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Abstract

We describea technique for reconstructingprobable oc-
cludedsurfacesfrom3-D range images. Thetechniqueex-
ploits the fact that manyobjectspossessshapesymmetries
that can be recognizedeven from partial 3-D views. Our
approach identi�es probablesymmetriesand usesthemto
extendthepartial 3-D shapemodelinto theoccludedspace.
To accommodateobjectsconsistingof multipleparts,wede-
scribea techniquefor segmentingobjectsinto parts char-
acterizedby different symmetries.Resultsare providedfor
a real-worlddatabaseof 3-D range imagesof commonob-
jects,acquiredthroughanactivestereorig.

1. Intr oduction

In recentyears,shapecompletionhasbecomea major re-
searchareain 3-D computervision. In theshapecompletion
problem,oneis givenapartial3-D view of anobjectsurface.
Theview might beacquiredthrougha stereoscopiccamera
system,a laser-basedrange�nder, or similar. Theview only
capturesone side of the object; other surfacesremainoc-
cluded.Theshapecompletionproblemis theproblemof re-
constructingtheseoccludedsurfacesfrom the visible parts
of theobject.

The problemof shaperecovery hasbeenaddressedin
a numberof papers. Sometechniquesinfer 3-D structure
from 2-D images,exploiting cuessuchas cornergeome-
try [6], vanishingpoints[3], shading[4], mirror images[10],
even fog [11]. Techniquesfor shapeestimationfrom mul-
tiple imagesare commonlyknown as structurefrom mo-
tion [13, 17]; however, reconstructingoccludedsurfacesis
rarelyaddressedin 2-D computervision. For 3-D views of
anobject,which is theproblemaddressedhere,reconstruc-
tion is usuallyperformedthroughthe iteratedclosestpoint
(ICP) algorithm[1]. This algorithmrequiresmultiple views
andis unableto reconstructinvisible surfaces.By register-
ing partial 3-D views to a databaseof known objectsthe
occludedsurfacecanindeedbereconstructed[5], but at the
timeof databaseconstructiontheoccludedsurfacesmustbe

visible.

This paperproposesthe useof symmetryfor probable
shapereconstruction. As argued in [8], many man-made
andnaturalobjectsaresymmetric,or possesspartsthatare
symmetric[14]. Examplesof approximately-symmetricob-
jectsincludebooks(planere�ection symmetry),bagels(ax-
ial symmetrypairedwith a planere�ection symmetry),and
oranges(sphericalsymmetry).Evenif anobjectis notglob-
ally symmetric,partsof it may be. For example,a tree is
usuallynotsymmetric,but many of its branchesareapprox-
imatelyaxial symmetric.

Symmetrycanoftenbedeterminedevenfrom apartial3-
D view. Whenasymmetryis found,it allowsusto re�ect the
visible surfacesinto theoccludedspace,therebypredicting
shapethat is invisible to theimagingdevice. Naturally, this
approachis only applicableif anobjectis indeedsymmetric;
and it is only useful if the symmetrydoesmore than just
matchingvisiblepointsto othervisiblepoints.

This paperproposesa techniquefor identifying potential
symmetriesof objectsor objectparts. Our approachbases
thesearchfor symmetriesonahierarchicalgenerate-and-test
procedure,which interleavessearchin thespaceof symme-
try typeswith a searchfor speci�c parametersof a symme-
try. It exploits a taxonomyof differenttypesof symmetries,
which establishesa partial entailmentrelationshipbetween
them.Ourapproachalsosegmentsthepartialview into sub-
regionscharacterizedby differentsymmetries,therebyac-
commodatingobjectscomposedof partsadheringto differ-
ent,local symmetries.

Experimentswith a databaseof 3-D objectviews illus-
trate that in many cases,our approachrecovers the com-
pleteobjectshapeeven from a single3-D view. The data
is acquiredby anactive stereorig similar to theonein [15].
In oneof our examples,our approachcorrectlysegmentsa
complex puppetinto 9 partsall characterizedby differentlo-
cal symmetries,therebyreconstructingnearlyall of theoc-
cludedsurfaces.Towardstheendof thischapter, wediscuss
relatedwork onusingsymmetriesin computervision.



