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Abstract

Particle�lters areusedextensively for trackingthestate
of non-lineardynamicsystems. This paperpresentsa
new particle �lter that maintainssamplesin the state
spaceat dynamically varying resolutionfor computa-
tional ef�ciency. Resolutionwithin statespacevariesby
region, dependingon the belief that the true statelies
within eachregion. Wherebelief is strong,resolutionis
�ne. Wherebelief is low, resolutionis coarse,abstract-
ing multiplesimilarstatestogether. Theresolutionof the
statespaceis dynamicallyupdatedasthebelief changes.
Theproposedalgorithmmakesanexplicit bias-variance
tradeoff to selectbetweenmaintainingsamplesin a bi-
asedgeneralizationof a region of statespaceversusin
a high variancespecializationat �ne resolution. Sam-
plesaremaintainedatacoarserresolutionwhenthebias
introducedby thegeneralizationto acoarseresolutionis
outweighedby thegainin termsof reductionin variance,
andata�ner resolutionwhenit is not. Maintainingsam-
ples in abstractionpreventspotentialhypothesesfrom
being eliminated prematurelyfor lack of a suf�cient
numberof particles.Empiricalresultsshow thatourvari-
ableresolutionparticle�lter requiressigni�cantly lower
computationfor performancecomparableto a classical
particle�lter .

1 Intr oduction
A numberof problemsin AI and robotics requireestima-
tion of the stateof a systemasit changesover time from a
sequenceof measurementsof the systemthat provide noisy
(partial)informationaboutthestate.Particle�lters havebeen
extensively usedfor Bayesianstateestimationin nonlinear
systemswith noisy measurements[Isard and Blake, 1998;
Fox etal., 1999;Doucetetal., 2001]. TheBayesianapproach
to dynamicstateestimationcomputesa posteriorprobability
distributionoverthestatesbasedonthesequenceof measure-
ments.Probabilisticmodelsof thechangein stateover time
(statetransitionmodel) and relationshipbetweenthe mea-
surementsand the statecapturethe noiseinherentin these
domains. Computingthe full posteriorin real time is often
intractable. Particle �lters approximatethe posteriordistri-
bution over thestateswith a setof particlesdrawn from the
posterior. The particleapproximationconvergesto the true

Bayesianposteriorin thelimit asthenumberof samplesgoto
in�nity . For real-timestateestimationit is impracticalto have
anin�nitely largenumberof particles.With a smallnumber
of particles,thevarianceof theparticlebasedestimatecanbe
high, particularlywhentherearea largenumberof possible
statetransitions.

This paperpresentsa new particle �lter , the variableres-
olution particle�lter (VRPF), for trackinglargestatespaces
ef�ciently with low computation. The basicidea is to rep-
resenta setof states1 ratherthana singlestatewith a single
particleandthusincreasethe numberof states(or hypothe-
ses)that may be trackedwith the samenumberof particles.
This makesit possibleto track a largernumberof statesfor
thesamecomputation,but resultsin alossof informationthat
differentiatesbetweenthestatesthatarelumpedtogetherand
trackedin abstraction.We formalizethis tradeoff in termsof
biasandvariance. Tracking in abstractionat a coarserres-
olution introducesa biasover trackingat a �ner resolution,
but it reducesthe varianceof the estimatorgiven a limited
numberof samples.By dynamicallyvaryingtheresolutionin
differentpartsof thestatespaceto minimizethebias-variance
error, a�nite setof samplesareusedin ahighly ef�cient man-
ner. Initial experimentalresultssupportouranalysisandshow
that the biasis morethancompensatedfor by the reduction
in variancefrom noteliminatingpotentialhypothesesprema-
turely for lackof a suf�cient numberof particles.

