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We present a Bayesian technique for the reconstruction and subsequert decimation of 3D surface
models from noisy sensor data. The method uses oriented probabilistic models of the measure-
ment noise, and combines them with feature-enhancing prior probabilities over 3D surfaces. When
applied to surface reconstruction, the method simultaneously smooths noisy regions while enhanc-
ing features, such as corners. When applied to surface decimation, it nds models that closely
approximate the original mesh when rendered. The method is applied in the context of com-
puter animation, where it nds decimations that minimize the visual error even under nonrigid
deformations.
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1. INTRODUCTION

We provide auni ed Bayesiarmethodfor probablesurfacereconstructioranddecimatiorfrom noisysurfacemeshes.
Recentresearcthasledto a urry of acquisitiondevicesof 3D shapemodelsof physical objects.However, the noise
in thedataacquisitionprocessnducesmodelsthathave roughandunesensurfaces.

The Bayesianmethodis basedon a mathematicamodel of the noisy measuremerprocessandon a prior over
surfaceshapes.With an appropriateprior, the methodsmoothsaway noisein the sensedsurfacewhile enhancing
visible surfacefeaturessuchasedgesWe shov how anappropriaterior canbelearnedirom data,yielding superior
reconstructiomesultsin applicationdomainswvherespeci ¢ featurege.g.,right anglecornersyareparamount\We also
shav how adwvancedoptimizationtechniqueganbe appliedto recorer a probablesurfacereconstructioref ciently .

In the context of decimationthe Bayesiarmethodutilizesa mathematicaimodelthatcharacterizethe appearance
of a surfacemodelwhenrendered.We shav how to recover faithful decimationsof detailedsurfacemeshesisinga
compactnesprior. We applythis methodto staticmeshesandalsoto animatednesheswherethe optimaldecimation
is afunction of the deformationprocesghatoccursduringanimation.Empirically, we nd thatthe Bayesianmethod
producesdecimatednodelswhich closelyresemblan appearancéhe correspondinglensemodelswhenrendered,
evenwhenusedfor animation.
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2 James R. Diebel et al.

A detailedanalysiof theresultsshav thatthe Bayesiarapproactyieldsempiricalresultscomparabléo or, in mary
instancesnoticeablysuperiorto previously publishedworks. The useof a Bayesiantechniquefor smoothingand
decimationenableaisto separat®ur assumption®n the noiseof the sensorfrom the statisticalpropertiesof actual
3D objects.It alsoenableausto bring to bearef cient optimizationtechniquedor nding a probablereconstruction
or decimation.

Themethodprovidesanumberof advancesall documentedh thetext. For example whensmoothingangemages,
thesmoothingcanbeorientedn thedirectionof themeasuremeraxisalongwhichtheexpectederroris largest. When
decimatingmeshesthe speci ¢ deformationcaneasilybetakeninto accounto determinethe bestdecimation.

2. RELATED WORK

Thetopic of denoisinchasalonghistoryin computegraphicsandtherelated eld of imageprocessingTaubin[1995]
generalizedrequeng-domainimage Itering to the problemof fair surfacedesign,yielding a lineartime algorithm.
Desbrunet al. [1999] introducedthe use of diffusion processe$or meshsmoothing,using an implicit integration
schemeo solve the a curvature o w partial differentialequation.Both of theseapproachesre quite fastbut fail to
distinguishbetweemoiseandsharpstructurein the underlyingobject. To solwe this problem,anisotropicdiffusion,
inspiredby work in imageprocessingwasappliedto the problemof denoisingheight elds by Desbrunetal. [2000].
Relatedtechniquesvere appliedto more generalgeometricrepresentationby Clarenzet al. [2000] and Bajaj and
Xu [2003]. Tasdizeret al. [2002] usesa volumetriclevel setrepresentatioandperformsanisotropiadiffusionon the
normalvector eld; anupdatestepkeepshesurfaceshapeconsistentvith theevolving normalvector eld. Theresults
areimpressve but thecomputatiortimesarevery largeandthe memoryrequirementéimit thesizeof themodelsthat
canbeprocessedMostrecentlyJonestal. [2003] proposednef cient non-iteratve techniqueor feature-preserving
meshsmoothing andFleishmaretal. [2003] adaptedilateral Itering for applicationto meshdenoising.

TheBayesiartechniquepresentedhereis very differentin avor: It enableghe userto explicitly modelthe sensor
noise,andto tune the methodto the speci ¢ applicationdomainthroughadaptingthe Bayesianpriors. However,
the use of Bayesianand enegy-optimizationtechniquess not new to other sub elds of computergraphics. The
connectiorbetweerBayesiartechniquesaindoptimizationwas rst pointedout by Szeliskiand Terzopoulog1989].
Normalpotentialswereintroducedn [Terzopoulostal. 1987]. Building on thiswork, SzeliskiandTonneserj1992]
appliedenegy minimizationtechniquego surfacereconstructiorwith sparsedatausingquadratiocnormalpotentials;
seealsoStahletal. [2002]. However, aswe shallshawv, quadratigpotentialgendto over-smoothandthereforedestry
small surfacefeatures—whictour approackenhancesWe drav our motivationto usenon-quadratigotentialsfrom
arecentstudyin computervision by Levin et al. [2002], who shaved thatthe naturalpotentialsin imagespaceare
sub-linear Finally, our methodis alsorelatedto techniquesor surfacedeformationand nite elementtechniquesy
Molino etal. [2004] (who alsousequadratigpotentials).