Figure1. Re�ection symmetries.

Figure2. Axial andsphericalsymmetries.

Figure 3. Compositesymmetries,constructedfrom multiple ele-
mentalsymmetries.

Figure4. Part symmetries:This idealizedfrying panpossessestwo
localaxial symmetries.

2. 3-D Symmetries

2.1.ElementalSymmetries

We beingwith a de�nition of the typesof symmetriescon-
sideredin thispaper;therewill beeightsymmetriesin total.
Much of the materialin this chaptercanbe found in basic
textbookson3-D geometryandtopology[14, 21].

Webegin ourconsiderationwith thede�nition of theterm
symmetryfeature. In < 3 thereexist threebasicsymmetry
features:aplane, anaxis, andapoint. Eachof thesefeatures
establishequivalenceclassesof multiple surfacepoints.We
alsodistinguishre�ection, axial, andsphericalsymmetries.

In detail, a re�ection symmetryassociatedeachpoint P
on theobjectsurfaceto anothersurfacepoint Q on theop-
positesideof the object. The de�nition of “opposite” is a
functionof thesymmetryfeature.For example,a planere-
�ection symmetryre�ects pointsto theoppositesideof the

symmetryplane.This is illustratedin Fig. 1a,which shows
anobjectwith anassociatedsymmetryplane,alongwith an
examplepointP andthere�ectedpointQ. A re�ection line
re�ects pointsacrossa line. Fig. 1b illustratessucha re�ec-
tion line, which re�ects a point P to a re�ection point Q on
theoppositesideof theline. Likewise,a re�ection point re-
�ects a point P to theoppositesideof sideof thepoint, as
illustratedin Fig. 1c. All threere�ection symmetriesasso-
ciateexactlyonere�ectedpointQ with eachpointP on the
surface.

Axis/sphericalsymmetriesassociateentiremanifolds,or
point sets,Q = f Qg with eachsurfacepoint P (in thenon-
degeneratecase).Consider, for example,anaxialsymmetry,
illustratedin Fig. 2a. The axial symmetryassociateseach
pointP with anentirecircleof pointsQ, which includesP.
The centerof the circle intersectswith the symmetryaxis.
Theembeddingplaneof thecircle is orthogonalto thisaxis.

Sphericalsymmetriesre�ect eachpoint P on the object
surfaceto an entiresphere,whosecenteris the symmetry
point. Figure2b illustratesasphericalsymmetry.

2.2.CompositeSymmetries

CompositeSymmetriesarede�ned throughtwo or moreba-
sic symmetries. For example, objectsmay possessthree
orthogonalplane re�ection symmetries,such as the cube
shown in Fig. 3c. Sucha combinationof threeorthogonal
re�ection planesshallbeconsideredacompositesymmetry.
It mapseachpoint P to a total of sevenotherpointson the
objectsurface,in thatthereexist 23 � 1 = 7 differentcombi-
nationsof invokingoneor moreplanere�ection symmetries.

We considerthreedifferent compositesymmetries,in-
ducedby the following symmetryfeatures:dual orthogo-
nal re�ectionplanes, triple orthogonalre�ectionplanes, and
a axial symmetrycombinedwith an orthogonal re�ection
plane. Thesesymmetriesareillustratedin Fig. 3. Speci�-
cally, a cylinder is not only axial-symmetric,but alsoplane
re�ection-symmetricas illustrated in Fig. 3a. Thus, each
point P is re�ected into two circles on the object (in the
non-degeneratecase).The analogouscasesof multiple or-
thogonalre�ection planesareshown in Fig. 3b&c.

We notethatthelist of symmetriesconsideredhereis by
no meanscomplete;see[14] for further discussion. Our
choiceof symmetrytypeshasbeenrestrictedto someof the
mostcommonsymmetriesfoundin naturalenvironments.

