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We present a Bayesian technique for the reconstruction and subsequent decimation of 3D surface
models from noisy sensor data. The metho d uses oriented probabilistic models of the measure-
ment noise, and combines them with feature-enhancing prior probabilities over 3D surfaces. When
applied to surface reconstruction, the metho d simultaneously smooths noisy regions while enhanc-
ing features, such as corners. When applied to surface decimation, it �nds models that closely
approximate the original mesh when rendered. The metho d is applied in the context of com-
puter animation, where it �nds decimations that minimize the visual error even under nonrigid
deformations.

CategoriesandSubjectDescriptors:I.3.5 [Computer Graphics]: ComputationalGeometry;ObjectModeling—Boundaryrepresentations

General Terms: Measurement, Theory
Additional Key Words and Phrases: fairing, denoising, smoothing, decimation, remeshing, bayesian,
learning

1. INTRODUCTION

Weprovideauni�ed Bayesianmethodfor probablesurfacereconstructionanddecimationfrom noisysurfacemeshes.
Recentresearchhasled to a �urry of acquisitiondevicesof 3D shapemodelsof physicalobjects.However, thenoise
in thedataacquisitionprocessinducesmodelsthathave roughandunevensurfaces.

The Bayesianmethodis basedon a mathematicalmodelof the noisy measurementprocess,andon a prior over
surfaceshapes.With an appropriateprior, the methodsmoothsaway noisein the sensedsurfacewhile enhancing
visiblesurfacefeatures,suchasedges.We show how anappropriateprior canbelearnedfrom data,yieldingsuperior
reconstructionresultsin applicationdomainswherespeci�c features(e.g.,right anglecorners)areparamount.Wealso
show how advancedoptimizationtechniquescanbeappliedto recover aprobablesurfacereconstructionef�ciently .

In thecontext of decimation,theBayesianmethodutilizesa mathematicalmodelthatcharacterizestheappearance
of a surfacemodelwhenrendered.We show how to recover faithful decimationsof detailedsurfacemeshesusinga
compactnessprior. Weapplythismethodto staticmeshes,andalsoto animatedmeshes,wheretheoptimaldecimation
is a functionof thedeformationprocessthatoccursduringanimation.Empirically, we �nd thattheBayesianmethod
producesdecimatedmodelswhich closelyresemblein appearancethe correspondingdensemodelswhenrendered,
evenwhenusedfor animation.
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2 � James R. Diebel et al.

A detailedanalysisof theresultsshow thattheBayesianapproachyieldsempiricalresultscomparableto or, in many
instances,noticeablysuperiorto previously publishedworks. The useof a Bayesiantechniquefor smoothingand
decimationenablesusto separateour assumptionson thenoiseof thesensor, from thestatisticalpropertiesof actual
3D objects.It alsoenablesusto bring to bearef�cient optimizationtechniquesfor �nding a probablereconstruction
or decimation.

Themethodprovidesanumberof advances,all documentedin thetext. For example,whensmoothingrangeimages,
thesmoothingcanbeorientedin thedirectionof themeasurementaxisalongwhichtheexpectederroris largest.When
decimatingmeshes,thespeci�c deformationcaneasilybetakeninto accountto determinethebestdecimation.

2. RELATED WORK

Thetopicof denoisinghasalonghistoryin computergraphicsandtherelated�eld of imageprocessing.Taubin[1995]
generalizedfrequency-domainimage�ltering to theproblemof fair surfacedesign,yielding a linear-time algorithm.
Desbrunet al. [1999] introducedthe useof diffusion processesfor meshsmoothing,usingan implicit integration
schemeto solve thea curvature�o w partial differentialequation.Both of theseapproachesarequite fastbut fail to
distinguishbetweennoiseandsharpstructurein theunderlyingobject. To solve this problem,anisotropicdiffusion,
inspiredby work in imageprocessing,wasappliedto theproblemof denoisingheight�elds by Desbrunetal. [2000].
Relatedtechniqueswereappliedto moregeneralgeometricrepresentationsby Clarenzet al. [2000] andBajaj and
Xu [2003]. Tasdizenet al. [2002] usesa volumetriclevel setrepresentationandperformsanisotropicdiffusionon the
normalvector�eld; anupdatestepkeepsthesurfaceshapeconsistentwith theevolving normalvector�eld. Theresults
areimpressivebut thecomputationtimesarevery largeandthememoryrequirementslimit thesizeof themodelsthat
canbeprocessed.MostrecentlyJonesetal. [2003]proposedanef�cient non-iterativetechniquefor feature-preserving
meshsmoothing,andFleishmanetal. [2003]adaptedbilateral�ltering for applicationto meshdenoising.

TheBayesiantechniquepresentedhereis very differentin �a vor: It enablestheuserto explicitly modelthesensor
noise,and to tune the methodto the speci�c applicationdomainthroughadaptingthe Bayesianpriors. However,
the useof Bayesianand energy-optimizationtechniquesis not new to other sub�elds of computergraphics. The
connectionbetweenBayesiantechniquesandoptimizationwas�rst pointedout by SzeliskiandTerzopoulos[1989].
Normalpotentialswereintroducedin [Terzopouloset al. 1987].Building on this work, SzeliskiandTonnesen[1992]
appliedenergy minimizationtechniquesto surfacereconstructionwith sparsedatausingquadraticnormalpotentials;
seealsoStahletal. [2002]. However, asweshallshow, quadraticpotentialstendto over-smoothandthereforedestroy
smallsurfacefeatures—whichour approachenhances.We draw our motivationto usenon-quadraticpotentialsfrom
a recentstudyin computervision by Levin et al. [2002], who showed that the naturalpotentialsin imagespaceare
sub-linear. Finally, our methodis alsorelatedto techniquesfor surfacedeformationand�nite elementtechniquesby
Molino etal. [2004] (whoalsousequadraticpotentials).

