinformationmatrix andamortizedmaprecovery,

SEIFhasbiggererrorthanEKF. This is shown in Figure13,whichplotstheempiricalerrorasa



Figure 10: Overlayof estimatedlandmarkpositionsandrobotpath.

functionof themapsizeN . However, this increasein erroris small,andcaneasilybejusti®ed

by thereducedcomputationandmemorycostswhenthemapis large.

In anotherseriesof experiments,we wereparticularlyinterestedin the sourceof possible

approximationerrors. In particular, we soughtto elucidatewhat fractionof the residualerror

wasdueto thesparsi®cation,andwhatfractionwasdueto theamortizedrecovery of themap.

To this endwe comparedthreealgorithms:EKFs,SEIFs,anda variantof SEIFsin which the

exactstateestimate� t is alwaysavailable.Thelatterwasimplementedusingmatrix inversion,

asdescribedin Equation(6). Clearly, therecoveryof themapdoesnot run in constanttime,but

it alwaysprovidesanexactresult.

Thefollowing tabledepictsresultsfor N = 50landmarks,after500updatecycles,atwhich

pointall threeapproachesarenearconvergence.

# experiments ®nal error ®nal # of links computation
(with 95%conf. interval) (with 95%conf. interval) (perupdate)

EKF 1,000 (5:54 � 0:67) � 10� 3 1,275 O(N 2 )
SEIFwith exact� t 1,000 (4:75 � 0:67) � 10� 3 549 � 1:60 O(N 3 )
SEIF(constanttime) 1,000 (6:35 � 0:67) � 10� 3 549 � 1:59 O(1)

As theseresultssuggest,our approachapproximatesEKF very tightly. The residualmaper-

ror of our approachis with 6:35 � 10� 3 approximately14.6%higherthanthatof theextended

Kalman®lter. Thiserrorappearsto belargelycausedby thecoordinatedescentprocedure,and

is possiblyin�ated by thefact thatK = 10 is a smallvaluegiventhesizeof themap.Enforc-

ing the sparsenessconstraintseemsnot to have any negative effect on the overall errorof the

resultingmap,astheresultsfor oursparse®lter implementationsuggest.

In a ®nal seriesof experimentswe appliedSEIFsto a restrictedversionof themulti-robot

SLAM problem,commonlystudiedin theliterature[36]. In our implementation,therobotsare



Figure 11: Thecomparisonof averageCPUtimebetweenSEIFandEKF.

Figure12: Thecomparisonof averagememoryusagebetweenSEIFandEKF.

Figure 13: Thecomparisonof rootmeansquaredistanceerrorbetweenSEIFandEKF.



Stept = 3 Stept = 62

Stept = 65 Stept = 85

Stept = 89 Stept = 500

Figure14: Snapshotsfrom ourmulti-robotSLAM simulationatdifferentpointsin time. Initially, theposesof the
vehiclesareknown. DuringSteps62through64,vehicle1 and2 traversethesameareafor the®rst time;asaresult,
theuncertaintyin their localmapsshrinks.Later, in steps85through89,vehicle2 observesthesamelandmarksas
vehicle3, with asimilareffecton theoverall uncertainty. After 500steps,all landmarksareaccuratelylocalized.



informedof their initial pose.This is a commonassumptionin multi-robotSLAM, necessary

for thetypelinearizationthatis appliedbothin EKFsandSEIFs[36].

Our simulationinvolvesa teamof threeair vehicles. The vehiclesarenot equippedwith

GPS;hencethey accruepositioningerror over time. Figure14 shows the joint mapat differ-

ent stagesof the simulation. As in [36], we assumethat the vehiclescommunicateupdates

of their informationmatricesandvectors,enablingthemto generatea single, joint map. As

arguedthere,theinformationform providestheimportantadvantageoverEKFsthatcommuni-

cationcanbedelayedarbitrarily, which overcomesa needfor tight synchronizationinherentto

theEKF. This characteristicarisesdirectly from thefact that informationin SEIFsis additive,

whereascovariancematricesarenot. SEIFsoffer over thework in [36] that themessagessent

betweenvehiclesaresmall.A relatedapproachfor generatingsmallmessagesin multi-vehicle

SLAM hasrecentlybeendescribedin [35].