2 BayesianFiltering

Wedenotethemultivariatestateat time � as ��� andmeasure-
mentsor observationsas �

� . As is commonlythe case,we
concentrateon the discretetime, �rst orderMarkov formu-
lation of the dynamicstateestimationproblem. Hence,the
stateat time � is a suf�cient statisticof the history of mea-
surements,i.e. �	�
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, includesall the available infor-

mationupto time � andprovidesthe optimal solutionto the
stateestimationproblem. In this paperwe are interestedin
estimatingrecursively in time a marginalof this distribution,
the�ltering distribution, �����!�
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, asthemeasurementsbe-

1or regionsof a continuousstatespace



comeavailable.Basedon theMarkovianassumption,there-
cursive �lter is derivedasfollows:
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This processis known asBayesian�ltering, optimal�lter -
ing or stochastic�ltering andmay becharacterizedby three
distributions: (1) a transitionmodel �������

�
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�
, (2) an ob-

servation model ����� �
�
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�
, and,(3) an initial prior distribu-

tion, �	����

� . In a numberof applications,the statespaceis

too largeto computetheposteriorin a reasonabletime. Par-
ticle �lters area popularmethodfor computingtractableap-
proximationsto this posterior.

2.1 ClassicalParticle Filter
A Particle �lter (PF) [Metropolis and Ulam, 1949;Gordon
et al., 1993; Kanazawa et al., 1995] is a Monte Carlo ap-
proximationof the posteriorin a Bayes�lter . PFsarenon-
parametricandcanrepresentarbitrarydistributions. PFsap-
proximatetheposteriorwith asetof � fully instantiatedstate
samplesor particles,
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where
 

�

�

� denotestheDirac deltafunction. It canbeshown
thatas �%$'& theapproximationin (2) approachesthetrue
posteriordensity [Doucetand Crisan,2002]. In generalit
is dif�cult to draw samplesfrom, �	���
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� � ; instead,sam-
plesaredrawn from amoretractabledistribution, ( �

�

� , called
the proposalor importancedistribution. Eachparticle is as-
signeda weight, )

�

�

� to accountfor the fact that the sam-
plesweredrawn from a differentdistribution [Rubin, 1988;
Rubinstein,1981]. There are a large numberof possible
choicesfor the proposaldistribution, the only conditionbe-
ing that its supportmust include that of the posterior. The
commonpracticeis to samplefrom thetransitionprobability,
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, in whichcasetheimportanceweightis equalto

thelikelihood,�	��� �
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. Theexperimentsin thispaperwere

performedusingthisproposaldistribution. ThePFalgorithm
is:
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3 Variable ResolutionParticle Filter

A well knownproblemwith particle�lters is thatalargenum-
ber of particlesareoften neededto obtaina reasonableap-
proximationof theposteriordistribution. For real-timestate
estimationmaintainingsucha large numberof particlesis
typically not practical.However, thevarianceof theparticle
basedestimatecanbehighwith a limited numberof samples,
particularlywhentheprocessis not verystochasticandparts
of the statespacetransitionto otherpartswith very low, or
zero,probability. Considerthe problemof diagnosingloco-
motion faultson a robot. The probability of a stalledmotor
is low andwheelson thesamesidegeneratesimilar observa-
tions. Motorson any of thewheelsmaystall at any time. A
particle�lter thatproducesanestimatewith a high variance
is likely to resultin identifyingsomearbitrarywheelfault on
thesameside,ratherthanidentifying thecorrectfault.