2.3.The Entailment Hierar chy

A key propertyof thesymmetriesdiscussedthusfar is that
they establisha naturalentailmenthierarchy. This entail-
menthierarchy will prove essentialfor thedesignof a fast,
globalsearchalgorithm.

The hierarchy is basedon the observation that certain
symmetriesimply other, weaker symmetries.For example,
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Figure 5. Theentailmenthierarchy of symmetries.This hierarchy
establishesa half orderof entailmentof differentsymmetrytypes.
Thisdiagramalsoliststhenumberof re�ection pointsfor eachpoint
P undertherespectivesymmetry.

any object that is sphericallysymmetricis alsoaxial sym-
metric,andtheaxismightbede�ned arbitrarilyaslongasit
containsthesphericalsymmetrypoint. Likewise,any axial
symmetricalobject is also planere�ection symmetric,for
any re�ection planethat fully containsthe symmetryaxis.
Thisinsightshallallow ustoorganizeoursearchfor possible
symmetriesin stages;for example,failureto �nd aplanere-
�ection symmetryimmediatelyimplies that theobjectmay
not beaxial symmetric!This renderstheentailmenthierar-
chy apowerful tool in discoveringsymmetries.

Fig. 5 shows theentailmenthierarchy for theeightsym-
metriesconsideredin thispaper. Thehierarchy constitutesa
half-order, asthereexist symmetrieswhoseabsenceor pres-
enceis unrelatedto other symmetries. This diagramalso
liststhenumberof re�ection pointsQ for eachpointP under
therespective symmetry—whichrangesfrom a singlepoint
for the variousre�ection symmetries,all the way to a 2-
dimensionalmanifoldfor thesphericalsymmetry. Thespace
of re�ected pointsQ increasesaswe upward-transcendthe
hierarchy.

3. Re�ecting Visible Points

To discussour symmetrysearchalgorithm,we needto de-
�ne themathematicsof re�ecting apoint. Let P beasurface
point,usuallyapoint in apartial3-D view of anobject.

� A re�ection planere�ects P to asinglere�ectedpointQ.
If we assumetheplaneis de�ned througha normaln and
a scalardistance� of theplanefrom theorigin, thepoint
Q is computedasfollows:

Q = P � 2n (P T n � � ) (1)

The term in squaredbrackets is the distanceof P to the
re�ection plane.Thesubtractionof 2n timesthisdistance
re�ects thepoint to theothersideof theplane.

� A symmetryaxis is de�ned through a normal n and a
point a. Thenormalde�nesa rotationmatrix R, asa so-

lution to thefollowing implicit equation:

n = R

0

@
0
0
1

1

A (2)

To rotatea point P aboutthis axisby angle� , we mapit
into the local coordinatesystemof theaxis,rotateit, and
thenmapit backinto theoriginal coordinatesystem:

Q(� ) = RT

 
cos� sin � 0

� sin � cos� 0
0 0 1

!

R(P � a) + a

(3)

The resultingset Q = f Q(� )g is a 1-D manifold that
correspondsto thesurfacepointundertheaxialsymmetry.

� A line re�ection symmetryis obtainedby using� = � in
there�ective law of theaxial symmetry, Eq.3.

� A sphericalsymmetry is de�ned through a symmetry
pointa. Therotationinducesatwo-dimensionalmanifold
abouta, which is obtainedvia two nestedrotations:

Q(� ; 
 ) =

 
1 0 0
0 cos� sin �
0 � sin � cos�

!

(4)
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The set of points Q = f Q(� ; 
 )g is the resulting2-D
manifoldof pointsthatcorrespondsto P underaspherical
symmetry.

� A point re�ection symmetryis derivedfrom thespherical
symmetryusing� = 
 = � in Eq.4

Theseequationsde�ne the � ve elementalsymmetriescon-
sideredhere. The threecompositesymmetriesarede�ned
by re�ecting pointsthroughall or someof therespective el-
ementalsymmetries.