Someexistingwork in themachindearningcommunityis tangentiallyrelatedto our own work, but we areunavare
of ary paperghatseekto addresshe sameproblems.Jeongetal. [2003] usesa neuralnetwork to createa simpli ed
meshdirectly from anunoganizedpointcloud. BarhakandFischel{2001] usesaneuralnetwork Self OrganizingMap
to achieve the samegoal. And SaulandRoweis[2003] approachthe moregeneralproblemof tting low dimensional
manifoldsto high dimensionaldata. In contrast,our methodis speci cally designedo work on existing manifolds
(i.e.,surfacesthathave beenfoundby othermeans.

The “classical'paperon meshdecimationis GarlandandHeckbert[1997], whoseQSlim algorithmhasbeenused
widely. More recently surfacedecimationhasbeenstudiedin Alliez et al. [2003] and Cohen-Steineet al. [2004],
again usingnon-BayesiatechniquesTheseworksapplyall to staticmeshe®nly; herewe extendedt to decimation
with the speci ¢ purposeof animatingthe decimatedneshesOtherapproachebave beentakento the relatedprob-
lem of compressingnimated3D models. Alexa andMiller [2000] accomplisheshis goal by performingprincipal
componentanalysison ananimatedsequenceBricenoet al. [2003] usesa videoin which eachframeis a geometry
image,a novel andusefulgeometricrepresentatiofiGu et al. 2002]. Both of thesemethodsare effective at reducing
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A Bayesian Method for Probable Surface Reconstruction and Decimation 3

thestoragaequirementdut they do notreducethetotal numberof primitivesthatneedto berenderedy thegraphics
hardware,sothe costof renderingananimatedsequenceemainsessentiallyunchanged.
A numberof thesetechniquesrecomparedo ourwork in latersectionsof this paper

3. BAYESIAN MODEL

This sectiondescribeghe basicBayesianmodel usedfor surfacereconstructionandintroducesthe resultingopti-
mizationproblem.Themodelcombinesa probabilisticnoisemodelof the dataacquisitiondevice with a probabilistic
prior ontypical surfaces.

3.1 Surface Posterior

Let x bethetrue surfaceof the objectbeingmodeled.Insteadof x, our sensorpercevesa noisy measuremertf the
surface.This measuremertouldbeatriangularmeshor adepthimage;botharecoveredby our analysis.

Let usdenotethe measuremertty z. In probabilisticterms,we seekto reconstructhe mostlik ely surfacex given
themeasuremerz Bayesrule enableaisto “invert” this probability:

p(xj2) = h p(zjx) p(x): 1)
Hereh = 1=p(2) is anormalizationconstanthatis independenof x; p(zj X) is a probabilisticmodelof the measure-
mentformationprocessandp(x) is a prior probability distribution over surfacesin theworld.
Theproces®f mostprobablesurfacereconstructions simplytheproces®f nding thesurfacex thatmaximizeghe
posteriomprobabilityin Eq. 1. We adoptthe standardechniqueof optimizingthe negative logarithmof thelikelihood.
Theresultis equivalent,sincethelogarithmis a monotonicfunction:

R = arg)[nin Iog{p(zp?| gp(x} (2)

= F(x2 =Y (X

Thus,theargumentto be minimizeddecomposemto two additive terms,onefor the measuremerformationprocess
denoted~, andonefor the prior denotedy . Thesedifferenttermswill now be discussednh moredetail.

3.2 Probabilistic Measurement Formation

Themodelof measuremerformation(in logarithmicform) is givenby F (x; 2). We denotethe "true’ surfaceby x. The
actualmeasuremerttis asampleof this surface calledthe measuementmesh The measuremenneshis a collection
of 3-D points,denotedz = f zg. (It mayalsocontainedgesor facesput thisis irrelevantfor the analysishere).

We assumehat the sensomoisefollows a Gaussiardistribution. Hencethe probability for eachindividual mea-
suremenpointz 2 A2 giventhetruesurfacex is givenby thefollowing Gaussian:

. . o1
PziX = j2pSj 2ep 3z %)'S '@ %) 3)
Herex, is the pointon the surfaceclosesto z, accordingto the Mahalanobiglistancede ned throughS; 1
The covarianceof the measurementoiseis S;. It enablesusto expressknowledgeof the noisecharacteristicef

oursensorEventhoughary covariancecanbeusedhere we generallymodelsensonoiseby anelongatedcovariance
of thetype

o , 1
§ Siarge 0 0
S=R @ 0 52 0 AR 4)
| 0 97 Ssmall }

()
HeresSage > Ssman> 0. Thematrixlabeled( ) permitsfor largevariationin the x-axis. Ris arotationmatrix, which
enablesisto transformthe Gaussiarnnto ary orientation.
ACM Transaction®n Graphics\Vol. V, No. N, Septembe2005.



4 James R. Diebel et al.

The orientedGaussiarenableaus to modelthe sensomoiseof the imagingdevice. In a stereorangeimage,for
example,R is the orientationof the ray that correspondso the respectre pixelsin thereferencamage(e.g.,theleft
image).Theresultingnoisecovarianceis thenelongatedalongthedirectionof themeasurememay. Thisis plausible
becauseavithin acameramage theactualpixel locationsareusuallyaccurate Depth,however, is determinedhrough
disparity which is a procesharacterizedby high error Hencethe measuremennodelassumesighernoisealong
thedirectionof thelight beamalongwhich a surfacewasimaged.