Figure14 shows a sequenceof snapshotsof themulti-vehiclesystem,using3 differentair

vehicles. Initially, the vehiclestartour in differentareas,andthe combinedmap(illustrated

by the uncertaintyellipses)consistsof threedisjoint regions. During Steps62 through64,

the top two vehiclesdiscover identical landmarks;asa result,the overall uncertaintyof their

respectivemapregiondecreases;This illustratesthattheSEIFindeedmaintainsthecorrelations

in the individual landmark's uncertainties;albeit usinga sparseinformationmatrix insteadof

the covariancematrix. Similarly, in steps85 through89, shethird vehiclebegins to identical

landmarksalsoseenby anothervehicle. Again, the resultinguncertaintyof the entiremapis

reduced,ascanbeseeneasily. Thelastpanelin Figure14 shows the®nal map,obtainedafter

500iterations.ThisexampleshowsthatSEIFsarewell-suitedfor multi-robotSLAM, assuming

thattheinitial posesof thevehiclesareknown.

6 RelatedWork

SEIFsare relatedto a rich body of literatureon SLAM andhigh-dimensional®ltering. Re-

cently, several researchershave developedhierarchicaltechniquesthat decomposemapsinto

collectionsof smaller, moremanageablesubmaps[1, 2, 11, 22,46,55]. While in principle,hi-

erarchicaltechniquescansolvetheSLAM problemin lineartime,many of thesetechniquesstill

requirequadratictime perupdate.Onerecenttechniqueupdatesthe®lter in constanttime [22]

by restrictingall computationto thesubmapin which therobotpresentlyoperates.Usingap-

proximationtechniquesfor transitioningbetweensubmaps,thiswork demonstratedthatconsis-

tent error boundscanbe maintainedwith a constant-timealgorithm(which is not necessarily

the casefor SEIFs). However, the methoddoesnot propagateinformationto previously vis-

ited submapsunlessthe robotsubsequentlyrevisits theseregions. Hence,this methodsuffers

a slower rateof convergencein comparisonto theO(N 2) full covariancesolution.Alternative

methodsbasedon decompositioninto submaps,suchasthesequentialmapjoining techniques

describedin [46, 56] canachieve the samerateof convergenceasthe full EKF solution,but

incuranO(N 2) computationalburden.



A different line of researchhasrelied on particle®lters for ef®cient mapping[10]. The

FastSLAMalgorithm[15, 27, 28] andearlierrelatedmappingalgorithms[31, 48] requiretime

logarithmic in the numberof featuresin the map,but they dependlinearly on a particle-®lter

speci®cparameter(the numberof particles). Thereexists now evidencethat a singleparticle

maysuf®ce for convergencein idealizedsituations[27] , but thenumberof particlesrequired

for handlingdataassociationproblemsrobustly is still not fully understood.Morerecently, thin

junctiontreeshavebeenappliedto theSLAM problemby Paskin[38]. Thiswork establishesa

viablealternative to theapproachproposedhere,with somewhatdifferentcomputationalprop-

erties.However, at thepresentpoint this approachlacksanef®cient techniquefor makingdata

associationdecisions.

As notedin the introductionof this article,the ideaof representingmapsby relative infor-

mationhaspreviouslybeenexploredby anumberof authors,mostnotablyin recentalgorithms

by Newman[37] andCsorba[7, 8]; it is alsorelatedto an earlieralgorithmby Lu andMil-

ios [24, 14]. Newman's algorithmassumessensorsthat provide relative informationbetween

multiple landmarks,which enablesit to bypassthe issueof sparsi®cationof the information

matrix. Thework by Lu andMilios usesrobotposesasthecorerepresentation,hencethesize

of the®lter grows linearly over time (evenfor mapsof ®nite size).As a result,theapproachis

not applicableonline. However, the approachby Lu andMilios relieson local links between

adjacentposes,similar to the local links maintainedby SEIFsbetweennearbylandmarks.It

thereforesharesmany of the computationalpropertiesof SEIFswhenappliedto datasetsof

limited size.

Justas in recentwork by Nettletonet al. [36], our approachis basedon the information

form of the EKF [26], asnotedabove. However, Nettletonandcolleaguesfocuson the issue

of communicationbetweenmultiple robots;asa result,they have not addressedcomputational

ef®ciency problems(their algorithmrequiresO(N3) time per update).Relative to this work,

a centralinnovationin SEIFsis thesparsi®cationstep,which resultsin anincreasedcomputa-

tionalef®ciency. A secondinnovationis theamortizedconstanttime recoveryof themap.