Someexistingwork in themachinelearningcommunityis tangentiallyrelatedto ourown work, but weareunaware
of any papersthatseekto addressthesameproblems.Jeonget al. [2003] usesa neuralnetwork to createa simpli�ed
meshdirectlyfrom anunorganizedpointcloud.BarhakandFischer[2001]usesaneuralnetwork SelfOrganizingMap
to achieve thesamegoal.And SaulandRoweis[2003]approachthemoregeneralproblemof �tting low dimensional
manifoldsto high dimensionaldata. In contrast,our methodis speci�cally designedto work on existing manifolds
(i.e.,surfaces)thathavebeenfoundby othermeans.

The`classical'paperon meshdecimationis GarlandandHeckbert[1997], whoseQSlim algorithmhasbeenused
widely. More recently, surfacedecimationhasbeenstudiedin Alliez et al. [2003] andCohen-Steineret al. [2004],
again usingnon-Bayesiantechniques.Theseworksapplyall to staticmeshesonly; herewe extendedit to decimation
with thespeci�c purposeof animatingthedecimatedmeshes.Otherapproacheshave beentakento therelatedprob-
lem of compressinganimated3D models.Alexa andMüller [2000] accomplishesthis goalby performingprincipal
componentsanalysison ananimatedsequence.Bricenoet al. [2003] usesa videoin which eachframeis a geometry
image,a novel andusefulgeometricrepresentation[Gu et al. 2002]. Both of thesemethodsareeffective at reducing
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A Bayesian Method for Probable Surface Reconstruction and Decimation � 3

thestoragerequirementsbut they donot reducethetotalnumberof primitivesthatneedto berenderedby thegraphics
hardware,sothecostof renderingananimatedsequenceremainsessentiallyunchanged.

A numberof thesetechniquesarecomparedto ourwork in latersectionsof thispaper.

3. BAYESIAN MODEL

This sectiondescribesthe basicBayesianmodelusedfor surfacereconstruction,and introducesthe resultingopti-
mizationproblem.Themodelcombinesaprobabilisticnoisemodelof thedataacquisitiondevicewith aprobabilistic
prior on typical surfaces.

3.1 Surface Posterior

Let x bethetruesurfaceof theobjectbeingmodeled.Insteadof x, our sensorsperceivesa noisymeasurementof the
surface.Thismeasurementcouldbea triangularmeshor adepthimage;botharecoveredby ouranalysis.

Let usdenotethemeasurementby z. In probabilisticterms,we seekto reconstructthemostlikely surfacex given
themeasurementz. Bayesruleenablesusto “invert” thisprobability:

p(x j z) = h p(z j x) p(x): (1)

Hereh = 1=p(z) is a normalizationconstantthatis independentof x; p(z j x) is a probabilisticmodelof themeasure-
mentformationprocess,andp(x) is aprior probabilitydistributionover surfacesin theworld.

Theprocessof mostprobablesurfacereconstructionis simplytheprocessof �nding thesurfacex thatmaximizesthe
posteriorprobabilityin Eq.1. Weadoptthestandardtechniqueof optimizingthenegative logarithmof thelikelihood.
Theresultis equivalent,sincethelogarithmis amonotonicfunction:

x̂ = argmin
x

� logp(z j x)
| {z }

:= F (x;z)

� logp(x)
| {z }

:= Y(x)

: (2)

Thus,theargumentto beminimizeddecomposesinto two additive terms,onefor themeasurementformationprocess
denotedF , andonefor theprior denotedY. Thesedifferenttermswill now bediscussedin moredetail.

3.2 Probabilistic Measurement Formation

Themodelof measurementformation(in logarithmicform) is givenby F (x;z). Wedenotethe`true' surfaceby x. The
actualmeasurementz is asampleof thissurface,calledthemeasurementmesh. Themeasurementmeshis acollection
of 3-D points,denotedz= f zig. (It mayalsocontainedgesor faces,but this is irrelevantfor theanalysishere).

We assumethat the sensornoisefollows a Gaussiandistribution. Hencethe probability for eachindividual mea-
surementpoint zi 2 Â 3 giventhetruesurfacex is givenby thefollowing Gaussian:

p(zi j x) = j2pSi j
� 1

2 exp
�

� 1
2 (zi � xk)

T S� 1
i (zi � xk)

	
: (3)

Herexk is thepointon thesurfaceclosestto zi , accordingto theMahalanobisdistancede�ned throughS� 1
i .

Thecovarianceof themeasurementnoiseis Si . It enablesus to expressknowledgeof thenoisecharacteristicsof
oursensor. Eventhoughany covariancecanbeusedhere,wegenerallymodelsensornoiseby anelongatedcovariance
of thetype

S = RT

0

@
s 2

large 0 0
0 s 2

small 0
0 0 s 2

small

1

A

| {z }
(� )

R: (4)

Heres large > ssmall > 0. Thematrix labeled(� ) permitsfor largevariationin thex-axis.R is a rotationmatrix,which
enablesusto transformtheGaussianinto any orientation.
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4 � James R. Diebel et al.

The orientedGaussianenablesus to model the sensornoiseof the imagingdevice. In a stereorangeimage,for
example,R is theorientationof theray thatcorrespondsto therespective pixels in thereferenceimage(e.g.,the left
image).Theresultingnoisecovarianceis thenelongatedalongthedirectionof themeasurementray. This is plausible
becausewithin acameraimage,theactualpixel locationsareusuallyaccurate.Depth,however, is determinedthrough
disparity, which is a processcharacterizedby high error. Hencethemeasurementmodelassumeshighernoisealong
thedirectionof thelight beamalongwhichasurfacewasimaged.