In ageneraimeshof unknavn origin, we chosethe valuesof s,grge ands2__, to becloserto eachother sothatthe
Gaussiaris notaselongated. The Gaussiaris thenorientedtowardsthe meansurfacenormalof the adjacenfaces.

ThefunctionF (x;2) Eq.2 is now obtainedasthe negative logarithmof the joint probability over all measurements
z= fzg. Thisjoint probabilityis givenby

pziY = O p(z|%: (5)

This distribution canbe thoughtof asa high-dimensionamultivariate Gaussianywhosedimensionalityequalsthe
numberof measuremeryointsz timesthree;however, it is not anarbitraryGaussianin thatits covarianceis block-
diagonal.

We now have

logp(zj ) = const+ &(z x)" W (z x): 6)

1
Herewe wrote W = %Si ! for corvenience Theconstantermin Eq. 6 is the logarithm of the normalizerk2pSik 2
in Eq. 3. However, this normalizerdoesnot dependon the tamget variablesx. Henceit playsno role in the overall
optimization,andit cansafelybe omitted. This consideratiomow leadsusto the nal de nition of thefunctionF:

F(x2 = d@ )W @ %) (7)

We notethatF is aweightedquadraticdistance(Mahalanobidlistancepetweerthe measurementg andthe actual
surfacepointsx;. The matrix W is positive de nite. ConsequentlyF (x;2) is minimal for z = x;. Or put differently,
maximizingF leadsto anunaltereccloneof the measuredneshz.

3.3 Surface Prior

The (log-)surfaceprior is encapsulateéh the functionY (xX). The importanceof a good prior cannotbe overempha-
sized. We just notedthat without a prior, the mostprobablesurfacereconstructiorwould be the measuremeritself.
Thus,ary smoothingor featureenhancings theresultof applyingthe prior distribution.

Remarkablywe cangetthe desiredeffectswith a simple ' weak' smoothnesgrior. The smoothnessf a surfaceis
afunctionof its cunvature.Our approachassessethe curvaturethroughthe relationof adjacensurfacenormals.Let
Xi; %0 ; Xjo0be adjacennodesin themeshthatde ne atriangularface. The normalof thisfaceis givenby

(%o %) (o0 X;)

= e X)) (o X) K ®)
Let n, andn; betwo adjacennormalsin the surfacemesh.Thenthe surfaceprior functionY is of theform
YO = & fne m); ©)

kij
whereeachf(n, nj) Oisapotentialthatis zeroif ny = nj, andpositive otherwise.
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A Bayesian Method for Probable Surface Reconstruction and Decimation 5

Synthetic data Gaussian Gaussian with Our sgaure-root
with heave noise potential heavy tais potential

1]

Fig.1. Investigationof differentpotentialfunctionsf, for a syntheticdatasetwith heary noiselevels.

3.4 Square-Root Priors

The actualchoiceof a prior is essentiafor featureenhancementin prior work, [Szeliskiand Tonneserl992] de-
velopedquadmtic potentialsof theform fsg{nk ;) = knx  njk3. Suchpotentialsarisefrom Gaussiarprobability
distributionsandwe will freely referto themasboth quadraticand Gaussiampotentials.Unfortunately the quadratic
functiontendsto over-smooththeedgesandremove ne featuresfrom themesh.Thisis illustratedin Figurel, which
compareshe effect of thosepotentials. This gure alsodepictsthe resultof a quadraticfunction with heavy tails,
whichis commonlyusedin the eld of robuststatistics.
In computewvision, arecentempiricalstudyidenti ed thatnaturalimagepriorsaresub-linearnot quadratidLevin
etal. 2002]. Herewe proposehe useof the square-roofunction (Euclideandistancen normalspace):
q
fsgk  Nj) = kne njko = (ne n)T (e nj): (10)

As shallbe shavn, the square-roopotentialsmoothshe meshwhile actuallyenhancingeaturessuchasedges.The
enhancemertffectis dueto thefact fsq(nk ;) grows sub-linearlyin its agumentshenceit tendsnot to distribute
cunatureover multiple vertices,aswould a quadratigpotential. With the exceptionof certainspecial-purposkarned
potentialsdiscussedelow, we usethe square-roopotentialthroughoutthis work. Figure1 shavs the resultof this
prior: Theedgeis notonly retainedjt is enhanced.

4. FINDING PROBABLE RECONSTRUCTIONS

As statedn Eg. 2, the probablereconstructiorof the actualsurfaceis obtainedthroughthe minimizationof F (x; 2) +
Y (X):
" # " #
£= agmin §(z X)TWE X) + & fadne ) (11)
i kij
This minimizationrequiresusto adjustthelocationof theverticesx in thereconstructednesh.

This problemis a spaiseenegy minimizationoptimizationproblem for which arich family of ef cient algorithms
exists. Thus,throughour Bayesiarformulation,we cannow leverageexisting optimizationalgorithmsto performthe
minimization. This is in starkcontrastto prior work on diffusiontechniques which specifya speci ¢ algorithmfor
meshsmoothingjnsteadof explicitly statingthe objective.

Descriptionsof the conjugate gradient(CG) algorithm can be found in contemporarytextbooks on optimiza-
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6 James R. Diebel et al.

tion [Press1988]. We usethe Polak-Ribiereformulation [Krizek et al. 2004] of the conjucate gradienttechnique
for non-linearfunctionsto minimizethis functionwith respecto the statevectorx, whichwe shallnow describe.

