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Abstract

Particle lters areusedextensiely for trackingthe state
of non-lineardynamicsystems. This paperpresentsa
new particle Iter that maintainssamplesin the state
spaceat dynamically varying resolutionfor computa-
tional ef ciency. Resolutionwithin statespaceariesby
region, dependingon the belief that the true statelies
within eachregion. Wherebeliefis strong,resolutionis
ne. Wherebeliefis low, resolutionis coarseabstract-
ing multiple similar statedogether Theresolutionof the
statespaces dynamicallyupdatedasthe belief changes.
The proposedalgorithmmakesan explicit bias-variance
tradeof to selectbetweenmaintainingsamplesn a bi-
asedgeneralizatiorof a region of statespaceversusin
a high variancespecializationat ne resolution. Sam-
plesaremaintainedata coarseresolutionwhenthebias
introducedby thegeneralizatiorio a coarseaesolutionis
outweighedy thegainin termsof reductionin variance,
andata ner resolutionwhenit is not. Maintainingsam-
plesin abstractionprevents potential hypothesegrom
being eliminated prematurelyfor lack of a sufcient
numberof particles.Empiricalresultsshav thatourvari-
ableresolutionparticle lter requiressigni cantly lower
computationfor performancecomparableo a classical
particle Iter .

1 Intr oduction

A numberof problemsin Al and robotics require estima-
tion of the stateof a systemasit changesover time from a
sequencef measurementsf the systemthat provide noisy
(partial)informationaboutthestate.Particle Iters havebeen
extensvely usedfor Bayesianstateestimationin nonlinear
systemswith noisy measurementfisard and Blake, 1998;
Fox etal., 1999;Doucetetal., 2001]. TheBayesiarapproach
to dynamicstateestimationcomputesa posteriorprobability
distribution overthe statedhasednthesequencef measure-
ments. Probabilisticmodelsof the changein stateovertime
(statetransition model) and relationshipbetweenthe mea-
surementsand the statecapturethe noiseinherentin these
domains. Computingthe full posteriorin realtime is often
intractable. Particle lters approximatethe posteriordistri-
bution over the stateswith a setof particlesdravn from the
posterior The particle approximationcorvergesto the true

Bayesiarposterioiin thelimit asthenumberof samplegoto
in nity . For real-timestateestimationit is impracticalto have
anin nitely large numberof particles.With a smallnumber
of particlesthevarianceof the particlebasedestimatecanbe
high, particularlywhenthereare a large numberof possible
statetransitions.

This paperpresentsa new patrticle Iter, the variableres-
olution particle Iter (VRPF),for trackinglarge statespaces
efciently with low computation. The basicideais to rep-
resenta setof state$ ratherthana single statewith a single
particleandthusincreasethe numberof states(or hypothe-
ses)that may be tracked with the samenumberof particles.
This makesit possibleto track a larger numberof statesfor
thesamecomputationbut resultsin alossof informationthat
differentiateetweerthe stateghatarelumpedtogetherand
trackedin abstraction We formalizethis tradeof in termsof
biasandvariance. Trackingin abstractiorat a coarseres-
olution introducesa bias over trackingat a ner resolution,
but it reduceshe varianceof the estimatorgiven a limited
numberof samplesBy dynamicallyvaryingtheresolutionin
differentpartsof thestatespacego minimizethebias-\ariance
error, a nite setof samplesareusedn ahighly ef cient man-
ner. Initial experimentalesultssupporiouranalysisandshav
thatthe biasis morethancompensateébr by the reduction
in variancefrom not eliminatingpotentialhypotheseprema-
turely for lack of a sufcient numberof particles.

2 BayesianFiltering

We denotethemultivariatestateattime as andmeasure-
mentsor obsenationsas . As is commonlythe casewe
concentrateon the discretetime, rst order Markov formu-
lation of the dynamicstateestimationproblem. Hence,the
stateat time is a sufcient statisticof the history of mea-
surementsi.e. andthe obser
vationsdependonly on the currentstate,i.e.