In a generalmeshof unknown origin, we chosethevaluesof s 2
large ands 2

small to becloserto eachother, sothatthe
Gaussianis notaselongated.TheGaussianis thenorientedtowardsthemeansurfacenormalof theadjacentfaces.

ThefunctionF (x;z) Eq.2 is now obtainedasthenegative logarithmof thejoint probabilityover all measurements
z= f zig. This joint probabilityis givenby

p(z j x) = Õ
i

p(zi j x): (5)

This distribution canbe thoughtof asa high-dimensionalmultivariateGaussian,whosedimensionalityequalsthe
numberof measurementpointszi timesthree;however, it is not anarbitraryGaussian,in that its covarianceis block-
diagonal.

Wenow have

� logp(z j x) = const:+ å
i

(zi � xi)T Wi (zi � xi): (6)

Herewe wroteWi = 1
2S� 1

i for convenience.Theconstanttermin Eq.6 is thelogarithmof thenormalizerk2pSik
� 1

2

in Eq. 3. However, this normalizerdoesnot dependon the target variablesx. Henceit playsno role in the overall
optimization,andit cansafelybeomitted.Thisconsiderationnow leadsusto the�nal de�nition of thefunctionF :

F (x;z) = å
i

(zi � xi)T Wi (zi � xi): (7)

We notethatF is a weightedquadraticdistance(Mahalanobisdistance)betweenthemeasurementszi andtheactual
surfacepointsxi . Thematrix Wi is positive de�nite. Consequently, F (x;z) is minimal for zi = xi . Or put differently,
maximizingF leadsto anunalteredcloneof themeasuredmeshz.

3.3 Surface Prior

The(log-)surfaceprior is encapsulatedin the functionY(x). The importanceof a goodprior cannotbeoverempha-
sized.We just notedthatwithout a prior, themostprobablesurfacereconstructionwould bethemeasurementitself.
Thus,any smoothingor featureenhancingis theresultof applyingtheprior distribution.

Remarkably, we cangetthedesiredeffectswith a simple`weak' smoothnessprior. Thesmoothnessof a surfaceis
a functionof its curvature.Our approachassessesthecurvaturethroughtherelationof adjacentsurfacenormals.Let
xi ;xi0; ;xi00beadjacentnodesin themeshthatde�ne a triangularface.Thenormalof this faceis givenby

nk =
(xi0� xi) � (xi00� xi)

k (xi0� xi) � (xi00� xi) k
: (8)

Let nk andn j betwo adjacentnormalsin thesurfacemesh.Thenthesurfaceprior functionY is of theform

Y(x) = å
k; j

f (nk � n j ); (9)

whereeachf (nk � n j ) � 0 is apotentialthatis zeroif nk = n j , andpositiveotherwise.
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Synthetic data  
with heave noise

Gaussian 
potential

Gaussian with
heavy tails

Our sqaure-root 
potential

Fig. 1. Investigationof differentpotentialfunctionsf , for asyntheticdatasetwith heavy noiselevels.

3.4 Square-Root Priors

The actualchoiceof a prior is essentialfor featureenhancement.In prior work, [Szeliski andTonnesen1992] de-
velopedquadratic potentialsof theform fsqr(nk � n j ) = knk � n jk2

2. Suchpotentialsarisefrom Gaussianprobability
distributionsandwe will freely refer to themasbothquadraticandGaussianpotentials.Unfortunately, thequadratic
functiontendsto over-smooththeedgesandremove �ne featuresfrom themesh.This is illustratedin Figure1, which
comparesthe effect of thosepotentials.This �gure alsodepictsthe resultof a quadraticfunction with heavy tails,
which is commonlyusedin the�eld of robuststatistics.

In computervision,a recentempiricalstudyidenti�ed thatnaturalimagepriorsaresub-linear, notquadratic[Levin
etal. 2002].Hereweproposetheuseof thesquare-rootfunction(Euclideandistancein normalspace):

fsqrt(nk � n j ) = knk � n jk2 =
q

(nk � n j )T (nk � n j ): (10)

As shallbeshown, thesquare-rootpotentialsmoothsthemeshwhile actuallyenhancingfeaturessuchasedges.The
enhancementeffect is dueto thefact fsqrt(nk � n j ) growssub-linearlyin its arguments,henceit tendsnot to distribute
curvatureovermultiplevertices,aswouldaquadraticpotential.With theexceptionof certainspecial-purposelearned
potentialsdiscussedbelow, we usethesquare-rootpotentialthroughoutthis work. Figure1 shows the resultof this
prior: Theedgeis notonly retained;it is enhanced.

4. FINDING PROBABLE RECONSTRUCTIONS

As statedin Eq.2, theprobablereconstructionof theactualsurfaceis obtainedthroughtheminimizationof F (x;z) +
Y(x):

x̂ = argmin
x

"

å
i

(zi � xi)T Wi (zi � xi)

#

+

"

å
k; j

fsqrt(nk � n j )

#

: (11)

Thisminimizationrequiresusto adjustthelocationof theverticesx in thereconstructedmesh.
This problemis a sparseenergy minimizationoptimizationproblem, for which a rich family of ef�cient algorithms

exists.Thus,throughourBayesianformulation,wecannow leverageexistingoptimizationalgorithmsto performthe
minimization. This is in starkcontrastto prior work on diffusiontechniques, which specifya speci�c algorithmfor
meshsmoothing,insteadof explicitly statingtheobjective.

Descriptionsof the conjugate gradient(CG) algorithm can be found in contemporarytextbooks on optimiza-
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6 � James R. Diebel et al.

tion [Press1988]. We usethe Polak-Ribiereformulation [Krizek et al. 2004] of the conjugategradienttechnique
for non-linearfunctionsto minimizethis functionwith respectto thestatevectorx, whichweshallnow describe.