4.1 Conjugate Gradient Implementation

For notationalbrevity, we write J(x) = F(x;2) + Y (x). CGinitializesthe meshx!% with themeasuredneshz. It then
iteratively altersthevertex locationsin x by following theconjugategradientsearctdirection,whichlinearly combines
thenegative gradientof thefunctionJ(x) with previoussuchgradients.Speci cally, we have for eachvertex x in the
meshx:

T _ TRk | 1Y),

12
T Xk T (12)
Thegradientof thelog-measuremergonstraintresohesto
TF(x2) eg7 o M@ %) W x)
T i T
= 2W(zZ X): (13)
Thegradientof thelog-prioris givenby
TY(x2) Ego 3 7f(ni  nj)
Xk i;j X
o Tf(ni nj) i 1n;
= _ — — 14
,a] ni ny)  Txe T (14)
For f = fsgn, this derivative resohesto
Tfsqr(ni  Nj) 1
—————= = (fsg(m N; n nj): 15
Ty = (Tsarm m)) () (15)
Lastly, we needto calculatethe derivativesof thetype 1”7—)'(‘; in Eq. 14. Thosederivativesareonly non-zeraf Xy is a

vertex of the surfaceassociateavith nj.Let sucha surfacebe de ned throughthreenodes x, xxo, andxo(c.f. Eq. 8).
Thenwe have

i _ I nin|
T J(xo %) (X0 X

Thegradient”,?i’k‘) is now fully de ned, andtheactualimplementatiorof thegradientshouldnow bestraightforvard.
Thedetailsof the CG algorithmareomittedfor brevity, but canbe foundin contemporaryexts. Ourimplementation
usesa Newton-Raphsorine searchstepfor determiningthe stepsize of the update. The resultingalgorithm for

probablesurfacereconstructionss now remarkablysimple: Simply setx! = z anditeratethe CG updaterule. The

resultis a probablereconstructiorof the objectsurface.

(X0 X)X (16)

4.2 Results

Figure2 shaws resultsfor threedifferentdatasetscollectedby anactive space-timestereovision systemDavis et al.
2005]. Themostimportantaspecbf theseresultspertaingo thefactthatsharpedgesareretainedor evenenhanced),
while theremainingsurfaceis smoothedn the BayesiarreconstructiorprocessNotethatevensmallfeaturesuchas
thelip of the cup (center),which spansonly afew triangles,arefaithfully reconstructedAll of thesemodels,which
containtensof thousandsf triangleseach requirelessthanoneminuteona3-GHzPentiumfor theconjugategradient
algorithmto corverge. Goodresultscanbe obtainedin approximatelylO secondsf the corvergencethresholdsare
selectediberally.

ACM Transaction®n Graphics\Vol. V, No. N, SeptembeR005.



A Bayesian Method for Probable Surface Reconstruction and Decimation 7

Raw data

Smodhed

Fig. 2. Examplesf Bayesiarsmoothingon severalreal datasetsollectedwith a space-timestereovision system.Notice how the methodsmooths
the surfacewhile enhancinghefeaturessuchasedges.

Next we comparetheseresultsto the existing literature. Figure 3 compareghe Bayesianreconstructiorto the
publishedresultsof Joneset al. [2003]. Our algorithmcomparedavorably with theseresults. For the dragonmodel
theiralgorithmfailsto smoothoutareasvherehigh naturalcurvatureexistsin theunderlyingmodel. Thisis illustrated
in the detailedviews. Also notethe leveling lines in the view of the dragons tooth. Here you can seethat their
algorithmshrinksthe toothwhile failing to eliminateall the noise. The Venusmodelis lessstarkof a contrast.Both
algorithmsperformwell onthis model,thoughcarefulexaminationrevealsthatthe Bayesianeconstructions slightly
sharpeandlessblurredaroundareaf high-cunature suchasthechipin herchin. Processingimesfor thesemodels,
both of which containabout100k vertices werelessthantwo minuteson a 3-GHz Pentium,comparedo 54 seconds
(Venus)and80 secondgdragon)for Jonesetal. ona 1.4-GHzAthlon.

Figure4 compare®ur algorithmto thework of Fleishmaret al. [2003]. Herewe considertwo modelsthatcontain
sharpcorners.The rst is the Fandiskmodel. Justaswith Joneset al. thetechniqueof Fleishmaretal. failsin areas
of high curvature.In particular notchescanbe seenin the sharpedgesof the model. Thisis a naturalconsequencef
thebilateral Itering techniquewhich Iters lessin areasof high cunature.Theresultsof the Bayesiaralgorithmdid
not exhibit ary suchfailures. The pyramid modelis evenmorestriking. A limitation of our algorithmcanbe seenin
this result,however: the square-rooprior doesallow for someslight blurring on the edgeof the pyramid. This defect
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8 James R. Diebel et al.

will beaddresseth the next sectionwhich dealswith learningmulti-modalsurfacepriors.

Finally, in Figure5 we compareour resultsto the isotropicfairing algorithmof Desbrunet al. [1999], whichis a
baselinealgorithmfor meshsmoothing.The subjecthereis the scannedaceof a mannequin.The advantagef the
non-linearprior areclear

In all caseof publishedresultsfor which we wereableto obtainexampledata,we nd our algorithmto perform
betteror equal. Generallyspeakingthe algorithmscaleswith the numberof verticesin the mesh,althoughmemory
consumptiorhasbeenanissuefor modelswith greatethanonemillion vertices.