. In the Bayesiarframawork, the posteriordistribu-
tion attime , , includesall the availableinfor-
mationuptotime and providesthe optimal solutionto the
stateestimationproblem. In this paperwe areinterestedn
estimatingrecursiely in time a marginal of this distribution,
the Itering distribution, , asthemeasurementse-

Lor regionsof a continuousstatespace



comeavailable. Basedon the Markovian assumptionthere-
cursive lter is derivedasfollows:

1)

This processds known asBayesianltering, optimal lter -
ing or stochasticltering andmay be characterizedy three
distributions: (1) a transitionmodel , (2) anob-
senation model , and, (3) aninitial prior distribu-
tion, . In anumberof applicationsthe statespaceis
too largeto computethe posteriorin a reasonabléime. Par-
ticle lters area popularmethodfor computingtractableap-
proximationgo this posterior

2.1 ClassicalParticle Filter

A Particle Iter (PF)[Metropolisand Ulam, 1949; Gordon
et al., 1993; Kanazava et al., 1995 is a Monte Carlo ap-
proximationof the posteriorin a Bayes lter. PFsarenon-
parametricand canrepresentrbitrarydistributions. PFsap-
proximatethe posteriomwith asetof  fully instantiatedcstate

samplesr particles, asfollows:

— )
where denoteghe Dirac deltafunction. It canbe shovn
thatas theapproximatiorin (2) approachethetrue

posteriordensity [Doucetand Crisan,2004. In generalit
is dif cult to drav samplesrom, ; instead,sam-
plesaredravn from a moretractabledistribution, , called
the proposalor importancedistribution. Eachparticleis as-
signeda weight, to accountfor the fact that the sam-
plesweredrawn from a differentdistribution [Rubin, 1988;
Rubinstein,1981]. There are a large numberof possible
choicesfor the proposaldistribution, the only conditionbe-
ing that its supportmustinclude that of the posterior The
commonpracticeis to samplefrom thetransitionprobability,

, in which casetheimportanceweightis equalto
thelikelihood, . Theexperimentsn this paperwere
performedusingthis proposalistribution. The PFalgorithm
is:

1 set

2 for to do

3 pick the -th sample
4 draw

5 set

6 add to

7 end
8 for to do
9 drav  from
with probability proportionalto
10 add to
11 end

3 Variable ResolutionParticle Filter

A well known problemwith particle Iters isthatalargenum-
ber of particlesare often neededo obtain a reasonablep-
proximationof the posteriordistribution. For real-timestate
estimationmaintainingsuch a large numberof particlesis
typically not practical. However, the varianceof the particle
basedestimatecanbehighwith alimited numberof samples,
particularlywhenthe processs not very stochasti@andparts
of the statespacetransitionto otherpartswith very low, or
zero, probability Considerthe problemof diagnosingoco-
motion faultson a robot. The probability of a stalledmotor
is low andwheelson the samesidegeneratesimilar obsena-
tions. Motorson ary of thewheelsmay stall atary time. A
particle lter thatproducesanestimatewith a high variance
is likely to resultin identifying somearbitrarywheelfaulton
thesameside,ratherthanidentifying the correctfault.

Thevariableresolutionparticle Iter introduceghenotion
of an abstractparticle, in which particlesmay representn-
dividual statesor setsof states. With this methoda single
abstracparticlesimultaneouslyracksmultiple states A lim-
ited numberof samplesarethereforesufcient for represent-
ing large statespaces.A bias-\ariancetradeof is madeto
dynamicallyre ne and abstractstatesto changethe resolu-
tion, therebyabstractinga setof statesandgeneralizingthe
samplesr specializingthe samplesn the stateinto theindi-
vidual stateghatit representsAs aresultreasonablg@oste-
rior estimatecanbe obtainedwith arelatively smallnumber
of samples.n the exampleabove, with the VRPFthe wheel
faultson the samesideof the rover would be aggreyatedto-
getherinto an abstracfault. Givena fault, the abstracttate
representinghe side on which the fault occurswould have
highlikelihood. Thesamplesn this statewouldbeassignea
highimportanceweight. Thiswould resultin multiple copies
of thesesamplesnresamplingoroportionalto weight. Once
therearesufcient particlesto populateall there ned states
representedby the abstractstate,the resolutionof the state
would be changedto the statesrepresentinghe individual
wheelfaults. At this stage the correcthypothesidgs likely to
be includedin this particle basedapproximationat the level
of theindividual statesandhencethe correctfaultis likely to
bedetected.

For the variableresolutionparticle lter we need: (1) A
variableresolutionstatespacenodelthatde nestherelation-
ship betweerstatesat differentresolutions(2) an algorithm
for stateestimationgivena x edresolutionof thestatespace,
(3) abasisfor evaluatingresolutionsof the statespacemodel,
and(4) andalgorithmfor dynamicallyalteringthe resolution
of the statespace.