Thevariableresolutionparticle�lter introducesthenotion
of an abstractparticle, in which particlesmay representin-
dividual statesor setsof states. With this methoda single
abstractparticlesimultaneouslytracksmultiplestates.A lim-
ited numberof samplesarethereforesuf�cient for represent-
ing large statespaces.A bias-variancetradeoff is madeto
dynamicallyre�ne andabstractstatesto changethe resolu-
tion, therebyabstractinga setof statesandgeneralizingthe
samplesor specializingthesamplesin thestateinto theindi-
vidual statesthat it represents.As a resultreasonableposte-
rior estimatescanbeobtainedwith a relatively smallnumber
of samples.In theexampleabove,with theVRPFthewheel
faultson thesamesideof therover would beaggregatedto-
getherinto anabstractfault. Givena fault, theabstractstate
representingthe sideon which the fault occurswould have
highlikelihood.Thesamplesin thisstatewouldbeassigneda
high importanceweight.Thiswouldresultin multiplecopies
of thesesamplesonresamplingproportionalto weight.Once
therearesuf�cient particlesto populateall the re�ned states
representedby the abstractstate,the resolutionof the state
would be changedto the statesrepresentingthe individual
wheelfaults.At this stage,thecorrecthypothesisis likely to
be includedin this particlebasedapproximationat the level
of theindividualstatesandhencethecorrectfault is likely to
bedetected.

For the variableresolutionparticle �lter we need: (1) A
variableresolutionstatespacemodelthatde�nestherelation-
shipbetweenstatesat differentresolutions,(2) analgorithm
for stateestimationgivena�x edresolutionof thestatespace,
(3) abasisfor evaluatingresolutionsof thestatespacemodel,
and(4) andalgorithmfor dynamicallyalteringtheresolution
of thestatespace.



3.1 Variable resolutionstatespacemodel

Wecoulduseadirectedacyclic graph(DAG) to representthe
variableresolutionstatespacemodel,which would consider
every possiblecombinationof the (abstract)statesto aggre-
gateor split. But this would make our statespaceexponen-
tially large. We must thereforeconstrainthe possiblecom-
binationsof statesthat we consider. Therearea numberof
ways to do this. For the experimentsin this paperwe use
a multi-layeredhierarchywhereeachphysical(non-abstract)
stateonly exists along a single branch. Setsof stateswith
similarstatetransitionandobservationmodelsareaggregated
togetherateachlevel in thehierarchy. In additionto thephys-
ical stateset
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��� � , thevariableresolutionmodel,
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of asetof abstractstates
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� thatrepresentsetsof statesand
or otherabstractstates.
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Figure1(a)showsanarbitraryMarkov modeland�gure 1(b)
showsanarbitraryvariableresolutionmodelfor 1(a). Figure
1(c)shows themodelin 1(b)ata differentresolution.

We denotethe measurementat time � as �
� and the se-

quenceof measurement�
�
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� . From the dynamics,
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, wecom-

putethestationarydistribution(Markov chaininvariantdistri-
bution)of thephysicalstates
 �

�

� �

[Behrends,2000].

3.2 Belief stateestimationat a �xed resolution

This sectiondescribesthe algorithmfor estimatinga distri-
bution over thestatespace,givena �x edresolutionfor each
state,wheredifferentstatesmaybeat different�x edresolu-
tions.For eachparticlein a physicalstate,a sampleis drawn
from thepredictivemodelfor thatstate�	�

�

���

�

����� � . It is then
assigneda weight proportionalto the likelihoodof themea-
surementgiventheprediction,�	��� �

�

�

�
�
. For eachparticlein

an abstractstate,
�

� , one of the physicalstates,
�

� , that it
representsin abstractionis selectedproportionalto theprob-
ability of thephysicalstateunderthestationarydistribution,
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. Thepredictiveandmeasurementmodelsfor thisphys-

ical statearethenusedto obtainaweightedposteriorsample.
Theparticlesarethenresampledproportionalto theirweight.
Basedon the numberof resultingparticlesin eachphysical
stateaBayesestimatewith aDirichlet �
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prior is obtainedas

follows:�
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where,
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representsthenumberof samplesin thephysi-
cal state
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in theparticle�lter . Thedistributionoveranabstractstate
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at time � is estimatedas:�
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3.3 Bias-variance tradeoff
The loss � , from a particlebasedapproximation
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� � is thevariance.
The posteriorbelief stateestimatefrom trackingstatesat

the resolutionof physicalstatesintroducesno bias. But the
varianceof this estimatecan be high, speciallywith small
samplesizes.An approximationof thesamplevarianceat the
resolutionof thephysicalstatesmaybecomputedasfollows:
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Thelossof anabstractstate
�

� , is computedastheweighted
sumof thelossof thephysicalstates

�

�
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� , asfollows2:
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The generalizationto abstractstatesbiasesthe distribution
over thephysicalstatesto thestationarydistribution. In other
words,theabstractstatehasnoinformationabouttherelative
posteriorlikelihood,giventhedata,of thestatesthatit repre-
sentsin abstraction.Insteadit usesthestationarydistribution
to projectits posteriorinto thephysicallayer. Theprojection
of theposteriordistribution
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As a consequenceof thealgorithmfor computingthepos-
teriordistributionoverabstractstatesdescribedin section3.2,
anunbiasedposterioroverphysicalstates

�

� is availableatno
extracomputation,asshown in equation(4). Thebias
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introducedby representingthesetof physicalstates
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in abstractionas
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It is theweighedsumof thesquareddifferencebetweenthe
unbiasedposterior
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� , computedat theresolutionof the
physicalstatesandthebiasedposterior 0���
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� , computedat
theresolutionof abstractstate
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� .
An approximationof the varianceof abstractstate
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� is
computedasaweightedsumof theprojectionto thephysical
statesasfollows:
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2Therelative importance/costof thephysicalstatesmayalsobe

includedin theweight
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Figure1: (a)Arbitrary Markov model(b) Arbitrary variableresolutionmodelcorrespondingto theMarkov modelin (a). Circlesthatenclose
othercirclesrepresentabstract states.S2andS3andS6are abstract states.StatesS2,S4andS5form oneabstractionhierarchy, andstates
S3,S6,S7,S8andS9form anotherabstractionhierarchy. Thestatesat thehighestlevel of abstractionare S1,S2andS3. (c) Themodelin
(b) with states��� and ��� at a �ner resolution.

Thelossfrom trackinga setof states
�

�

3

�

� , at theresolu-
tion of thephysicalstatesis thus:
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Thelossfrom trackingthesamesetof statesin abstractionas�

� is:
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Thereis a gainin termsof reductionin variancefrom gener-
alizingandtrackingin abstraction,but it resultsin anincrease
in bias. Here,a tradeoff betweenbiasandvariancerefersto
theprocessof acceptinga certainincreasein oneterm for a
largerreductionin theotherandhencein thetotalerror.

3.4 Dynamically varying resolution
The variable resolutionparticle �lter usesa bias-variance
tradeoff to make a decisionto vary theresolutionof thestate
space.A decisionto abstractto thecoarserresolutionof ab-
stractstate

�

� , is madeif the statespaceis currentlyat the
resolutionof states

�

�

, andthecombinationof biasandvari-
ancein abstractstate

�

� , is lessthanthecombinationof bias
anvarianceof all its children
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�

, asshown below:
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On the otherhandif the statespaceis currentlyat the reso-
lution of abstractstate

�

� , andthereverseof equation(14) is
true,thena decisionto re�ne to the�ner resolutionof states�

�

is made. The resolutionof a stateis left unalteredif its
bias-variancecombinationis lessthanits parentandits chil-
dren. To avoid hysteresis,all abstractiondecisionsarecon-
sideredbeforeany re�nementdecisions.

Eachtime a new measurementis obtainedthedistribution
of particlesover thestatespaceis updated.Sincethis alters
thebiasandvariancetradeoff, thestatesexplicitly represented
at thecurrentresolutionof thestatespaceareeachevaluated
for gain from abstractionor re�nement. Any changein the
currentresolutionof the statespaceis recursively evaluated
for furtherchangein thesamedirection.

4 Experimental results
The problemdomainfor our experimentsinvolvesdiagnos-
ing locomotionfaultsin a physicsbasedsimulationof a six
wheelrover. Figure2(a)showsa snapshotof therover in the
Darwin2K [Leger, 2000] simulator.