5. SUPERVISED LEARNING OF THE SHAPE POTENTIALS
5.1 Parameterizing the Prior

As noted,the smoothingis a directresultof applyingthe shapeprior p(x), asmanifestthroughthe pairwisenormal
potentialsf. This makesit possibleto tailor the potentialsto the speci ¢ typesof shapesommonlyencounteredn
theapplication.

For example whenimagingman-madebjectsonemay nd adominantuseof edgesiescribingight angles.Thus,
apotentialf favoring right angles(alongwith smoothnessjometimesvorksbetterin suchsituations.

A nicefeatureof the Bayesiarapproachs thatwe canlearn the potentialfunctionfrom data,througha supervised
learning technique In supervisedearning,we are given the true shapey alongwith its measuremert. The true
shapey is easily obtainedfor simple man-madeobjects,suchas card boxes of known size (e.g., a cerealbox), or
cylinderswith known diameterand height(e.g.,a soupcan). It is alsoobtainablefor objectsmanufcturedthrough
FDM machines.

To learnsuchanapplication-speci cprior, we needa potential f with free parametersOur methodimplementsf
via a cubic splineover the differencekny  njk> of ary two adjacentsurfacenormals. This splineis de ned over N

5.2 Learning the Prior Parameters

The methodusesanothermprobabilistictechniqueto identify the correctpotential. This methodologyis applicableto
ary applicationnotjustapplicationswith frequentright-anglededges Speci cally, let

q = a@yaxm&mJWDun; (17)

whereX,4 is the mostprobablesurfacereconstructiorcorrespondingo the measurementectorz andthe prior pa-
rametersetq. We de ne theexpressionp(Xzq j y) implicitly by de ning its log-likelihoodpotentialfunction

CXzq:y) = 109(p(R%zq]Y)) = (Rzq Y)T(iz;q y): (18)
Lik ewise,we de ne theregularizationpotentialcorrespondingo p(q) by
N 1
i(q) = log(p(q)) = & W(qj 1 2gj+ gj+1)*: (19)

j=2

Thisis asecondrdercunaturepenalty weightedby w, thatis designedo preventover-sensitvity of theprior estimate
parametesetto the speci ¢ trainingdata.In this work we have manuallyselectedv to beone.We have alsoclamped
the boundarypointsof the splineto matchthe valueandderivative of the square-roopotential. In orderto avoid the
singularityof thatfunctionatthe origin we have addeda smalloffsetof 10 4 to theargumentof the squareroot.
Themaximumof the probability distribution correspond$o the minimum of the potentialfunction,hence

q :aqpnq&mw+amy (20)
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A Bayesian Method for Probable Surface Reconstruction and Decimation 9

Raw data [Joneset al. 2003] Bayesan recongtruction

Fig. 3. A comparisorto the publishedresultsof Joneletal. [2003] Noticethe detail view of thetooth,whichis shrunlendespiteremainingrough
in thework of Jone<etal.
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10 James R. Diebel et al.

raw data [Fleishman et al. 2003] Bayesin reconstr uction

raw data [Fleishman et al. 2003] reconstr uction decimation

Fig.4. A comparisorto thepublishedresultsof Fleishmaretal. [2003]

raw data Deslrun et al. 1999] Bayedan reconstr uction

Fig.5. A comparisorto thepublishedresultsof Desbrunetal. [1999]

In short,q istheparametevectorthatdescribeshe prior estimatepotentialwhosemostprobablesurfacereconstruc-

tion bestmatchegshe givengroundtruth without over- tting thedata.
Onceagnin, this minimization can be carried out using ary of the standardoptimizationtechniquesand since
this is doneonly oncefor eachapplicationdomain,computationakf ciency is lessimportantthanin the surface

ACM Transaction®n Graphics\Vol. V, No. N, SeptembeR005.



A Bayesian Method for Probable Surface Reconstruction and Decimation 11

Multimodal prior Raw data Smodhed Detail view of corner

without learning with learning

Fig.6. Thepotentialspecializedor right anglesbetterreconstructshis arti®cially-constructeaorner

reconstructiorusingthis learnedprior. Neverthelesthe computatiorof the mostprobablesurfacereconstructiork, 4
for agivenparametesetq is itself expensve, soit is desirable¢o nd awayto interleare thetwo optimizationsn this
learningprocess.

To effect this goal we modify the conjugate gradientalgorithmto includethe modi cation of the parametersgy at
eachiteration. In particular for eachiterationn we have the currentbestestimateof the prior estimateparameteset

ol andtheintermediatestatevectorx” . We computeby nite difference

z;q[n] '
. [n+1] . [ .
ﬂG(X[z?l,[n] Y) Hil = G(Xz;q[”]+ Dg;’ y) G(Xz g’ ) ) 21

whereDg; is thesmallincremente appliedto the j'" parameteof g. Thatis, for eachof theN gj'swereplacingg; by
g; + e andperforma conjugategradientupdate revertingthe statevectoraftereach.Fromthis we obtainthe gradient
we requireto updatethe parametersf q. In this casewe apply a hill-climbing techniquewith a manually-selected
stepsize,asfollows:

0 1

el g @y Ti@™a (22)
J

Thepartialof j (") with respecto qj[n] maybecomputedanalyticallydirectlyfrom Eqg.19. Theprocesgerminates
with thestandardCG corvergenceests.Theresultingsetof parameterg maynotbeoptimal,in thattheoptimization
may get stuckin a local minimum. This is the universalproblemof non-cowex optimizationsand only extensie
experiencecanindicatewhetherthis is a substantie or merelya theoreticalshortcomingof this approach.Sofar we
do not have enoughexperienceo comment.