As notedabove,theinformationmatrixandvectorestimatedby theSEIFde®nesaGaussian

Markov random®eld [54] (GMRF).As a directconsequence,a rich bodyof literaturein infer-

encein sparseGMRFsbecomesdirectly applicableto a numberof problemsaddressedhere,

suchasthemaprecovery, thesparsi®cation,andthemarginalizationnecessaryfor dataassoci-

ation[32, 39,52]. Also applicableis therich literatureonsparsematrix transformations[12].

7 Discussion

Thispaperproposedanef®cientalgorithmfor theSLAM problem.Ourapproachis basedonthe

well-known informationform of theextendedKalman®lter. Basedontheempiricalobservation

that the information matrix is dominatedby a small numberof entriesthat are found only

betweennearbyfeaturesin the map,we have developeda sparseextendedinformation®lter,

or SEIF. This ®lter enforcesa sparseinformation matrix, which can be updatedin constant



time. In the linear SLAM casewith known dataassociation,all updatescanbeperformedin

constanttime; in thenonlinearcase, additionalstateestimatesareneededthatarenot partof

the regular informationform of the EKF. We proposeda amortizedconstant-timecoordinate

descentalgorithm for recovering thesestateestimatesfrom the information form. We also

proposedan ef®cient algorithmfor dataassociationin SEIFsthat requireslogarithmic time,

assumingthat the searchfor nearbyfeaturesis implementedby an ef®cient searchtree. The

approachhasbeenimplementedandcomparedto theEKF solution.Overall,we®nd thatSEIFs

produceresultsthat differ only marginally from that of the EKFs, yet at a much improved

computationalspeed.Giventhecomputationaladvantagesof SEIFsoverEKFs,webelieve that

SEIFsshouldbeaviablealternative to EKF solutionswhenbuilding high-dimensionalmaps.

SEIFs,are representedhere,possessa numberof critical limitations that warrantfuture

research.Firstandforemost,SEIFsmayeasilybecomeovercon®dent,apropertyoftenreferred

to as inconsistent[22, 17]. The overcon®dencemainly arisesfrom the approximationin the

sparsi®cationstep. Suchovercon®denceis not necessarilyanproblemfor theconvergenceof

theapproach[28], but it mayintroduceerrorsin thedataassociationprocess.In practice,wedid

not ®nd theovercon®denceto affect the resultin any noticeableway; however, it is relatively

easyto constructsituationsin which it leadsto arbitraryerrorsin thedataassociationprocess.

Anotheropenquestionconcernsthespeedatwhich theamortizedmaprecoveryconverges.

Clearly, themapis neededfor anumberof steps;errorsin themapmaythereforeaffecttheover-

all estimationresult.Again,ourreal-world experimentsshow nosignof noticeabledegradation,

but asmallerrorincreasewasnotedin oneof oursimulatedexperiments.

Finally, SEIFinheritsanumberof limitationsfromthecommonliteratureonSLAM. Among

thoseare the useof Taylor expansionfor linearization,which cancausethe mapto diverge;

the staticworld assumptionwhich makesthe approachinapplicableto modelingmoving ob-

jects[53]; the inability to maintainmultiple dataassociationhypotheses,which makestheap-

proachbrittle in the presenceof ambiguousfeatures;the relianceon features,or landmarks;

andtherequirementthattheinitial posebeknown in themulti-robotimplementation.Virtually

all of theselimitationshave beenaddressedin therecentliterature.For example,a recentline

of researchhasdevisedef®cient particle®ltering techniques[15, 28, 31] thataddressmostof

theseshortcomings.Theissuesaddressedin this paperaresomewhatorthogonalto theselimi-

tations,andit appearsfeasibleto combineef®cientparticle®lter samplingwith SEIFs.Wealso

notethat in a recentimplementation,a new lazy dataassociationmethodologywasdeveloped

thatusesaSEIF-styleinformationmatrix to robustlygeneratemapswith hundredsof metersin

diameter[51].