The experimentis formulatedin termsof estimatingdis-
cretefault andoperationalmodesof the robot from contin-
uouscontrol inputsandnoisy sensorreadings.The discrete
state,

�

� , representstheparticularfault or operationalmode.
Thecontinuousvariables,� � , providenoisymeasurementsof
thechangein rover positionandorientation.Theparticleset



� thereforeconsistsof � particles,whereeachparticle

�
�

�

�

�

is a hypothesisaboutthecurrentstateof thesystem.In other
words, therearea numberof discretefault andoperational
statesthata particlemaytransitionto basedon thetransition
model. Eachdiscretefault statehasa differentobservation
andpredictivemodelfor thecontinuousdynamics.Theprob-
ability of a stateis determinedby the densityof samplesin
thatstate.

The Markov model representingthe discretestatetransi-
tionsconsistsof � states.As shown in �gure 2(c) thenormal
driving (ND) statemay transitionback to the normal driv-
ing stateor to any oneof six fault states:right front (RF),
right middle (RM), right rear(RR), left front (LF), left mid-
dle (LM) andleft rear(LR) wheelstuck.Eachof thesefaults
causea changein therover dynamics,but the faultson each
side(right andleft), havesimilardynamics.

Giventhatthethreewheelson eachsideof therover have
similardynamics,weconstructedahierarchythatclustersthe
faultstatesoneachsidetogether. Figure2(d)showsthishier-
archicalmodel,wheretheabstractstatesright sidefault(RS),
andleft sidefault (LS) representsetsof states

�

RF, RM, RR�

and
�

LF, LM, LR � respectively. Thehighestlevel of abstrac-
tion thereforeconsistsof nodes

�

ND, RS,LS
�
. Figure2(e)

shows how thestatespacein �gure 2(d) would bere�ned if
the bias in the abstractstateRS given the numberof parti-
clesoutweighsthereductionin varianceover thespecialized
statesRF, RM andRR ata �ner resolution.

Whenparticle�ltering is performedwith thevariablereso-
lution particle�lter , theparticlesareinitializedat thehighest
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Figure2: (a) Snapshotfromthedynamicsimulationof thesixwheelrocker bogie rover in thesimulator, (b) Anexampleshowingthenormal
trajectory(ND) and thechange in thesametrajectorywith a fault at each wheel. (c) Original discretestatetransitionmodel.Thediscrete
statesare: Normal driving (ND), right and left, front, middleand rear wheelfaulty (RF, RM, RR,LF, LM, LR) (d) Abstract discretestate
transitionmodel.Thestates,RF, RM andRRhavebeenaggregatedinto theRightSidewheelfaulty statesandsimilarly LF, LM andLR into
Left Sidewheelfaulty states(RSandLS).(e) Statespacemodelwhere RShasbeenre�ned. All stateshaveself transitionsthat havebeen
excludedfor clarity.

level in theabstractionhierarchy,i.e. in theabstractstatesND,
RSandLS. Saya RF fault occurs,this is likely to resultin a
high likelihoodof samplesin RS. Thesesampleswill mul-
tiply which may thenresult in the biasin RS exceedingthe
reductionin variancein RSoverRF, RM andRR thusfavor-
ing trackingat the �ner resolution. Additional observations
shouldthenassigna high likelihoodto RF.

The model is basedon the real-world and is not very
stochastic.It doesnotallow transitionsfrom mostfaultstates
to otherfault states.For example,theRF fault doesnot tran-
sition to the RM fault. This doesnot excludetransitionsto
multiplefaultstatesandif themodelincludedmultiple faults,
it couldstill transitionto a “RF andRM” fault, which is dif-
ferent from a RM fault. Hence,if thereare no samplesin
theactualfault state,samplesthatendup in fault stateswith
dynamicsthataresimilar to theactualfault statemayendup
beingidenti�ed asthe fault state.Thehierarchicalapproach
tracksthe stateat an abstractlevel anddoesnot commit to
identifying any particularspecializedfault stateuntil thereis
suf�cient evidence. Henceit is more likely to identify the
correctfault state.