Figure6 shows the resultsof a prior specializedo dealwith with mary right anglesand at surfaces.Thelearned
potentialshavn in Figure6 is multi-modal: It possessesmodefor parallelnormals,anda secondonefor orthogonal
normals.This leadsto superiomreconstructionsf right anglesasshavn in Figure6.

6. BAYESIAN SURFACE DECIMATION

We now applythe Bayesiamrmethodto the problemof surfacedecimation This problempertainsto theidenti cation
of asparsaneshthat,whenrenderedis closein appearancto thedensemeshfrom which it wasderived.

At rst glance,the surfacedecimationproblemdiffers from the surfacereconstructiorproblemin two signi cant
ways. First, surfacedecimationis a discrete problem: eithertwo surfacepatchesare meigedinto one, or they are
not. Secondthe decimationproblemis notareconstructioproblem.The “sensor”is notanimagingsensorinstead,

ACM Transaction®n Graphics\Vol. V, No. N, Septembe2005.



12 James R. Diebel et al.

Full model: 1,000,000 triangle Decimated modelA: 121,444 faces(=12%) Decimated modelB: 20,000 faes(=2%)

Head of David, full model: 500,000 triangles Decimated modelwith 6,885 faces(=1.3%)

Fig. 7. TheDavid modelshawvn atvariouslevelsof decimation.

it is the renderingalgorithmthat generates 2-D view of the 3-D surfacemesh. This leadsto a rede nition of the
basicingredientsof the probabilisticmodel,andthe meaningof the variablesz andx. It alsonecessitatethe useof
discreteoptimizationtechniquesnsteadof the conjugategradientalgorithm. Neverthelesswe nd thatwith minimal
adaptatiorof the basicparadigmthe Bayesiarapproaclhis applicableto the surfacedecimationproblem.

6.1 Mathematical Model

The decimationmodel parallelsthe smoothingmodel. In the surface decimationproblem,z is a detailedsurface
description(densemesh) andx shallbeits low-dimensionahpproximation We begin with Eq.2:

X = agmin F(x;2) + Y (X): (23)
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QSlim decimation (860 triangles)

Bayesian decimation (229 polygons, 860 triangles)

Fig. 8. Comparisorof QSlim andthe Bayesiandecimation.Our methodgeneratepolygons,whereaQSlim generatesriangles. However, when
re-meshingpur solutionusingtriangles,both decimationsare of equalcomplexity (860 triangles). The right-mostQSlim renderingusesvertex-
averagedhormalvectors.

As before,F (x;2) is atermrelatingthe densemeshz andthe coarsemeshx. We shall call the underlyingfunction
p(zj x) theappeaancemodel Y (X) is atermthatcorrespondso the prior p(x).

We begin with thedescriptiorof the potentialF (x; 2). It shallprove usefulto think of adecimatedneshx asamesh
in which eachindividual surfacepatchsubsume®sneor moretrianglesin the densemeshz. Henceit makessenseo
de ne aprojective decimationfunction We write

k= g(i) (24)

to indicatethatthei-th trianglein thedensemeshz is projectednto the k-th surfacepatchof the decimatedneshx. In
theinterestof concisenotation,we will silently assumehis equalitythroughoutherestof this section.

The appeaanceprobability p(zj x) is now givenby a Gaussiarover the trianglenormalsin the densemeshz and
the correspondingurfacepatchnormalsin the decimatedneshx. To make thetwo differentsetsof normalsexplicit,
we denotenormalsin the densemeshz by u;; andnormalsin the decimatedneshx by ny. For eachcorresponding
normalsin theoriginal anddecimatednesh themeasuremennodelis de ned via the probability

1
p(ujx) = j2pSj 2 exp  S(u MYTS (U N (25)

Thematrix S is the familiar covariancewhich in ourimplementations simply a 3-by-3identity matrix.
Themotivationto comparenormalsin the decimationproblemis a directresultof thefactthatwe seekanapproxi-
mationwhich mimicstheoriginalin appearancerhenrenderedRenderingusesthe surfacenormalto determineshe
shading.Hencethe differencein normalsaccountdor the differencein appearance.
The modelin Eg. 25 is now developedinto a log-likelihoodover all surfacepatchesanalogousiyto Egs.5 and6
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Raw data: 25,989 triangles Decimated mesh: 499 faces

Raw data: 12,788 triangles Decimated mesh: 73 faces

Fig.9. Two examplesof ourdecimatiorresults.

abore. This givesus
pzix) = O p(uijX) (26)
1
andhence

logp(zjx) = const+ Q(ui n)T W(u ny) (27)

with W= %S 1. This expressiorleadsto the nal objectve F:

Fx2) = & md" WU ny: (28)

Clearly without a prior the function F (x; 2) attainsits optimumat x = z, which is the original mesh(theremight be
othersolutionsaswell). To see,we simply noteF (x;2) = 0 for x = z, andthis is indeedthe global minimum since
F(x;2) 0forary x. Thus,onceagainwe needa prior to achieve the desiredeffect.