4.1 Conjugate Gradient Implementation

For notationalbrevity, we write J(x) = F (x;z) + Y(x). CG initializesthemeshx[0] with themeasuredmeshz. It then
iteratively altersthevertex locationsin x by following theconjugategradientsearchdirection,whichlinearlycombines
thenegative gradientof thefunctionJ(x) with previoussuchgradients.Speci�cally, we have for eachvertex xk in the
meshx:

¶J(x)
¶xk

=
¶F (x;z)

¶xk
+

¶Y(x)
¶xk

: (12)

Thegradientof thelog-measurementconstraintresolvesto

¶F (x;z)
¶xk

Eq: 7
= å

i

¶(zi � xi)T W(zi � xi)
¶xk

= � 2 W(zk � xk): (13)

Thegradientof thelog-prior is givenby

¶Y(x;z)
¶xk

Eq: 9
= å

i; j

¶ f (ni � n j )
¶xk

= å
i; j

¶ f (ni � n j )
¶(ni � n j )

�
¶ni

¶xk
�

¶n j

¶xk

�
: (14)

For f = fsqrt, thisderivative resolvesto

¶ fsqrt(ni � n j )
¶(ni � n j )

= ( fsqrt(ni � n j )) � 1 (ni � n j ): (15)

Lastly, we needto calculatethederivativesof thetype ¶ni
¶xk

in Eq.14. Thosederivativesareonly non-zeroif xk is a
vertex of thesurfaceassociatedwith ni .Let sucha surfacebede�ned throughthreenodes,xk, xk0, andxk00(c.f. Eq.8).
Thenwehave

¶ni

¶xk
=

I � ninT
i

j(xk0� xk) � (xk00� xk)j
(xk00� xk0) � xk: (16)

Thegradient¶J(x)
¶xk

is now fully de�ned,andtheactualimplementationof thegradientshouldnow bestraightforward.
Thedetailsof theCG algorithmareomittedfor brevity, but canbefoundin contemporarytexts. Our implementation
usesa Newton-Raphsonline searchstepfor determiningthe stepsize of the update. The resultingalgorithm for
probablesurfacereconstructionsis now remarkablysimple: Simply setx[0] = z anditeratetheCG updaterule. The
resultis aprobablereconstructionof theobjectsurface.

4.2 Results

Figure2 shows resultsfor threedifferentdatasetscollectedby anactive space-timestereovision system[Davis et al.
2005].Themostimportantaspectof theseresultspertainsto thefactthatsharpedgesareretained(or evenenhanced),
while theremainingsurfaceis smoothedin theBayesianreconstructionprocess.Notethatevensmallfeaturessuchas
the lip of thecup(center),which spansonly a few triangles,arefaithfully reconstructed.All of thesemodels,which
containtensof thousandsof triangleseach,requirelessthanoneminuteona3-GHzPentiumfor theconjugategradient
algorithmto converge. Goodresultscanbeobtainedin approximately10 secondsif theconvergencethresholdsare
selectedliberally.
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A Bayesian Method for Probable Surface Reconstruction and Decimation � 7

Raw data

Smoothed

Fig. 2. Examplesof Bayesiansmoothingonseveralrealdatasetscollectedwith aspace-timestereovisionsystem.Noticehow themethodsmooths
thesurfacewhile enhancingthefeaturessuchasedges.

Next we comparetheseresultsto the existing literature. Figure 3 comparesthe Bayesianreconstructionto the
publishedresultsof Joneset al. [2003]. Our algorithmcomparesfavorablywith theseresults.For thedragonmodel
theiralgorithmfails to smoothoutareaswherehighnaturalcurvatureexistsin theunderlyingmodel.This is illustrated
in the detailedviews. Also note the leveling lines in the view of the dragon's tooth. Hereyou canseethat their
algorithmshrinksthetoothwhile failing to eliminateall thenoise.TheVenusmodelis lessstarkof a contrast.Both
algorithmsperformwell on thismodel,thoughcarefulexaminationrevealsthattheBayesianreconstructionis slightly
sharperandlessblurredaroundareasof high-curvature,suchasthechipin herchin. Processingtimesfor thesemodels,
bothof which containabout100kvertices,werelessthantwo minuteson a 3-GHzPentium,comparedto 54 seconds
(Venus)and80seconds(dragon)for Jonesetal. ona1.4-GHzAthlon.

Figure4 comparesouralgorithmto thework of Fleishmanet al. [2003]. Hereweconsidertwo modelsthatcontain
sharpcorners.The�rst is theFandiskmodel.Justaswith Joneset al. thetechniqueof Fleishmanet al. fails in areas
of high curvature.In particular, notchescanbeseenin thesharpedgesof themodel.This is a naturalconsequenceof
thebilateral�ltering technique,which �lters lessin areasof highcurvature.Theresultsof theBayesianalgorithmdid
not exhibit any suchfailures.Thepyramidmodelis evenmorestriking. A limitation of our algorithmcanbeseenin
this result,however: thesquare-rootprior doesallow for someslight blurring on theedgeof thepyramid.This defect
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8 � James R. Diebel et al.

will beaddressedin thenext section,whichdealswith learningmulti-modalsurfacepriors.
Finally, in Figure5 we compareour resultsto the isotropicfairing algorithmof Desbrunet al. [1999], which is a

baselinealgorithmfor meshsmoothing.Thesubjecthereis thescannedfaceof a mannequin.Theadvantagesof the
non-linearprior areclear.

In all casesof publishedresultsfor which we wereableto obtainexampledata,we �nd our algorithmto perform
betteror equal.Generallyspeaking,thealgorithmscaleswith thenumberof verticesin themesh,althoughmemory
consumptionhasbeenanissuefor modelswith greaterthanonemillion vertices.