Theuseof sparsematricesin SLAM offersa numberof importantinsightsinto thedesign

of SLAM algorithms. Our approachputsa new perspective on the rich literatureon hierar-

chical mappingdiscussedfurther above. As in SEIFs, thesetechniquesfocus updateson a

subsetof all features,to gain computationalef®ciency. SEIFs,however, composessubmaps

dynamically, whereaspastwork reliedon thede®nitionof staticsubmaps.We conjecturethat



oursparsenetwork structurescapturethenaturaldependenciesin SLAM problemsmuchbetter

thanstaticsubmapdecompositions,andin turn leadto moreaccurateresults.They alsoavoid

problemsthat frequentlyoccurat theboundaryof submaps,wheretheestimationcanbecome

unstable.However, theveri®cationof theseclaimswill besubjectto futureresearch.A related

paperdiscussestheapplicationof constanttime techniquesto informationexchangeproblems

in multi-robotSLAM [34].

Finally, we notethatour work shedssomefreshlight on theongoingdiscussionon there-

lationof topologicalandmetricmaps,a topic thathasbeenwidely investigatedin thecognitive

mappingcommunity[6, 18]. Links in SEIFscapturerelative information, in that they relate

the locationof onelandmarkto another(seealso[7, 8, 37]). This is a commoncharacteristic

of topologicalmaprepresentations[5, 41, 19, 25]. SEIFsalsooffer a soundmethodfor recov-

eringabsolutelocationsandaf®liatedposteriorsfor arbitrarysubmapsbasedon theselinks, of

the typecommonlyfound in metricmaprepresentations[29, 45]. Thus,SEIFsbring together

aspectsof bothparadigms,by de®ningsimplecomputationaloperationsfor changingrelative

to absoluterepresentations,andviceversa.

Acknowledgment

Theauthorswould like to acknowledgeinvaluablecontributionsby the following researchers:

Wolfram Burgard, Geoffrey Gordon,Tom Mitchell, Kevin Murphy, Eric Nettleton,Michael

Stevens,andBen Wegbreit. This researchhasbeensponsoredby DARPA's MARS Program

(contractsN66001-01-C-6018andNBCH1020014),DARPA'sCoABSProgram(contractF30602-

98-2-0137),andDARPA'sMICA Program(contractF30602-01-C-0219),all of which is grate-

fully acknowledged.The authorsfurthermoreacknowledgesupportprovided by the National

ScienceFoundation(CAREERgrantnumberIIS-9876136andregulargrantnumberIIS-9877033).

References

[1] T. Bailey. Mobile RobotLocalisationandMappingin ExtensiveOutdoorEnvironments.

PhDthesis,Universityof Sydney, Sydney, NSW, Australia,2002.

[2] M. Bosse,J. Leonard,andS. Teller. Large-scaleCML usinga network of multiple local

maps.In J.Leonard,J.D.Tardós,S.Thrun,andH. Choset,editors,WorkshopNotesof the

ICRAWorkshoponConcurrentMappingandLocalizationfor AutonomousMobileRobots

(W4), Washington,DC, 2002.ICRA Conference.

[3] W. Burgard,D. Fox, H. Jans,C. Matenar, andS. Thrun. Sonar-basedmappingof large-

scalemobile robotenvironmentsusingEM. In Proceedingsof the InternationalConfer-

enceonMachineLearning, Bled,Slovenia,1999.



[4] W. Burgard, D. Fox, M. Moors, R. Simmons,andS. Thrun. Collaborative multi-robot

exploration. In Proceedingsof the IEEE InternationalConferenceon Roboticsand Au-

tomation(ICRA), SanFrancisco,CA, 2000.IEEE.

[5] H. Choset.SensorBasedMotionPlanning:TheHierarchical GeneralizedVoronoiGraph.

PhDthesis,CaliforniaInstituteof Technology, 1996.

[6] E. Chown, S.Kaplan,andD. Kortenkamp.Prototypes,location,andassociativenetworks

(plan):Towardsauni®edtheoryof cognitivemapping.CognitiveScience, 19:1–51,1995.

[7] M. Csorba. SimultaneousLocalizationand Map Building. PhD thesis,Departmentof

EngineeringScience,Universityof Oxford,Oxford,UK, 1997.

[8] M. DeansandM. Hebert.Invariant®ltering for simultaneouslocalizationandmapping.In

Proceedingsof the IEEE InternationalConferenceon RoboticsandAutomation(ICRA),

pages1042–1047,SanFrancisco,CA, 2000.IEEE.

[9] G. Dissanayake,P. Newman,S.Clark,H.F. Durrant-Whyte,andM. Csorba.A solutionto

thesimultaneouslocalisationandmapbuilding (SLAM) problem. IEEE Transactionsof

RoboticsandAutomation, 2001. In Press.