The prior in surfacedecimationpertainsto the numberof surface patchesn the decimatedmodel. In particular
we seeka prior that “penalizes'complex over more simple decimations.Possiblythe mostsimple suchprior is an
exponentialprior of thetype

p(¥) = I expf 1 jxg; (29)

wherejx is thecardinality of x, thatis, thenumberof surfacepatchesn themeshx. Theparametet isauserspeci ed
parametevhich controlsthe strengthof our desireto decimatethe surface(onemightderive I from aneconomical
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perspectie of consideringthe computationakostsof renderingindividual surface patches;but we simply setit by
hand).
Thenegative logarithmof p(x) is givenby

logp(x) = logl +1jxj = const+ [ jx: (30)

Hencewede ne Y (X) = /| jXj. In otherwords,underour exponentialprior eachsurfacepatchincursa constanpenalty
in thedecimatedneshx.

The problemof nding the optimal decimationis now the problemof minimizing the numberof surfacepatches
in X while faithfully reproducinghe surfacenormalsin the original meshz. Mathematicallythis is achiezed by the
following optimization:

g FL% agmin F (x;2) + Y (X) (32)
X

= amgmin/ i+ (u )T WU ny):
X i

For a decimationto be valid, we alsorequirethat eachxy represents contiguousregion in the densemeshz. Put
differently, let d(k) := fi: g(i) = kg bethe setof surfacepatches; in the meshz which are mappedto the surface
patchk in themeshx. This setmustconsistof a singleconnectedomponentThis constrainis enforcedn thesearch
below.

Thisapproachs notablydifferentthanthedecimatioralgorithmusedby Cohen-Steinegetal. [2004]. Herewe spec-
ify anallowablethresholdof normal-\ectorvariancewithin a given surfacepatchratherthanspecifyingthe number
of desiredoutputpatches.Thuswe canusethe samethresholdfor both simpleandcomplex meshesandthe number
of outputpatchegnatcheghe intrinsic compleity of the input mesh. In contrastthe k-meansalgorithmutilized by
Cohen-Steineet al. [2004] requiresthe userto guesshow mary outputpatcheswill be neededo achieve a particular
level of delity to theoriginal mesh.

6.2 Finding Plausible Decimations

The optimizationproblemnow pertainsto the problemof nding anoptimal decimationg, anoptimal setof surface
normalsny for eachsurfacepatchin x,, andanoptimal setof verticesin the decimatednesh.As before,our method
pursueshill climbingto carryoutthis optimization.

First, we notethateachchoiceof g uniquelydetermineshe surfacenormalsof eachsurfacepatchin xy. To see et
usconsidetthesetd(k). Withoutlossof generalitywe canassumel(k) containsatleastoneelement—otherwiseve
couldsimply remove the surfacepatchxy form the decimatedneshx andincreasehescoreY by !/ withoutinferring
ary loss.

The optimal surfacenormalny is now obtainedby settingthe derivative of F (x;2) to zero(thetermY (x) doesnot
dependon suchanormal):

TF(x;2) |
= 0 32
e (32)
Theonly contributing normalsuy; arethosewhosed-valueis k (c.f., Eq. 28). Hencewe have
TF (%2 1 o T
= —1 u n) Wy n
N N i2?(k)( i k) ( i k)

= 28 WU n: (33)

i2d(k)
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Settingthis expressiorto zeroresohesto

1 o
Nk 10 izg(k) u: (34)
Here,jd(k)j indicategshenumberof elementsn d(k). Thus,for ary g our methodderivesthenormalsof thedecimated
meshx (but it doesnotyet de ne the actualverticesof the decimatedsurface). This enablesour methodto decimate
the surfaceusinga hill climbing algorithmin the spaceof possiblefunctionsg.
Our algorithminitially assumeg(i) = i (andhencex = 2), thatis, the initial meshx is simply a cloneof z. The
functiong is thenre ned throughthreehill climbing stepswhoseexecutionis interleaved:

—TFuse. Our algorithmtestsif fusing two adjacentsurfacepatchesn the decimatedmeshx increasethe score. A
fusionbetweerthe k-th andthe j-th surfacepatchesn x impliesthatwe setg(i) = k for ary trianglei whoseindex
waspreviously g(i) = j. The j-th surfacepatchis thensafelyremoved from the meshx.

—Split. Our algorithmtestsif removing a speci ¢ index i from a setd(k) improvesthe score. This involvesthe
creationof anew meshin x, with anew index k, andsettingg(i) = k°

—Swap. Finally, our algorithmtestswhethershifting a nodeon the boundaryof two surfacepatchesn thedecimated
meshx from oneto the otheradjacensurfacepatchimprovesthescore.Thistestinvolvesa simpleindex changeof

thetypeg(i)=j ! g(i) = k

Althoughunlikely, thelasttwo stepamayjeopardizeéherequirementhatdecimatedegionsarecontiguousn z, hence
for eachsuchstepwe simply checkif this conditionis still ful lled. Theseoperationsareiterateduntil corvergence.

Theresultof the hill climbing algorithmis are ned functiong, which assumes reducedsetof surfacepatchesn
the meshx. Theverticesin x arerecoveredby a nal post-processingtep: Simply retainverticesfrom the original
meshz which, in x, borderat leastthreedifferentsurfacepatchesSuchverticesareform theedgesn x. If only these
verticesareretaineda subsequertriangulationyields the desireddecimatednesh.In orderto ensurethatthe output
triangulationretainsthe manifoldtopologyof the input meshwe performthe triangulationwithin eachsurfacepatch
individually. Becausehe contiguity of a givenpatchis enforcedby the decimationalgorithmthis precautiorprevents
theintroductionof ary new topologicalstructurego the mesh.