5. SUPERVISED LEARNING OF THE SHAPE POTENTIALS

5.1 Parameterizing the Prior

As noted,thesmoothingis a direct resultof applyingtheshapeprior p(x), asmanifestthroughthepairwisenormal
potentialsf . This makesit possibleto tailor thepotentialsto thespeci�c typesof shapescommonlyencounteredin
theapplication.

For example,whenimagingman-madeobjects,onemay�nd adominantuseof edgesdescribingright angles.Thus,
apotential f favoring right angles(alongwith smoothness)sometimesworksbetterin suchsituations.

A nicefeatureof theBayesianapproachis thatwe canlearn thepotentialfunctionfrom data,througha supervised
learning technique. In supervisedlearning,we aregiven the true shapey alongwith its measurementz. The true
shapey is easilyobtainedfor simpleman-madeobjects,suchascardboxesof known size (e.g.,a cerealbox), or
cylinderswith known diameterandheight(e.g.,a soupcan). It is alsoobtainablefor objectsmanufacturedthrough
FDM machines.

To learnsuchanapplication-speci�cprior, we needa potential f with freeparameters.Our methodimplementsf
via a cubicsplineover thedifferenceknk � n jk2 of any two adjacentsurfacenormals.This splineis de�ned over N
points,spacedequallyin theinterval [0;2]. Thus,this splinehasexactlyN parameters,denotedq = f q1; : : : ;qNg.

5.2 Learning the Prior Parameters

Themethodusesanotherprobabilistictechniqueto identify thecorrectpotential.This methodologyis applicableto
any application,not justapplicationswith frequentright-anglededges.Speci�cally, let

q � = argmax
q

p(x̂z;q j y)p(q); (17)

wherex̂z;q is the mostprobablesurfacereconstructioncorrespondingto the measurementvectorz andthe prior pa-
rametersetq. Wede�ne theexpressionp(x̂z;q j y) implicitly by de�ning its log-likelihoodpotentialfunction

G(x̂z;q ;y) := � log(p(x̂z;q j y)) = (x̂z;q � y)T (x̂z;q � y): (18)

Likewise,wede�ne theregularizationpotentialcorrespondingto p(q) by

¡ (q) := � log(p(q)) =
N� 1

å
j= 2

w(q j � 1 � 2q j + q j+ 1)2: (19)

Thisis asecondordercurvaturepenalty, weightedby w, thatis designedto preventover-sensitivity of theprior estimate
parametersetto thespeci�c trainingdata.In thiswork wehavemanuallyselectedw to beone.Wehavealsoclamped
theboundarypointsof thesplineto matchthevalueandderivative of thesquare-rootpotential.In orderto avoid the
singularityof thatfunctionat theorigin wehave addedasmalloffsetof 10� 4 to theargumentof thesquareroot.

Themaximumof theprobabilitydistributioncorrespondsto theminimumof thepotentialfunction,hence

q � = argmin
q

G(x̂z;q ;y) + ¡ (q): (20)
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Raw data [Jones et al. 2003] Bayesian reconstruction

Fig. 3. A comparisonto thepublishedresultsof Jonelet al. [2003] Noticethedetailview of thetooth,which is shrunkendespiteremainingrough
in thework of Jonesetal.
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10 � James R. Diebel et al.

raw data [Fleishman et al. 2003] Bayesian reconstr uction

raw data [Fleishman et al. 2003] reconstr uction decimation

Fig. 4. A comparisonto thepublishedresultsof Fleishmanetal. [2003]

raw data Desbrun et al. 1999] Bayesian reconstr uction

Fig. 5. A comparisonto thepublishedresultsof Desbrunetal. [1999]

In short,q � is theparametervectorthatdescribestheprior estimatepotentialwhosemostprobablesurfacereconstruc-
tion bestmatchesthegivengroundtruthwithoutover-�tting thedata.

Onceagain, this minimization can be carriedout using any of the standardoptimizationtechniquesand since
this is doneonly oncefor eachapplicationdomain,computationalef�ciency is lessimportantthan in the surface
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Raw data Smoothed Detail  view of corner

without learnin g with learnin g

Multimodal pri or

Fig. 6. Thepotentialspecializedfor right anglesbetterreconstructsthisarti®cially-constructedcorner.

reconstructionusingthis learnedprior. Neverthelessthecomputationof themostprobablesurfacereconstruction̂xz;q
for agivenparametersetq is itself expensive,soit is desirableto �nd awayto interleave thetwo optimizationsin this
learningprocess.

To effect this goalwe modify theconjugategradientalgorithmto includethemodi�cation of theparametersq at
eachiteration. In particular, for eachiterationn we have thecurrentbestestimateof theprior estimateparameterset
q [n] andtheintermediatestatevectorx[n]

z;q [n] . Wecomputeby �nite difference

¶G(x[n]
z;q [n] ;y)

¶q j
� h[n]

j =
G(x[n+ 1]

z;q [n]+ Dq j
;y) � G(x[n]

z;q [n] ;y)

e
; (21)

whereDq j is thesmallincremente appliedto the j th parameterof q. Thatis, for eachof theN q j 'swereplacingq j by
q j + e andperformaconjugategradientupdate,revertingthestatevectoraftereach.Fromthisweobtainthegradient
we requireto updatethe parametersof q. In this casewe apply a hill-climbing techniquewith a manually-selected
stepsize,asfollows:

q [n+ 1]
j = q [n]

j � a

0

@h[n]
j +

¶¡ (q [n])

¶q [n]
j

1

A : (22)

Thepartialof ¡ (q [n]) with respectto q [n]
j maybecomputedanalyticallydirectlyfrom Eq.19. Theprocessterminates

with thestandardCGconvergencetests.Theresultingsetof parametersq � maynotbeoptimal,in thattheoptimization
may get stuck in a local minimum. This is the universalproblemof non-convex optimizationsandonly extensive
experiencecanindicatewhetherthis is a substantive or merelya theoreticalshortcomingof this approach.Sofar we
donothave enoughexperienceto comment.