Figure3(a) shows a comparisonof the error from moni-
toring thestateusinga classicalparticle�lter that tracksthe
full statespace,and the VRPF that variesthe resolutionof
the statespace. The � axis shows the numberof particles
used,the � axisshows theKL divergencefrom an approxi-
mationof thetrueposteriorcomputedusingalargenumberof
samples.

�

� � � sampleswereusedto computeanapproxima-
tion to thetruedistribution. TheKL divergenceis computed
over the entire lengthof the datasequenceand is averaged
over multiple runsover thesamedataset3. Thedatasetin-
cludednormal operationandeachof the six faults. Figure
3(a) demonstratesthat the performanceof the VRPF is su-

3The resultsare an averageover ��� to � runs with repetitions
decreasingasthesamplesizewasincreased.

perior to thatof theclassical�lter for smallsamplesizes.In
addition�gure 3(b)showstheKl-divergencealongthe � axis
andwall clocktimealongthe � axis.Both�lters werecoded
in matlabandshareasmany functionsaspossible.

5 Discussionand Future Work
This paperpresentsa novel approachfor stateabstractionin
particle�lters thatallows ef�cient trackingof largediscrete,
continuousor hybrid statespaces.Theadvantageof this ap-
proachis thatit makesef�cient useof theavailablecomputa-
tion by selectingtheresolutionof thestatespacebasedonan
explicit bias-variancetradeoff. It performsno worsethana
classicalparticle�lter with an in�nite numberof particles4.
But with limited particleswe show that its performanceis
considerablysuperior. TheVRPFdoesnotprematurelyelim-
inatepotentialhypothesesfor lack of a suf�cient numberof
particles.It maintainsparticlesin abstractionuntil therearea
suf�cient numberof particlesto provide a low varianceesti-
mateat a lower resolution.

TheVRPFgeneralizesfrom currentsamplesto unsampled
regionsof thestatespace.Regionsof thestatespacethathad
no samplesat time � may acquiresamplesat time �

�

�

on
abstraction.This providesadditionalrobustnessto noisethat
mayhave resultedin eliminatinga likely hypothesis.[Koller
andFratkina,1998] addressesthis by usingthe time � sam-
plesas input to a densityestimationalgorithmthat learnsa
distributionoverthestatesat time � . Samplesat time �

�

�

are
thengeneratedusingthis generalizeddistribution. [Ng et al.,
2002] usesa factoredrepresentationto allow a similar mix-
ing of particles. The VRPF usesa bias-variancetradeoff to
generalizemoreselectively andef�ciently .

We havepresentedthevariableresolutionparticle�lter for
a discretestatespace.We plan to extendit to a continuous

4Thereis a minor overheadin termsof evaluatingtheresolution
of thestatespace
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Figure 3: Comparisonof theKL divergencefromthetrue distribution for theclassicalparticle �lter and theVRPF, against(a) numberof
particlesused,(b) wall clock time.

statespacewhereregionsof statespace,ratherthansetsof
statesaremaintainedat differentresolutions.A densitytree
may be usedfor ef�ciently learningthe variableresolution
statespacemodel with abstractstatescomposedof �nitely
many sub-regions.

The VRPF makes ef�cient useof available computation
and can provide signi�cantly improved posteriorestimates
given a small numberof samples. However, it shouldnot
beexpectedto solveall problemsassociatedwith particleim-
poverishment.For example,it assumesthatdifferentregions
of the statespaceareimportantat differenttimes. We have
generallyfoundthisto bethecase,but theVRPFdoesnot im-
prove performanceif it is not. Anothersituationis whenthe
transitionandobservationmodelsof all thestatesarehighly
dissimilarandthereis nopossibilityfor stateaggregation.
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