[10] A. Doucet,J.F.G. deFreitas,andN.J.Gordon,editors.SequentialMonteCarlo Methods

In Practice. SpringerVerlag,New York, 2001.

[11] J.GuivantandE. Nebot.Optimizationof thesimultaneouslocalizationandmapbuilding

algorithmfor real time implementation.IEEE Transactionsof RoboticsandAutomation,

May 2001.In press.

[12] Anshul Gupta,George Karypis, andVipin Kumar. Highly scalableparallelalgorithms

for sparsematrix factorization. IEEE Transactionson Parallel andDistributedSystems,

8(5):502–520,1997.

[13] J.-S. Gutmannand K. Konolige. Incrementalmappingof large cyclic environments.

In Proceedingsof the IEEE InternationalSymposiumon ComputationalIntelligencein

RoboticsandAutomation(CIRA), 2000.

[14] J.-S.GutmannandB. Nebel. Navigation mobiler robotermit laserscans.In Autonome

MobileSysteme. SpringerVerlag,Berlin, 1997.

[15] D. Hähnel,D. Fox, W. Burgard,andS.Thrun.A highly ef®cientFastSLAMalgorithmfor

generatingcyclic mapsof large-scaleenvironmentsfrom raw laserrangemeasurements.

Submittedfor publication,March2003.



[16] D. Hähnel,R. Triebel, W. Burgard, andS. Thrun. Map building with mobile robotsin

dynamicenvironments.In Proceedingsof theIEEEInternationalConferenceonRobotics

andAutomation(ICRA), 2003.

[17] S.J.JulierandJ.K. Uhlmann.Building amillion beaconmap.In Proceedingsof theSPIE

SensorFusionandDecentralizedControl in RoboticSystemsIV, Vol. #4571, 2000.

[18] B. KuipersandY.-T. Byun. A robustqualitative methodfor spatiallearningin unknown

environments. In Proceedingof Eighth National Conferenceon Arti�cial Intelligence

AAAI-88, MenloPark,Cambridge,1988.AAAI Press/ TheMIT Press.

[19] B. KuipersandY.-T. Byun. A robotexplorationandmappingstrategy basedonasemantic

hierarchy of spatialrepresentations.Journal of RoboticsandAutonomousSystems, 8:47–

63,1991.

[20] J. Leonard,J.D.Tardós,S. Thrun,andH. Choset,editors. WorkshopNotesof the ICRA

WorkshoponConcurrentMappingandLocalizationfor AutonomousMobileRobots(W4).

ICRA Conference,Washington,DC, 2002.

[21] J.J.LeonardandH. F. Durrant-Whyte. DirectedSonarSensingfor MobileRobotNaviga-

tion. Kluwer AcademicPublishers,Boston,MA, 1992.

[22] J.J.LeonardandH.J.S.Feder. A computationallyef®cientmethodfor large-scaleconcur-

rentmappingandlocalization. In J. HollerbachandD. Koditschek,editors,Proceedings

of theNinth InternationalSymposiumonRoboticsResearch, SaltLakeCity, Utah,1999.

[23] D. B. Lomet and B. Salzberg. The hb-tree: A multiattribute indexing method. ACM

TransactionsonDatabaseSystems, 15(4):625–658,1990.

[24] F. Lu andE. Milios. Globally consistentrangescanalignmentfor environmentmapping.

AutonomousRobots, 4:333–349,1997.

[25] M. J.Mataríc. A distributedmodelfor mobilerobotenvironment-learningandnavigation.

Master's thesis,MIT, Cambridge,MA, January1990. also availableas MIT Arti®cial

IntelligenceLaboratoryTechReportAITR-1228.

[26] P. Maybeck.StochasticModels,Estimation,andControl, Volume1. AcademicPress,Inc,

1979.

[27] M. Montemerlo,S.Thrun,D. Koller, andB. Wegbreit. FastSLAM:A factoredsolutionto

thesimultaneouslocalizationandmappingproblem.In Proceedingsof theAAAINational

ConferenceonArti�cial Intelligence, Edmonton,Canada,2002.AAAI.



[28] M. Montemerlo,S.Thrun,D. Koller, andB. Wegbreit.FastSLAM2.0: An improvedparti-

cle®lteringalgorithmfor simultaneouslocalizationandmappingthatprovablyconverges.