Figure6 shows theresultsof a prior specializedto dealwith with many right anglesand�at surfaces.Thelearned
potentialshown in Figure6 is multi-modal:It possessesamodefor parallelnormals,andasecondonefor orthogonal
normals.This leadsto superiorreconstructionsof right angles,asshown in Figure6.

6. BAYESIAN SURFACE DECIMATION

We now applytheBayesianmethodto theproblemof surfacedecimation. This problempertainsto theidenti�cation
of asparsemeshthat,whenrendered,is closein appearanceto thedensemeshfrom which it wasderived.

At �rst glance,thesurfacedecimationproblemdiffers from thesurfacereconstructionproblemin two signi�cant
ways. First, surfacedecimationis a discreteproblem: either two surfacepatchesaremerged into one,or they are
not. Second,thedecimationproblemis not a reconstructionproblem.The“sensor”is not animagingsensor. Instead,
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Head of David, full model: 500,000 triangles Decimated model with 6,885 faces (=1.3%)

Full model: 1,000,000 triangle Decimated model A: 121,444 faces (=12%) Decimated model B: 20,000 faces (=2%)

Fig. 7. TheDavid modelshown atvariouslevelsof decimation.

it is the renderingalgorithmthat generatesa 2-D view of the 3-D surfacemesh. This leadsto a rede�nition of the
basicingredientsof theprobabilisticmodel,andthemeaningof thevariablesz andx. It alsonecessitatestheuseof
discreteoptimizationtechniquesinsteadof theconjugategradientalgorithm.Nevertheless,we �nd thatwith minimal
adaptationof thebasicparadigm,theBayesianapproachis applicableto thesurfacedecimationproblem.

6.1 Mathematical Model

The decimationmodel parallelsthe smoothingmodel. In the surfacedecimationproblem,z is a detailedsurface
description(densemesh),andx shallbeits low-dimensionalapproximation.Webegin with Eq.2:

x̂ = argmin
x

F (x;z) + Y(x): (23)

ACM TransactionsonGraphics,Vol. V, No. N, September2005.
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Bayesian decimation (229 polygons, 860 triangles)

QSlim decimation (860 triangles)

Fig. 8. Comparisonof QSlim andtheBayesiandecimation.Our methodgeneratespolygons,whereasQSlim generatestriangles.However, when
re-meshingour solutionusingtriangles,both decimationsareof equalcomplexity (860 triangles). The right-mostQSlim renderingusesvertex-
averagednormalvectors.

As before,F (x;z) is a term relatingthe densemeshz andthe coarsemeshx. We shall call the underlyingfunction
p(z j x) theappearancemodel. Y (x) is a termthatcorrespondsto theprior p(x).

Webegin with thedescriptionof thepotentialF (x;z). It shallproveusefulto think of adecimatedmeshx asamesh
in which eachindividual surfacepatchsubsumesoneor moretrianglesin thedensemeshz. Henceit makessenseto
de�ne aprojective decimationfunction. Wewrite

k = g(i) (24)

to indicatethatthei-th trianglein thedensemeshz is projectedinto thek-th surfacepatchof thedecimatedmeshx. In
theinterestof concisenotation,wewill silentlyassumethisequalitythroughouttherestof this section.

Theappearanceprobability p(z j x) is now givenby a Gaussianover thetrianglenormalsin thedensemeshz and
thecorrespondingsurfacepatchnormalsin thedecimatedmeshx. To make thetwo differentsetsof normalsexplicit,
we denotenormalsin the densemeshz by ui ; andnormalsin the decimatedmeshx by nk. For eachcorresponding
normalsin theoriginalanddecimatedmesh,themeasurementmodelis de�ned via theprobability

p(ui j x) = j2pSj �
1
2 exp

�
� 1

2(ui � nk)
T S� 1 (ui � nk)

	
: (25)

ThematrixS is thefamiliar covariancewhich in our implementationis simplya3-by-3identitymatrix.
Themotivationto comparenormalsin thedecimationproblemis adirectresultof thefactthatweseekanapproxi-

mationwhichmimicstheoriginal in appearancewhenrendered.Renderingusesthesurfacenormalto determinesthe
shading.Hencethedifferencein normalsaccountsfor thedifferencein appearance.

Themodelin Eq. 25 is now developedinto a log-likelihoodover all surfacepatches,analogouslyto Eqs.5 and6
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Raw data: 25,989 triangles Decimated mesh: 499 faces

Raw data: 12,788 triangles Decimated mesh: 73 faces

Fig. 9. Two examplesof ourdecimationresults.

above. Thisgivesus

p(z j x) = Õ
i

p(ui j x) (26)

andhence

� logp(z j x) = const:+ å
i

(ui � nk)
T W(ui � nk) (27)

with W= 1
2S� 1. Thisexpressionleadsto the�nal objective F :

F (x;z) = å
i

(ui � nk)
T W(ui � nk): (28)

Clearly, without a prior the functionF (x;z) attainsits optimumat x = z, which is theoriginal mesh(theremight be
othersolutionsaswell). To see,we simply noteF (x;z) = 0 for x = z; andthis is indeedtheglobalminimumsince
F (x;z) � 0 for any x. Thus,onceagainweneedaprior to achieve thedesiredeffect.