4. ScoringSymmetries

The problemof symmetryidenti�cation is the problemof
determiningwhichof thesymmetriesabove arecharacteris-
tic of anobserved3-D pointcloud.Webegin ourconsidera-
tion with a techniquefor scoringahypotheticalsymmetry.

4.1.Probabilistic MeasurementModel

Supposewe hypothesizetheexistenceof a speci�c symme-
try. Our approachevaluatesthis hypothesisthrougha prob-
abilistic measurementmodel,which incorporatesmodelsof
sensornoiseandocclusion.

Speci�cally, let usdenotethesetof visiblesurfacepoints
in the3-D view by P = f Pg. Theobservedpointscastan



(a) Visiblesurfaceandoccludedarea (b) Plausiblere�ection plane (c) Implausiblere�ection plane (d) Axial symmetry

Figure 6. Illustration of visible point clouds,occludedareas,andtheir utility in distinguishingplausiblefrom implausiblesymmetries.Panel(c)
showsanimplausiblesymmetry, which re�ects many surfacepointsinto unoccludedspace.

occlusionshadow, as illustratedby the grayly shadedarea
in Fig. 6a. Whenapplyinga symmetry, thepointsP arere-
�ected into anothersetof pointsQ, following theequations
setforth in theprevioussection.This is illustratedin Fig. 6b
for a re�ection planesymmetry. Ideally, every point in Q
shouldeithercoincidewith a point in P or fall into theoc-
cludedspace(shown in gray in Fig. 6b). Pointsin Q that
coincidewith P con�rm asymmetry;pointsin theoccluded
spaceprovide new surfaceinformation not existent in the
original 3-D view. Pointsmayalsofall into theunoccluded
space.This is illustratedin Fig. 6c, which shows a differ-
ent (false!) re�ection symmetry. The pointscircled by the
ellipsefall into theunoccludedspacerelative to theoriginal
scan,henceshouldhavebeenvisible! Suchpointscontradict
ahypotheticalsymmetry.

To accountfor the measurementnoisein the measure-
ment process,we rely on a probabilistic measurement
model.ConsiderapointQ 2 Q. TheprobabilitythatQ was
generatedby the visible surfaceP is assumedto be Gaus-
sian:

p(Q j P; match) = argmax
P 2P

(5)

j2� � matc h j �
1
2 exp� 1

2 (Q � P)T � � 1
matc h (Q � P)

Here“match” speci�esthecauseof a measurement(corre-
spondence)and� matc h is anoisecovariance.

Tomodelocclusion,weconsiderthepoints �P asthesetof
occludedpoints.Wede�ne asimilarGaussiandistributionto
theoneabove,but over thenearestneighborin theoccluded
space:

p(Q j P; occl) = argmax
�P 2 �P

(6)

j2� � occl j
� 1

2 exp� 1
2 (Q � �P)T � � 1

occl (Q � �P)

Here� occl is a differentcovariance.Notice that the maxi-
mizationis performedover points �P in theoccludedspace.
Thismaximizationis easilyimplementedusingraycasting.

Finally, our modelallows for “stray” points,throughthe
following distribution:

p(Q j P; random) = � (7)

Here� is aconstant(de�ned by theinverseof themaximum
measurementrange).

All threeof componentsof this probabilisticmodelare
combinedinto a singlemeasurementprobability via Bayes
rule:

p(Q j P) (8)

= p(match) p(Q j P; c = match)

+ p(occl) p(Q j P; c = occl)

+ p(random) p(Q j P; c = random)

with p(match) + p(occl) + p(random) = 1. We approxi-
matethelogarithmof thismodelusingJensen:

� logp(Q j P) (9)

� � p(match) logp(Q j P; c = match)

� p(occl) logp(Q j P; c = occl)

� p(random) logp(Q j P; c = random)

= const: +
1
2�

p(match) argmax
P 2P

(Q � P)T � � 1
matc h (Q � P)