3.1 Variable resolutionstate spacemodel

We coulduseadirectedagyclic graph(DAG) to representhe
variableresolutionstatespacemodel,which would consider
every possiblecombinationof the (abstract)stateto aggre-
gateor split. But this would make our statespaceexponen-
tially large. We mustthereforeconstrainthe possiblecom-
binationsof statesthatwe consider Therearea numberof
waysto do this. For the experimentsin this paperwe use
amulti-layeredhierarchywhereeachphysical(non-abstract)
stateonly exists along a single branch. Setsof stateswith
similar statetransitionandobsenationmodelsareaggreated
togethemteachlevelin thehierarchy In additionto the phys-

ical stateset , thevariableresolutioormodel, consists
of asetof abstracttates thatrepresensetsof statesand
or otherabstracstates.

(3)

Figurel(a)shovsanarbitraryMarkov modeland gure 1(b)
shavs anarbitraryvariableresolutionmodelfor 1(a). Figure
1(c) shavsthemodelin 1(b) atadifferentresolution.

We denotethe measuremendéit time as  and the se-
guenceof measurement as . Fromthe dynamics,
, andmeasuremergrobabilities , Wwecom-

putethestationandistribution (Markov chaininvariantdistri-
bution) of the physicalstates [Behrends200d.

3.2 Belief stateestimationat a xed resolution

This sectiondescribeghe algorithmfor estimatinga distri-
bution over the statespacegivena x edresolutionfor each
state,wheredifferentstatesmay be at different x ed resolu-
tions. For eachparticlein a physicalstate,a sampleis dravn
from the predictve modelfor thatstate . Itisthen
assignedh weight proportionalto the likelihood of the mea-
suremengiventhe prediction, . For eachparticlein
an abstractstate, , one of the physicalstates, , thatit
representin abstractioris selectedproportionatlto the prob-
ability of the physicalstateunderthe stationarydistribution,

. Thepredictve andmeasuremenhodelsfor this phys-
ical statearethenusedto obtainaweightedposteriorsample.
Theparticlesarethenresamplegroportionalto theirweight.
Basedon the numberof resultingparticlesin eachphysical
statea Bayesestimatewith aDirichlet  prior is obtainedas
follows:

(4)

where, representshe numberof samplesn the physi-
calstate and representthetotal numberof particles
in theparticle Iter . Thedistribution overanabstracstate
attime is estimateds:

()

3.3 Bias-variance tradeoff

Theloss , from a particle basedapproximation , of
thetruedistribution is:

(6)
where, is thebiasand is thevariance.

The posteriorbelief stateestimatefrom tracking statesat
the resolutionof physicalstatesintroducesno bias. But the
varianceof this estimatecan be high, speciallywith small
samplesizes.An approximatiorof thesamplevarianceatthe
resolutionof the physicalstatesnmaybe computedasfollows:

(7
Thelossof anabstracstate , is computedasthe weighted
sumof thelossof the physicalstates , asfollows?:

8

The generalizatiorto abstractstateshiasesthe distribution
overthephysicalstatego thestationarydistribution. In other
words,theabstracstatehasnoinformationabouttherelative
posteriorik elihood,giventhe data,of the stateghatit repre-
sentsin abstractionlnsteadt usesthe stationarydistribution
to projectits posteriorinto the physicallayer The projection
of the posteriordistribution , of abstracsstate |, to
the resolutionof the physicallayer , is computedas
follows:

— 9)

where, .

As a consequencef thealgorithmfor computingthe pos-
teriordistribution overabstracstateslescribedn section3.2,
anunbiasedgosteriorover physicalstates is availableatno
extracomputationasshavn in equation(4). Thebias ,
introducedby representinghe setof physicalstates ,
in abstractioras is approximateasfollows:

(10)

It is the weighedsum of the squaredifferencebetweenthe
unbiasegosterior , computechttheresolutionof the
physicalstatesandthebiasedposterior , computecht
theresolutionof abstracstate

An approximationof the varianceof abstractstate is
computedasa weightedsumof the projectionto the physical
statesasfollows:

(11)

Therelative importance/cosbf the physicalstatesmay alsobe
includedin theweight
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Figure 1: (a)Arbitrary Markov model(b) Arbitrary variableresolutionmodelcorrespondingo the Markov modelin (a). Circlesthatenclose
othercirclesrepresentabstiact states.S2and S3and S6are abstiact states.StatesS2,S4and S5form oneabstraction hierarchy, and states
S3,56,S7,S8and S9form anotherabstaction hierarchy. Thestatesat the highestlevel of abstiactionare S1,S2and S3. (c) Themodelin

(b)withstates and ata ner resolution.