The prior in surfacedecimationpertainsto the numberof surfacepatchesin the decimatedmodel. In particular,
we seeka prior that `penalizes'complex over moresimpledecimations.Possiblythe mostsimplesuchprior is an
exponentialprior of thetype

p(x) = l expf� l jxjg; (29)

wherejxj is thecardinality of x, thatis, thenumberof surfacepatchesin themeshx.Theparameterl is auser-speci�ed
parameterwhich controlsthestrengthof our desireto decimatethesurface(onemight derive l from aneconomical
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perspective of consideringthe computationalcostsof renderingindividual surfacepatches;but we simply set it by
hand).

Thenegative logarithmof p(x) is givenby

� logp(x) = � logl + l jxj = const:+ l jxj: (30)

Hencewede�ne Y(x) = l jxj. In otherwords,underourexponentialprior eachsurfacepatchincursaconstantpenalty
in thedecimatedmeshx.

The problemof �nding the optimal decimationis now the problemof minimizing the numberof surfacepatches
in x while faithfully reproducingthesurfacenormalsin theoriginal meshz. Mathematically, this is achievedby the
following optimization:

x̂
Eq: 23

= argmin
x

F (x;z) + Y(x) (31)

= argmin
x

l jxj + å
i

(ui � nk)
T W(ui � nk):

For a decimationto be valid, we alsorequirethat eachxk representsa contiguousregion in the densemeshz. Put
differently, let d(k) := f i : g(i) = kg be the setof surfacepatcheszi in the meshz which aremappedto the surface
patchk in themeshx. Thissetmustconsistof asingleconnectedcomponent.Thisconstraintis enforcedin thesearch
below.

Thisapproachis notablydifferentthanthedecimationalgorithmusedby Cohen-Steineretal. [2004]. Herewespec-
ify anallowablethresholdof normal-vectorvariancewithin a givensurfacepatchratherthanspecifyingthenumber
of desiredoutputpatches.Thuswe canusethesamethresholdfor bothsimpleandcomplex meshesandthenumber
of outputpatchesmatchesthe intrinsic complexity of the input mesh. In contrastthek-meansalgorithmutilized by
Cohen-Steineret al. [2004] requirestheuserto guesshow many outputpatcheswill beneededto achieve a particular
level of �delity to theoriginalmesh.

6.2 Finding Plausible Decimations

Theoptimizationproblemnow pertainsto theproblemof �nding anoptimaldecimationg, anoptimalsetof surface
normalsnk for eachsurfacepatchin xk, andanoptimalsetof verticesin thedecimatedmesh.As before,our method
pursueshill climbing to carryout thisoptimization.

First,we notethateachchoiceof g uniquelydeterminesthesurfacenormalsof eachsurfacepatchin xk. To see,let
usconsiderthesetd(k). Without lossof generality, wecanassumed(k) containsat leastoneelement—otherwisewe
couldsimply remove thesurfacepatchxk form thedecimatedmeshx andincreasethescoreY by l without inferring
any loss.

Theoptimalsurfacenormalnk is now obtainedby settingthederivative of F (x;z) to zero(thetermY(x) doesnot
dependonsuchanormal):

¶F (x;z)
¶nk

!= 0: (32)

Theonly contributingnormalsui arethosewhosed-valueis k (c.f., Eq.28). Hencewehave

¶F (x;z)
¶nk

=
1

¶nk
¶ å

i2d(k)

(ui � nk)
T W(ui � nk)

= � 2 å
i2d(k)

W(ui � nk): (33)
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Settingthisexpressionto zeroresolvesto

nk =
1

jd(k)j å
i2d(k)

ui : (34)

Here,jd(k)j indicatesthenumberof elementsin d(k). Thus,for any g ourmethodderivesthenormalsof thedecimated
meshx (but it doesnot yet de�ne theactualverticesof thedecimatedsurface).This enablesour methodto decimate
thesurfaceusingahill climbingalgorithmin thespaceof possiblefunctionsg.

Our algorithminitially assumesg(i) = i (andhencex = z), that is, the initial meshx is simply a cloneof z. The
functiong is thenre�ned throughthreehill climbingsteps,whoseexecutionis interleaved:

—Fuse. Our algorithmtestsif fusing two adjacentsurfacepatchesin the decimatedmeshx increasethe score. A
fusionbetweenthek-th andthe j-th surfacepatchesin x impliesthatwe setg(i) = k for any trianglei whoseindex
waspreviouslyg(i) = j. The j-th surfacepatchis thensafelyremovedfrom themeshx.

—Split. Our algorithmtestsif removing a speci�c index i from a setd(k) improves the score. This involves the
creationof anew meshin x, with anew index k0, andsettingg(i) = k0.

—Swap.Finally, ouralgorithmtestswhethershiftinganodeon theboundaryof two surfacepatchesin thedecimated
meshx from oneto theotheradjacentsurfacepatchimprovesthescore.This testinvolvesasimpleindex changeof
thetypeg(i) = j � ! g(i) = k.

Althoughunlikely, thelasttwo stepsmayjeopardizetherequirementthatdecimatedregionsarecontiguousin z; hence
for eachsuchstepwesimplycheckif this conditionis still ful�lled. Theseoperationsareiterateduntil convergence.

Theresultof thehill climbing algorithmis a re�ned functiong, which assumesa reducedsetof surfacepatchesin
themeshx. Theverticesin x arerecoveredby a �nal post-processingstep:Simply retainverticesfrom theoriginal
meshz which, in x, borderat leastthreedifferentsurfacepatches.Suchverticesareform theedgesin x. If only these
verticesareretained,a subsequenttriangulationyieldsthedesireddecimatedmesh.In orderto ensurethattheoutput
triangulationretainsthemanifoldtopologyof theinput meshwe performthetriangulationwithin eachsurfacepatch
individually. Becausethecontiguityof agivenpatchis enforcedby thedecimationalgorithmthisprecautionprevents
theintroductionof any new topologicalstructuresto themesh.