+ p(occl) argmax
�P 2 �P

(Q � �P)T � � 1
occl (Q � �P)

+ p(random) log �
�

(10)

This conditionalprobability is quite interesting. The �rst
term in the squaredbrackets is the quadraticsurfacedis-
tancefamiliar from ICP [1]. The third termextendsthis to
(the negative logarithm of) a “Gaussianwith heavy tails,”
by boundingfrom below the quadraticfunction by a posi-
tive constant.The middle modelsocclusion. It allows for
pointsto bere�ected into occludedspaceby a hypothetical
symmetry. This partof themeasurementmodelis essential
for surfacecompletionin that pointsthat arere�ected into
occludedspaceextendthevisible3-D surface.

4.2.ScoringA Symmetry

The measurementmodel provides us with a method to
“score” a point Q generatedby a symmetry. Thetotal score



of asymmetryis obtainedby

� logp(Q j P) = �
1

jQj

X

Q2Q

logp(Q j P) (11)

This formula is derived by assumingconditionalindepen-
dence,and by normalizing for the size of the point set
Q. For symmetriesthat inducea continuumover points,
our approachsamplesfrom this continuum,asillustratedin
Fig. 6d.

5. Search in Symmetry Space

A symmetryis de�ned by threecomponents:a symmetry
type of the eight typesde�ned in Fig. 5; a symmetrypa-
rametervector;andasymmetrydomain,whichspeci�esthe
pointsin thepartialview to which thesymmetryapplies.

The searchfor a valid set of symmetriesis achieved
by a triple nestedloop. At the outer loop, our approach
searchesfor appropriatesymmetrytypes. For eachsuch
type,themiddleloopidenti�es anappropriatesymmetrydo-
main.Theinnerloopdeterminestheparametersof thesym-
metryfeature.Webegin with theinnerloop.

5.1.Searching Symmetry Parameters

Givena symmetrytypeanda domain,the inner loop deter-
minestheoptimalsymmetryparameters.

Our searchproceedsin two phases:a global parameter
search,followed by a local hill climbing search. For rea-
sonsthatwill becomeobviousbelow, theglobalsearchesin-
volvebetweenoneandfour parameters(eventhoughcertain
symmetriesarede�ned throughmorethanfour parameters).
Thesetof symmetryparametersis �rst searchedover a dis-
cretegrid. For eachpossiblesettingof thoseparameters,the
pointsP that fall into thedomainarere�ected into a setof
points Q. We then apply the scoringtechniquedescribed
in theprevioussectionto evaluatetheparametervector. The
resultinghypercubeis searchedfor localminimaof thescor-
ing function.Thoseareassembledinto a list.

Subsequently, eachentryon the list is optimizedvia hill
climbing in the parameterspace,so as to further improve
the score. The resultingset of scoredparametersis then
pruned to eliminate identical parametervector, and then
thresholded.Parametervectorswhosescorefall below the
thresholdare retained;all otherparametervectorsaredis-
carded.

Theresultof this searchis a setof acceptablesymmetry
parameters.If thissetis empty, thesymmetrytypeaswhole
is judgedto beinapplicablefor thedomainof pointschosen.

5.2.Searching Symmetry Types

In theouterloop,ourapproachsearchesfor applicablesym-
metry types. We canlimit the amountof searchnecessary

searchplanere�ection symmetry(3-D search)
if searchsucceeded

searchaxial symmetry(2-D search)
if searchsucceeded

searchsphericalsymmetry(1-D search)
if searchsucceeded

returnsphericalsymmetry
else

searchaxial symmetrywith orthogonalre�ection
planesymmetry(1-D search)

if searchsucceeded
returnaxial+re�ectionplanesymmetry

else
returnpreviously foundaxial symmetry

elsesearchdualplanere�ection symmetry(2-D search)
if searchsucceeded

searchtriple planere�ection symmetry(1-D search)
if searchsucceeded

returntriple planere�ection symmetry
else

returnpreviously founddualplanere�ection symmetry
else

returnpreviously foundre�ection planesymmetry
else

searchpoint re�ection symmetry(3-D search)
if searchsucceeded

returnpoint re�ection symmetry
elsesearchline re�ection symmetry(4-D search)

if searchsucceeded
returnline re�ection symmetry

returnnosymmetry

Table1. Algorithm for sequentiallysearchingsymmetrytypes.