In Proceedingsof the SixteenthInternationalJoint Conferenceon Arti�cial Intelligence

(IJCAI), Acapulco,Mexico, 2003.IJCAI.

[29] H. P. Moravec. Sensorfusionin certaintygridsfor mobilerobots.AI Magazine, 9(2):61–

74,1988.

[30] P. MoutarlierandR. Chatila. An experimentalsystemfor incrementalenvironmentmod-

eling by anautonomousmobile robot. In 1st InternationalSymposiumon Experimental

Robotics, Montreal,June1989.

[31] K. Murphy. Bayesianmap learningin dynamicenvironments. In Advancesin Neural

InformationProcessingSystems(NIPS). MIT Press,1999.

[32] K.P. Murphy, Y. Weiss,andM.I. Jordan.Loopy belief propagationfor approximateinfer-

ence:An empiricalstudy. In Proceedingsof theConferenceon Uncertaintyin AI (UAI),

pages467–475,1999.

[33] E. Nettleton,H. Durrant-Whyte, P. Gibbens,andA. Gokto�gan. Multiple platform local-

isationandmapbuilding. In G.T. McKeeandP.S.Schenker, editors,SensorFusionand

DecentralisedControl in RoboticStystemsIII , volume4196,pages337–347,Bellingham,

2000.

[34] E.Nettleton,S.Thrun,andH. Durrant-Whyte.A constanttimecommunicationsalgorithm

for decentralisedSLAM. Submittedfor publication,2002.

[35] E. Nettleton,S. Thrun,andH. Durrant-Whyte. Decentralisedslamwith low-bandwidth

communicationfor teamsof airbornevehicles. In Proceedingsof theInternationalCon-

ferenceonField andServiceRobotics, LakeYamanaka,Japan,2003.

[36] E.W. Nettleton,P.W. Gibbens,and H.F. Durrant-Whyte. Closedform solutionsto the

multipleplatformsimultaneouslocalisationandmapbuilding (slam)problem.In Bulur V.

Dasarathy, editor, SensorFusion:Architectures,Algorithms,andApplicationsIV, volume

4051,pages428–437,Bellingham,2000.

[37] P. Newman. On the Structure and Solutionof the SimultaneousLocalisationand Map

BuildingProblem. PhDthesis,AustralianCentrefor FieldRobotics,Universityof Sydney,

Sydney, Australia,2000.

[38] M.A. Paskin. Thin junctiontree®lters for simultaneouslocalizationandmapping.Tech-

nicalReportUCB/CSD-02-1198,Universityof California,Berkeley, CA, 2002.

[39] J. Pearl. Probabilistic reasoningin intelligent systems:networksof plausibleinference.

MorganKaufmannPublishers,SanMateo,CA, 1988.



[40] O. Procopiuc,P.K. Agarwal, L. Arge,andJ.S.Vitter. Bkd-tree:A dynamicscalablekd-

tree.Submittedfor publication,2002.

[41] H ShatkayandL. Kaelbling.Learningtopologicalmapswith weaklocalodometricinfor-

mation. In Proceedingsof IJCAI-97. IJCAI, Inc., 1997.

[42] R. Simmons,D. Apfelbaum,W. Burgard,M. Fox, D. anMoors,S.Thrun,andH. Younes.

Coordinationfor multi-robotexplorationandmapping. In Proceedingsof theAAAI Na-

tional ConferenceonArti�cial Intelligence, Austin,TX, 2000.AAAI.

[43] R. Smith, M. Self, and P. Cheeseman. Estimatinguncertainspatial relationshipsin

robotics. In I.J. Cox andG.T. Wilfong, editors,AutonomousRobotVehicles, pages167–

193.Springer-Verlag,1990.

[44] R.C.SmithandP. Cheeseman.Ontherepresentationandestimationof spatialuncertainty.

TechnicalReport4760& 7239,SRI International,MenloPark,CA, 1985.

[45] R.C.SmithandP. Cheeseman.Ontherepresentationandestimationof spatialuncertainty.

InternationalJournalof RoboticsResearch, 5(4):56–68,1986.

[46] J.D.Tardós,J. Neira,P.M. Newman,andJ.J.Leonard.Robustmappingandlocalization

in indoorenvironmentsusingsonardata.Int. J. RoboticsResearch, 21(4):311–330,April

2002.