Thelossfrom trackinga setof states , attheresolu-

tion of the physicalstateds thus:

(12)

Thelossfrom trackingthe samesetof statesn abstractioras
is:

(13)

Thereis a gainin termsof reductionin variancefrom gener
alizingandtrackingin abstractionbut it resultsin anincrease
in bias. Here,a tradeof betweerbiasandvariancerefersto
the procesof acceptinga certainincreasen onetermfor a
largerreductionin theotherandhencein thetotal error.

3.4 Dynamically varying resolution

The variable resolution particle lter usesa bias-variance
tradeof to make a decisionto vary theresolutionof the state
space.A decisionto abstracto the coarseresolutionof ab-
stractstate , is madeif the statespaceis currentlyat the
resolutionof states , andthe combinationof biasandvari-
ancein abstracstate |, is lessthanthe combinationof bias
anvarianceof all its children , asshowvn below:

(14)

On the otherhandif the statespaceis currentlyat the reso-
lution of abstracktate , andthereverseof equation(14)is
true,thena decisionto re ne to the ner resolutionof states

is made. The resolutionof a stateis left unalteredif its
bias-\ariancecombinationis lessthanits parentandits chil-
dren. To avoid hysteresisall abstractiondecisionsare con-
sideredbeforeary re nementdecisions.

Eachtime a new measuremeris obtainedthe distribution
of particlesover the statespaceis updated.Sincethis alters
thebiasandvariancdradeof, thestatesxplicitly represented
atthe currentresolutionof the statespaceareeachevaluated
for gainfrom abstractioror re nement. Any changein the
currentresolutionof the statespaceis recursvely evaluated
for furtherchangen the samedirection.

4 Experimental results

The problemdomainfor our experimentsinvolvesdiagnos-
ing locomotionfaultsin a physicsbasedsimulationof a six
wheelrover. Figure2(a)shows a snapshobf theroverin the
Darwin2K [Leger, 2004 simulator

The experimentis formulatedin termsof estimatingdis-
cretefault and operationalmodesof the robot from contin-
uouscontrolinputsandnoisy sensorreadings. The discrete
state, , representshe particularfault or operationaimode.
Thecontinuousvariables, , provide noisy measurementsf
the changen rover positionandorientation. The particleset

thereforeconsistof  particles,whereeachparticle
is a hypothesisaboutthe currentstateof the system.In other
words, thereare a numberof discretefault and operational
stateghata particlemaytransitionto basedon the transition
model. Eachdiscretefault statehasa differentobsenation
andpredictve modelfor the continuousdynamics.Theprob-
ability of a stateis determinedby the densityof samplesn
thatstate.

The Markov model representinghe discretestatetransi-
tionsconsistof statesAs showvnin gure 2(c)the normal
driving (ND) statemay transitionbackto the normal driv-
ing stateor to ary one of six fault states:right front (RF),
right middle (RM), right rear(RR), left front (LF), left mid-
dle (LM) andleft rear(LR) wheelstuck.Eachof thesefaults
causea changen the rover dynamics but the faultson each
side(right andleft), have similar dynamics.

Giventhatthe threewheelson eachsideof therover have
similardynamicswe constructed hierarchythatclustershe
faultstateson eachsidetogether Figure2(d) showvsthis hier-
archicalmodel,wheretheabstracstategight sidefault (RS),
andleft sidefault (LS) represensetsof states RF, RM, RR
and LF LM, LR respectiely. Thehighestevel of abstrac-
tion thereforeconsistsof nodes ND, RS,LS . Figure2(e)
shavs how the statespacein gure 2(d) would bere ned if
the biasin the abstractstateRS given the numberof parti-
clesoutweighsthe reductionin varianceover the specialized
statedRF, RM andRR ata ner resolution.

Whenpatrticle Itering is performedwith thevariablereso-
lution particle lter , the particlesareinitialized at the highest
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Figure 2: (a) Snapshofromthedynamicsimulationof the six wheelrodker bogie rover in the simulator (b) An exampleshowingthe normal
trajectory(ND) andthe chang in the sametrajectorywith a fault at ead wheel. (c) Original discrete statetransitionmodel. Thediscrete
statesare: Normal driving (ND), right and left, front, middle and rear wheelfaulty (RF RM, RR,LF, LM, LR) (d) Abstiact discrete state
transitionmodel. Thestates RF, RM and RRhavebeenaggregatedinto the Right Sidewheelfaulty statesandsimilarly LF, LM and LR into
Left Sidewheelfaulty states(RSand LS). (e) Statespacemodelwhere RShasbeenre ned. All stateshaveselftransitionsthat havebeen

excludedfor clarity.

levelin theabstractiorhierarchyi.e. in theabstracstates\ND,
RSandLS. Saya RFfaultoccurs thisis likely to resultin a
high likelihood of samplesn RS. Thesesampleswill mul-
tiply which may thenresultin the biasin RS exceedingthe
reductionin variancein RSover RF, RM andRR thusfavor-
ing trackingat the ner resolution. Additional obsenations
shouldthenassigna highlikelihoodto RF.