throughthreeobservations:

� By searchingsymmetriesbottom-upin theentailmenthi-
erarchy (Fig. 5), failure to identify a speci�c symmetry
mayeliminateanentiresetof parentsymmetries.For ex-
ample,failure to �nd a planere�ection symmetryelimi-
nates� ve othersymmetries(the axial, spherical,andall
compositesymmetries).

� Lower level symmetriesin theentailmenthierarchy con-
strain theparametersof higherlevel symmetryfeaturesin
this search.For example,we know that the locationof a
symmetryaxismusteitherbeorthogonalor coincidewith
the planeof a planere�ection symmetry, shouldthe ob-
jectbeat all axial symmetric.Thus,thesearchof all axes
canbeconstrainedaccordingly, reducinga potential4-D
searchdown to a 2-D search. Even more drasticis the
transitionfrom anaxial to a sphericalsymmetry. Clearly,
any point de�ning a sphericalsymmetrymust lie on the
axisof apreviously foundaxialsymmetry. Hence,wecan
�nd a sphericalsymmetryvia a 1-D searchwhenseeded
with anaxial symmetry, insteadof a full 3-D searchthat
would be requiredfor searchinga sphericalsymmetry
from scratch.

� Somesymmetrytypesare more useful than otherswith
regardsto the shapecompletionproblem. For example,
a sphericalsymmetryenablesus to map surfacepoints
P into two-dimensionalmanifolds,de�ned over two free



(a)Cerealbox: triple planere�ection symmetry (b) Baseball:sphericalsymmetry (c) Donut:axial+orthogonalplanere�ection

(d) Football: axial+orthogonalplanere�ection (e)Traf�c Cone:two orthogonalplanere�ection

Figure 7. Imagesof objectsandtheir 3-D re-
constructions.Blue pointsareoriginal points;
greenpointsaregeneratedfrom therespective
symmetries.

parameters� and 
 . In contrast,eachre�ection plane
symmetryproducesonly a single point Q. Thus, when
a sphericalsymmetryis found, the searchcansafelybe
aborted.Thesizeof the re�ected point spaceestablishes
yetanotherhierarchy overall symmetries,whichis related
to theentailmenthierarchy discussedpreviously.

Theseobservationsleadto the nestedsearchalgorithmde-
picted in Tab. 1. It acceptsas an input a rangescanwith
associatedcameraposition,andoutputsthebestfoundsym-
metry typeandparameters.Thedimensionalityof the indi-
vidual symmetrysearchesis asindicated.

5.3.Searching Symmetry Domains

The�nal dimensionof this work concernstheidenti�cation
of local symmetries, or part symmetries. This is themiddle
loop of our search.Fig. 4 illustratesanobjectcharacterized
by two axial symmetries,both local to a componentof this
object.

Finding local symmetriesis a segmentationproblem.
Speci�cally, our approachassociatessubsetsof points P
with apartsymmetry. However, notall suchsubsetareeligi-
ble. For a subsetto form a legitimatedomain,our approach
requiresthatthedomainmustbecontiguous;it domainmust
meeta minimum size requirement;and it must possessa
smallrim relative to its interior size.

Unfortunately, the spaceof all domainsis prohibitively
large,henceour approachusesheuristicsto identify appro-
priatedomains.It startswith thenumberof pointsthatare
not presently“claimed” by anothersymmetry. From there,
it grows the largestconnectedcomponentto encompassall
pointsthat scorewell undera proposedsymmetry. In a �-
nal “cleaningstep,” ourapproachintegratesany point thatis
entirelyenclosedin this setof points,andit alsointegrates
pointson theobjectborderthatareadjacentto this point set
(see[24]).