A nal processingtep ts alinearshadinggradientacrossachsurfacepatchin thedecimatednesh by minimizing
the quadraticdistancein appearancsepaceto all subsumedrianglesin the original meshz. To be morespeci c, we
usealocal 2D basisvectoronthesurfacepatchand t atriple-valuedlinearfunction(representinghe surfacenormal
distribution over the patch)by least-square® the surfacenormalsof the trianglescontainedn that patch. For the
purposeof the t, eachsurfacenormalis placedat the geometriccenterits triangle. This allows for the pleasant
shadingeffect thatis usedto renderthe examplesgivenin this paper This constitutesan advantageover triangle-
baseddecimationalgorithmssuchasGarlandandHeckberf1997], which do not have a notionof surfacepatches.

6.3 Decimation for Ef cient Animation

The Bayesianapproachis easilyappliedto decimationfor meshanimations.To our bestknowledge,pastwork on
automaticdecimationhasonly consideredstaticmeshes.Whenmeshesare usedin animation,the degreeby which
we seekto decimateis alsoa function of the deformationsvhich a meshundegoesduring animation. Thus, static
decimationtechniquedendto produceinferior resultswhentheir resultsarebeinganimated.

The applicationof the Bayesianapproacho this problemis straightforvard—uwith the caveatof a new alignment
problem. Supposewe are given M versionsof the meshz in differentcon gurations. Let us denotethosemeshes
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TheBayesiarformulationnow simply states

e
)
>
e
>
z
*
=
I

O p(xj2) (35)
J

N .
h Q p(@jx) p(x):
=1

This leadsto thefollowing additive decomposition

% = amgminamgmin  agming Y (x) + F(x};2)): (36)

x1 x2 xM i

Thekey to thesimultaneouslecimationof all thesemeshess to useanidenticalfunctiong for all deformedmesheg!
andx!. Thusfor ary k, thesurfacepatchesn d(k) areall decimatednto a singlesurfacepatch,for ary of themeshes

Theresultingoptimizationis analogouso theonejust describedTheonly changepertaingo thefactthatthescore
is evaluatedasa sumover all deformedmeshesijnsteadof a singlemeshonly. Oncea new functiong is testedthe
decimatedneshes x/g andtheir surfacenormalsaredescribessstated. Theresultingscoreis thencomparedusing
thesumover all meshesasstatedn Eg. 35, insteadof the singlemeshscorein Eq.23.

We remarkthatthis extensionhighlightsoneof the advantage®f a BayesiarapproachBy separatinghe Bayesian
scorefrom the optimization,it is straightforvard to accommodatenodi cations, suchthe constraintof nding the
optimaldecimatiorrelative to a collectionof deformedmeshes.

7. RESULTS

Decimationresultsaredepictedn Figures?7, 8 and9. Figure7 shavs thatwhenthe numberof trianglesis reducedy
two ordersof magnitudethe resultingmodelis still quite accuratevhenrendered Scansof objectswith very simple
underlyinggeometrycanbereducedyreatly suchasthemodelsin Figure9. Herethereductionratiosare52 (the cup)
and175(the Fandisk).

Possiblythe mostimportantresultis the onein Figure 10. Herewe illustratethe bene t of nding the optimal
decimationfor a setof animatedobjects.In particular a staticdecimationmight falselyidentify along skinrny region
on the leg that spansthe kneeasa single planarpatch,which causesa signi cant error when usingthe decimated
modelfor animation.The Bayesiartechniquedenti es a differentmodelwhich deformsnicely.

A comparisonto the QSlim technique[Garlandand Heckbert1997] is shovn in Figure 8. The ability of our
algorithmto t ashadingfunctionover eachsurfacepatchallows for thesepleasantenderingsandconstitutesoneof
thebene ts of ouralgorithmrelative to QSlim.

8. DISCUSSION AND FUTURE WORK

We presenteda Bayesianapproachfor surfacereconstructiorand decimation. The approachusesorientednoise
models,andcombineghemwith a sub-linearprior. It alsoprovidesa provision for learningthe prior. The Bayesian
posteriolis transformednto anenegy minimizationproblemsandmixeddiscrete-continuousptimizationtechniques
areappliedto achieve the desiredresult.

Thereis ampleopportunityfor future research Onepertainsto the popularlterative closestpoint algorithm[Besl|
andMcKay 1992]: Our Bayesianformulationshouldmalke it straightforvard to simultaneouslign multiple range
scansvhile smoothingthem. Anotherpertainsto the learningcomponenbdf our work: In additionto learningsurface
priors,it shouldbe possibleto learntheactualnoisemodelof a sensorWe alsosuspecthatfurtherimprovementscan
be achieved by bettermodelingthe exactphysical noisecharacteristicef a sensor
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(a) Training configurations B D

A

(b) Static decimation, using orly configuration B (left), and subsequent animation (right)

<efror

error

<efrror

(c) Bayes sdution using dl configurations (eft), and subsequent animation to new position (right)

Fig. 10. Comparisorof decimatiorfor staticversusanimatesneshes(a) shavsfour deformedmesheswhich sene astraininginstances(b) depicts
thestaticdecimatiorresult,obtainedusingonly oneof thetraininginstancegCon®guratiorA). Whenanimatingthis decimatednesh severeerrors
occur In contrast(c) shavs the Bayesdecimationoptimizedfor all four traininginstancesHeresucherrorsareabsenin theanimation.
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