A �nal processingstep�ts alinearshadinggradientacrosseachsurfacepatchin thedecimatedmesh,by minimizing
thequadraticdistancein appearancespaceto all subsumedtrianglesin theoriginal meshz. To bemorespeci�c, we
usea local2D basisvectoron thesurfacepatchand�t a triple-valuedlinearfunction(representingthesurfacenormal
distribution over the patch)by least-squaresto the surfacenormalsof the trianglescontainedin that patch. For the
purposeof the �t, eachsurfacenormal is placedat the geometriccenterits triangle. This allows for the pleasant
shadingeffect that is usedto renderthe examplesgiven in this paper. This constitutesan advantageover triangle-
baseddecimationalgorithmssuchasGarlandandHeckbert[1997],whichdonothave anotionof surfacepatches.

6.3 Decimation for Ef�cient Animation

The Bayesianapproachis easilyappliedto decimationfor meshanimations.To our bestknowledge,pastwork on
automaticdecimationhasonly consideredstaticmeshes.Whenmeshesareusedin animation,thedegreeby which
we seekto decimateis alsoa function of the deformationswhich a meshundergoesduring animation. Thus,static
decimationtechniquestendto produceinferior resultswhentheir resultsarebeinganimated.

Theapplicationof theBayesianapproachto this problemis straightforward—with thecaveatof a new alignment
problem. Supposewe aregiven M versionsof the meshz in differentcon�gurations. Let us denotethosemeshes
by z1;z2; : : : ;zM. Let us, for a moment,assumeeachsuchmeshpossessesits own, decimatedmesh.Thedecimated
mesheswill bedenotedx1;x2; : : : ;xM.
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TheBayesianformulationnow simplystates

p(x1; : : : ;xM j z1; : : : ;zM) = Õ
j

p(x j j zj ) (35)

= h
M

Õ
j= 1

p(zj j x j ) p(x j ):

This leadsto thefollowing additive decomposition

x̂ = argmin
x1

argmin
x2

� � � argmin
xM

å
j

Y(x j ) + F (x j ;zj ): (36)

Thekey to thesimultaneousdecimationof all thesemeshesis to useanidenticalfunctiong for all deformedmesheszj

andx j . Thusfor any k, thesurfacepatchesin d(k) areall decimatedinto asinglesurfacepatch,for any of themeshes
z1;z2; : : : ;zM.

Theresultingoptimizationis analogousto theonejustdescribed.Theonly changepertainsto thefactthatthescore
is evaluatedasa sumover all deformedmeshes;insteadof a singlemeshonly. Oncea new functiong is tested,the
decimatedmeshesf x jg andtheir surfacenormalsaredescribesasstated.Theresultingscoreis thencompared,using
thesumover all meshesasstatedin Eq.35, insteadof thesinglemeshscorein Eq.23.

Weremarkthatthisextensionhighlightsoneof theadvantagesof aBayesianapproach:By separatingtheBayesian
scorefrom the optimization,it is straightforward to accommodatemodi�cations, suchthe constraintof �nding the
optimaldecimationrelative to acollectionof deformedmeshes.

7. RESULTS

Decimationresultsaredepictedin Figures7, 8 and9. Figure7 shows thatwhenthenumberof trianglesis reducedby
two ordersof magnitude,theresultingmodelis still quiteaccuratewhenrendered.Scansof objectswith very simple
underlyinggeometrycanbereducedgreatly, suchasthemodelsin Figure9. Herethereductionratiosare52(thecup)
and175(theFandisk).

Possiblythe most importantresult is the one in Figure10. Herewe illustrate the bene�t of �nding the optimal
decimationfor a setof animatedobjects.In particular, a staticdecimationmight falselyidentify a long skinny region
on the leg that spansthe kneeasa singleplanarpatch,which causesa signi�cant error whenusingthe decimated
modelfor animation.TheBayesiantechniqueidenti�es adifferentmodelwhichdeformsnicely.

A comparisonto the QSlim technique[Garlandand Heckbert1997] is shown in Figure 8. The ability of our
algorithmto �t a shadingfunctionover eachsurfacepatchallows for thesepleasantrenderingsandconstitutesoneof
thebene�tsof ouralgorithmrelative to QSlim.

8. DISCUSSION AND FUTURE WORK

We presenteda Bayesianapproachfor surfacereconstructionand decimation. The approachusesorientednoise
models,andcombinesthemwith a sub-linearprior. It alsoprovidesa provision for learningtheprior. TheBayesian
posterioris transformedintoanenergyminimizationproblems,andmixeddiscrete-continuousoptimizationtechniques
areappliedto achieve thedesiredresult.

Thereis ampleopportunityfor futureresearch.Onepertainsto thepopularIterativeclosestpoint algorithm[Besl
andMcKay 1992]: Our Bayesianformulationshouldmake it straightforward to simultaneousalign multiple range
scanswhile smoothingthem.Anotherpertainsto thelearningcomponentof ourwork: In additionto learningsurface
priors,it shouldbepossibleto learntheactualnoisemodelof asensor. Wealsosuspectthatfurtherimprovementscan
beachievedby bettermodelingtheexactphysicalnoisecharacteristicsof asensor.
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(a) Training configurations

A

D
CB

(b) Static decimation, using only configuration B (left) , and subsequent animation (right)

(c) Bayes solution using all  configurations (left) , and subsequent animation to new position (right)

err or<

err or<

err or

<

Fig.10. Comparisonof decimationfor staticversusanimatesmeshes.(a)showsfour deformedmeshes,whichserveastraininginstances.(b) depicts
thestaticdecimationresult,obtainedusingonly oneof thetraininginstances(Con®gurationA). Whenanimatingthisdecimatedmesh,severeerrors
occur. In contrast,(c) shows theBayesdecimationoptimizedfor all four traininginstances.Heresucherrorsareabsentin theanimation.
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