Theresultis a contiguouspoint setthatpossessesno in-
ternalislands,andthat tendsto possessa small rim relative
to its interior size. If this domainmeetsall criteria stated
above, it is usedfor thenestedparametersearch.

Wenotethatthesearchfor symmetryparametersandthe
domainis interleaved in our implementation,to accommo-
datetheeffect that thechoiceof a domainandof a suitable
parametervectorareinterdependent.

6. Experimental Results

We appliedour approachto a numberof rangeimagesof
commonhouseholdobjects.All rangeimageswereacquired
by an active stereorig similar to the onedescribedin [15].
To segmenttheobjectfrom thebackground,theobjectswere
placedon a table. The tablecoordinatesweredetermined
througha planarsurface�t, andonly the non-tablepoints
were used. The resulting point set was analyzedfor the
largestconnectedcomponent,andonly this componentwas
retainedfor ouranalysis.

Fig. 7 showsanumberof objectscharacterizedby differ-
enttypesof globalsymmetries.It alsoshowsourreconstruc-
tion of theseobjects,andlists thetypesof symmetriesfound
by our algorithm. All of thoseresultsareobtainedfrom a
singlestereoscopicrangeimageperobject.

Of particularinterestto us is the notion of a part sym-
metry (local symmetry). Becausepart symmetriesrequire
segmentation,�nding suchsymmetriesis signi�cantly more
dif�cult than�nding globalones.Thisis illustratedin Fig.8.
The mug shown therepossessesmultiple global planere-
�ection symmetries,asshown in Fig. 8d&e. However, its
reconstructionis morecompletewhenidentifying theaxial
symmetry. Unfortunately, thehandleviolatesthisaxialsym-
metry;hence,it is a local symmetry.

Our approach �nds—fully autonomously—theaxial
symmetry, alongwith a segmentationof theobject. It then
successfullyidenti�es the re�ection planesymmetryof its



(a) imageof mug (b) stereodepthmap (c) 3-D point cloud

(d) Globalplane
re�ection symmetry#1

(e)Globalplane
re�ection symmetry#2

(f) Local symmetry#1:
axial+ orthogonal
planere�ection

(g) Local symmetry#2:
planere�ection

(g) 3-D reconstruction
throughpartsymm.

Figure8. Reconstructionof amugthroughlocal symmetries.

handle. Theselocal symmetriesare shown in Fig. 8f&g.
Fig. 8hshows the�nal reconstructionof thisobject.

We appliedour approachto a numberof otherobjects.
Fig. 9 shows the result of a hammer, whosehandleis ax-
ial symmetricandwhoseheadis planere�ection symmet-
ric. Onceagain,bothprimarysymmetriesareidenti�ed with
theassociateddomains,andtheobjectis successfullyrecon-
structed.

A �nal experiment involved a challengingobject; the
puppetshown in Fig. 10. This objectpossessesno global
symmetries. However, its nine componentsare all axial
symmetric. To achieve the result in Fig.10c,we restricted
our searchexclusively to axial symmetries.Our approach
correctlyidenti�es themajorpartsof theobject,alongwith
the associatedsymmetries.Throughthesesymmetries,al-
mostall of theoccludedshapeis successfullyreconstructed.

Theprocessingtime for all theseresultsfell between30
secand5 min on a low-endPC,dependingon thesymme-
triesfound.Thetimedependson thenumberof symmetries
consideredby our searchalgorithm,andis longestfor ob-
jectswithout symmetry. The numberof points in our data
variedbetween2�105 and6�105.

(a) Imageof the hammer

(b) Pre-segmentedstereodepth map

(c) 3-D shapewith part symmetries

Figure 9. This hammerpossessestwo symmetries:a local axial
symmetry(handle)anda globalplanere�ection symmetry. Our al-
gorithmcorrectlyidenti�es thesesymmetries,andsegmentstheob-
jectaccordingly. Throughthesesymmetries,it is ableto reconstruct
thefull 3-D shapefrom asingleview.