[47] C. ThorpeandH. Durrant-Whyte. Field robots. In Proceedingsof the10thInternational

Symposiumof RoboticsResearch (ISRR'01), Lorne,Australia,2001.

[48] S.Thrun. A probabilisticonlinemappingalgorithmfor teamsof mobilerobots. Interna-

tional Journalof RoboticsResearch, 20(5):335–363,2001.

[49] S.Thrun. Roboticmapping:A survey. In G. LakemeyerandB. Nebel,editors,Exploring

Arti�cial Intelligencein theNew Millenium. MorganKaufmann,2002.to appear.

[50] S. Thrun,D. Fox, andW. Burgard. A probabilisticapproachto concurrentmappingand

localizationfor mobile robots. Machine Learning, 31:29–53,1998. also appearedin

AutonomousRobots5, 253–271(joint issue).

[51] S. Thrun, D. Hähnel,D. Ferguson,M. Montemerlo,R. Triebel, W. Burgard, C. Baker,

Z. Omohundro,S.Thayer, andW. Whittaker. A systemfor volumetricroboticmappingof

abandonedmines.In Proceedingsof theIEEE InternationalConferenceon Roboticsand

Automation(ICRA), 2003.

[52] M. J.Wainwright. Stochasticprocessesongraphswith cycles:geometricandvariational

approaches. PhD thesis,Dept. of ElectricalEngineeringandComputerScience,MIT,

Cambridge,MA, January2002.



[53] C.-C. Wang, C. Thorpe,and S. Thrun. Online simultaneouslocalizationand mapping

with detectionandtrackingof moving objects:Theoryandresultsfrom a groundvehicle

in crowdedurbanareas.In Proceedingsof theIEEEInternationalConferenceonRobotics

andAutomation(ICRA), 2003.

[54] Y. WeissandW.T. Freeman.Correctnessof beliefpropagationin gaussiangraphicalmod-

elsof arbitrarytopology. Neural Computation, 13(10):2173–2200,2001.

[55] S. Williams andG. Dissanayake. Ef®cient simultaneouslocalisationandmappingusing

local submaps.In J. Leonard,J.D. Tardós, S. Thrun, andH. Choset,editors,Workshop

Notesof the ICRA Workshopon Concurrent Mappingand Localizationfor Autonomous

MobileRobots(W4), Washington,DC, 2002.ICRA Conference.

[56] S.B. Williams, G. Dissanayake, andH. Durrant-Whyte. An ef®cient approachto the si-

multaneouslocalisationandmappingproblem.In Proceedingsof theIEEE International

ConferenceonRoboticsandAutomation(ICRA), pages406–411,Washington,DC, 2002.

ICRA.

Appendix: Proofs

Proofof Lemma1: Measurementupdatesarerealizedvia (17) and(18), restatedherefor the

reader's convenience:

H t = �H t + CtZ � 1CT
t (52)

bt = �bt + (zt � ẑt + CT
t � t )T Z � 1CT

t (53)

Fromtheestimateof therobotposeandthe locationof theobservedfeature,thepredictionẑt

andall non-zeroelementsof theJacobianCt canbecalculatedin constanttime, for any of the

commonlyusedmeasurementmodelsg. Theconstanttime propertyfollows now directly from

thesparsenessof thematrix Ct , discussedalreadyin Section2.2. This sparsenessimplies that

only ®nitely many valueshave to bechangedwhentransitioningfrom �H t to H t , andfrom �bt to

bt . Q:E:D:

Proofof Lemma2: For A t = 0, Equation(28) givesusthefollowing updatingequationfor

theinformationmatrix:

�H t = [H � 1
t � 1 + SxUtST

x ]� 1 (54)

Applying thematrix inversionlemmaleadsto thefollowing form:

�H t = H t � 1 � H t � 1 Sx [U � 1
t + ST

x H t � 1Sx ]� 1ST
x H t � 1| {z }

=: L t

= H t � 1 � H t � 1L t (55)

Theupdateof the informationmatrix, H t � 1L t , is a matrix that is non-zeroonly for elements

thatcorrespondto the robotposeandtheactive features.To see,we notethat the term inside



the inversionin L t is a low-dimensionalmatrix which is of thesamedimensionasthemotion

noiseUt . The in�ation via the matricesSx andST
x leadsto a matrix that is zeroexcept for

elementsthat correspondto the robot pose.The key insight now is that the sparsenessof the

matrixH t � 1 impliesthatonly ®nitely many elementsof Ht � 1L t maybenon-zero,namelythose

correspondingto therobotposeandactive features.They areeasilycalculatedin constanttime.