The model is basedon the real-world and is not very
stochasticlt doesnotallow transitionsrom mostfault states
to otherfault states.For example,the RF fault doesnot tran-
sition to the RM fault. This doesnot excludetransitionsto
multiple fault statesandif themodelincludedmultiple faults,
it couldstill transitionto a“RF andRM” fault, which is dif-
ferentfrom a RM fault. Hence,if thereare no samplesin
the actualfault state,sampleghatendup in fault stateswith
dynamicsthataresimilar to the actualfault statemayendup
beingidenti ed asthefault state. The hierarchicalapproach
tracksthe stateat an abstractievel and doesnot commit to
identifying ary particularspecializedault stateuntil thereis
sufcient evidence. Henceit is morelikely to identify the
correctfault state.

Figure 3(a) shavs a comparisorof the error from moni-
toring the stateusinga classicalparticle Iter thattracksthe
full statespace,andthe VRPF that variesthe resolutionof
the statespace. The  axis shavs the numberof particles
usedthe axisshavstheKL divergencefrom anapproxi-
mationof thetrueposteriorcomputedisingalargenumberof
samples. samplesvereusedto computeanapproxima-
tion to thetruedistribution. The KL divergenceis computed
over the entire length of the datasequencendis averaged
over multiple runsover the samedataset®. The datasetin-
cludednormal operationand eachof the six faults. Figure
3(a) demonstratethat the performanceof the VRPF is su-

3The resultsare an averageover  to
decreasingsthe samplesizewasincreased.

runswith repetitions

periorto thatof theclassicallter for smallsamplesizes.In
addition gure 3(b)shavstheKI-divergencealongthe axis
andwall clocktimealongthe axis.Both lters werecoded
in matlabandshareasmary functionsaspossible.

5 Discussionand Futur e Work

This paperpresentsa novel approachor stateabstractiorin

particle lters thatallows ef cient trackingof large discrete,
continuousor hybrid statespaces.The advantageof this ap-
proachis thatit makesef cient useof theavailablecomputa-
tion by selectingtheresolutionof the statespacebasedon an
explicit bias-variancetradeof. It performsno worsethana
classicalparticle Iter with anin nite numberof particles®.

But with limited particleswe shaw that its performances

considerablysuperior The VRPFdoesnot prematurelyelim-

inate potentialhypothesegor lack of a sufcient numberof

particles.It maintaingparticlesin abstractioruntil therearea
sufcient numberof particlesto provide a low varianceesti-
mateat alower resolution.

The VRPFgeneralize$rom currentsampleso unsampled
regionsof the statespace Regionsof the statespacehathad
no samplesattime may acquiresamplesat time on
abstractionThis providesadditionalrobustnesgo noisethat
may have resultedin eliminatinga likely hypothesis[Koller
andFratkina, 199§ addressethis by usingthetime sam-
plesasinput to a densityestimationalgorithmthat learnsa
distribution overthestatesattime . Samplesattime are
thengeneratedisingthis generalizediistribution. [Ng et al.,
2007 usesa factoredrepresentatiotio allow a similar mix-
ing of particles. The VRPF usesa bias-\ariancetradeof to
generalizenoreselectvely andef ciently .

We have presentedhevariableresolutionparticle Iter for
a discretestatespace.We planto extendit to a continuous

“Thereis a minor overheadn termsof evaluatingthe resolution
of thestatespace
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Figure 3: Comparisonof the KL divergencefromthe true distribution for the classicalparticle Iter andthe VRPF against(a) numberof

particlesused,(b) wall clock time

statespacewhereregionsof statespace ratherthan setsof
statesare maintainedat differentresolutions.A densitytree
may be usedfor ef ciently learningthe variableresolution
statespacemodel with abstractstatescomposedf nitely
mary sub-regions.

The VRPF males ef cient use of available computation
and can provide signi cantly improved posteriorestimates
given a small numberof samples. However, it should not
beexpectedo solve all problemsassociateavith particleim-
poverishmentFor example,it assumeshatdifferentregions
of the statespaceareimportantat differenttimes. We have
generallyfoundthisto bethecaseputthe VRPFdoesnotim-
prove performancef it is not. Anothersituationis whenthe
transitionandobsenation modelsof all the statesarehighly
dissimilarandthereis no possibilityfor stateaggreyation.
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