7. RelatedWork

Relatedwork on 3-D shapereconstructionwas already
reviewedin theintroductionto thispaper. Thegeometryand
topologyof symmetriesis extensively discussedin [14, 21].

Beyond the context of 3-D shaperecovery, The ideaof
using symmetry is not entirely new to the �eld of com-
putervision. In 2-D vision, techniquesin [16, 9] describe
how symmetriesmaybedetectedin 2-D images.Thework
in [22] �nds symmetriesin 2-D imagesandusesthosesym-
metries to improve reconstructionsof visible featuresin
structurefrom motion. Thepapers[19, 20] reconstructob-
jectshaving ageneralizedaxialsymmetryfrom 2-D dataus-
ing manualinitialization; in [20], multiple setsof 2-D data
are usedto obtain 2-D outlinesfrom multiple viewpoints.
[2] shows how 2-D symmetriesand anti-symmetriesmay
be usedto plan graspsin robot motion planningof planar
objectsby graspingaroundthe rim. However, techniques
basedon 2-D imagescan make only limited useof sym-
metriesto perform3-D reconstructions.This is becausea
2-D re�ection distorts3-D symmetries. Accordingly, the
relationshipbetweena 3-D symmetryof an objectandthe
observedre�ected2-D imageis complex andsubjectto am-
biguity. Hence,researchconsidering2-D imagesdoesnot
addresstheproblemssolvedhere.

Therehasbeenlesswork onthetopicof symmetryin 3-D
data.A paperby SunandSherrah[18] describeshow certain
3-D symmetriesthatareglobalto anobjectmaybedetected
by converting the problemto the correlationof a Gaussian
image. A relatedpaper[23] de�nes a continuoussymme-
try measureto quantify thesymmetryof both2-D and3-D
objects;thepaperappliesthis measureto �nding theorien-
tationof 3-D symmetries,but doesnot addressobjectcom-
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Figure 10. Imageof a complex object; stereodepthmap;3-D re-
constructionthroughlocalaxial symmetries.

pletion from incompletedata. Anotherpaper[7] describes
how symmetriesthatareglobalto anobjectcanbedetected
in a 3-D voxel modelof theobject.In [8], theauthorsapply
this ideato theproblemof shaperetrieval from a database.
Noneof thesepapersaddressestheproblemof reconstruct-
ing occluded3-D surfacesfrom 3-D data.

8. Conclusion

Wepresenteda techniquefor reconstructionthe3-D surface
shapefrom incomplete3-D views usingsymmetries.The
“shapefrom symmetry”algorithmidenti�es objectsymme-
triesfrom a 3-D rangescanof anunknown object,anduses
saidsymmetriesfor 3-D shapereconstruction.It requiresno
prior modelor databaseof objectshapes.Instead,it analyzes
objectsfor eightcommonsymmetrytypes.Experimentalre-
sultsshow thatsymmetriescanbefoundfor a greatnumber
of commonobjects.

There exist a number of possibleextensions. Chief
amongthemis anextensionof thespaceof symmetrytypes
with, for example,translationsymmetries(see[14, 21] for
a morecompletediscussionof symmetrytypes).While the
presentapproachrejectedtheuseof any parametricsurface
models,usingsuchmodelsmayaidin thesearchprocess,by
restrictingthe locationof possiblesymmetryfeatures.One
mightalsoconsidersurfacenormalsin thesymmetrysearch,
althoughin our own experimentssuchinformationwasnot
foundto improve theoverall performanceof thealgorithm.
Finally, onecouldusetexture informationin thesymmetry
search,not just shape.

Wehopethatthispaperopensanew directionin thequest
for 3-D shapereconstruction.Webelievethatfor many com-
mon objects,a single view is suf�cient to determinethe
shapeof the object, to the extent requiredby many practi-
cal applications.We hopethat future researchwill leadto
improvedtechniquesto exploit objectregularitiesto extrap-
olatevisiblesurfacesinto theoccludedregions.
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