For theinformationvector, weobtainfrom (28)and(55):

�bt = [bt � 1H � 1
t � 1 + �̂ T

t ] �H t

= [bt � 1H � 1
t � 1 + �̂ T

t ](H t � 1 � H t � 1L t )

= bt � 1 + �̂ T
t H t � 1 � bt � 1L t + �̂ T

t H t � 1L t (56)

As above,thesparsenessof H t � 1 andof thevector�̂ t ensuresthattheupdateof theinformation

vectoris zeroexceptfor entriescorrespondingto therobotposeandtheactive features.Those

canalsobecalculatedin constanttime. Q:E:D:

Proofof Lemma3: Theupdateof �H t requiresthede®nitionof theauxiliary variable	 t :=

(I + A t )� 1. Thenon-trivial componentsof thismatrixcanessentiallybecalculatedin constant

timeby virtueof:

	 t = (I + SxST
x A tSxST

x )� 1

= I � I Sx (Sx I ST
x + [ST

x A tSx ]� 1)� 1ST
x I

= I � Sx (I + [ST
x A tSx ]� 1)� 1ST

x (57)

Notice that 	 t differs from the identity matrix I only at elementsthatcorrespondto therobot

pose,asis easilyseenfrom thefactthattheinversionin (57) involvesalow-dimensionalmatrix.
Thede®nitionof 	 t allows us to derive a constant-timeexpressionfor updatingthe infor-

mationmatrixH :

�H t = [(I + A t )H � 1
t � 1(I + A t )T + SxUt ST

x ]� 1

= [(	 T
t H t � 1	 t| {z }
=: H 0

t � 1

) � 1 + SxUt ST
x ]� 1

= [(H 0
t � 1) � 1 + SxUt ST

x ]� 1

= H 0
t � 1 � H 0

t � 1Sx [U � 1
t + ST

x H 0
t � 1Sx ]� 1ST

x H 0
t � 1| {z }

=:� H t

= H 0
t � 1 � � H t (58)

Thematrix H 0
t � 1 = 	 T

t H t � 1	 t is easilyobtainedin constanttime,andby thesamereasoning

asabove,theentireupdaterequiresconstanttime. Theinformationvector�bt is now obtainedas

follows:

�bt = [bt � 1H � 1
t � 1 + �̂ T

t ] �H t

= bt � 1H � 1
t � 1

�H t + �̂ T
t

�H t



= bt � 1H � 1
t � 1( �H t + H t � 1 � H t � 1| {z }

=0

+ H 0
t � 1 � H 0

t � 1| {z }
=0

) + �̂ T
t

�H t

= bt � 1H � 1
t � 1(H t � 1 + �H t � H 0

t � 1| {z }
� � H t

� H t � 1 + H 0
t � 1) + �̂ T

t
�H t

= bt � 1H � 1
t � 1(H t � 1 � � H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t

= bt � 1 � bt � 1H � 1
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t

= bt � 1 � � T
t � 1H t � 1H � 1

t � 1(� H t � H t � 1 + H 0
t � 1) + �̂ T

t
�H t

= bt � 1 � � T
t � 1(� H t � H t � 1 + H 0

t � 1) + �̂ T
t

�H t (59)

The update� H t is non-zeroonly for elementsthat correspondto the robot poseor active

features.Similarly, thedifferenceH 0
t � 1 � H t � 1 is non-zeroonly for constantlymany elements.

Therefore,only thosemeanestimatesin � t � 1 arenecessaryto calculatetheproduct� T
t � 1� H t .

Q:E:D:

Proofof Lemma4: Themode�̂ t of (41) is givenby

�̂ t = argmax
� t

p(� t )

= argmax
� t

exp
n
� 1

2 � T
t H t � t + bT

t � t

o

= argmin
� t

1
2 � T

t H t � t � bT
t � t (60)

Thegradientof theexpressioninsidetheminimumin (60)with respectto � t is givenby

@
@� t

n
1
2 � T

t H t � t � bT
t � t

o
= H t � t � bT

t (61)

whoseminimum�̂ t is attainedwhenthederivative (61) is 0, thatis,

�̂ t = H � 1
t bT

t (62)

FromthisandEquation(40) it follows that �̂ t = � t . Q:E:D:


