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Abstract

This articleprovidesa comprehensive descriptionof FastSLAM,a new family of algorithmsfor the
simultaneouslocalizationand mappingproblem,which speci�cally addresshard dataassociation
problems.Thealgorithmusesa particle�lter for samplingrobotpaths,andextendedKalman�lters
for representingmapsacquiredby thevehicle.Thisarticlepresentstwo variantsof thisalgorithm,the
original algorithmalongwith a morerecentvariantthat providesimproved performancein certain
operatingregimes.In additionto amathematicalderivationof thenew algorithm,wepresentaproof
of convergenceandexperimentalresultson its performanceon real-world data.

1 Intr oduction

Thesimultaneouslocalizationandmapping(SLAM) problemhasreceived tremendousattentionin the
roboticsliterature. TheSLAM probleminvolvesa moving vehicleattemptingto recover a spatialmap
of its environment,while simultaneouslyestimatingits own pose(locationandorientation)relative to
themap.SLAM problemsarisesin thenavigationof mobilerobotsthroughunknown environmentsfor
which no accuratemapis available. Sincerobot motion is subjectto error, the mappingproblemnec-
essarilyinducesa robot localizationproblem—hencethenameSLAM. Applicationsof SLAM include
indoors[8, 68], outdoors[3], underwater[73], underground[69, 62], andplanetaryexploration[36, 71].
Thenumberof robotsthatusemapsfor navigationis long [7, 10,13,32,33].

Mappingproblemscomeat varying degreesof dif®culty. In the mostbasiccase,the vehiclehas
accessto a global positioningsystem(GPS)which provides it with accurateposeinformation. The
problemof acquiringa map with known robot poses[49, 66] is signi®cantlyeasierthan the general
SLAM problem. When GPSis unavailable, as is the caseindoors,underground,or underwater, the
vehiclewill inevitably accrueposeerrorsduringmapping.Suchposeerrorshave thedispleasingside-
effect that they inducesystematicerrorsin themap. SLAM addressesthis very problemof acquiringa
mapwithoutanexternalsourceof vehicleposeinformation.

Thedominantapproachto theSLAM problemwasintroducedin aseminalpaperby Smith,Self,and
Cheeseman[64]. It was®rst developedinto animplementedsystemby MoutarlierandChatila[50, 51].
ThisapproachusesanextendedKalman®lter (EKF) for estimatingtheposteriordistributionoverthemap
andtherobotpose.TheEKF approachrepresentsthevehicle's internalmap(andtherobotposeestimate)
by a high-dimensionalGaussian,over all featuresin the mapandthe vehiclepose. The off-diagonal
elementsin thecovariancematrixof thismultivariateGaussianrepresentthecorrelationsbetweenerrors
in the vehicleposeandthe featuresin the map. As a result,the EKF canaccommodatethe correlated
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natureof errorsin themap. TheEKF approachhasbeenthebasisof many recentdevelopmentsin the
®eld [17, 34].

Onelimitation of theEKF approachis computationalin nature.MaintainingamultivariateGaussian
requirestime quadratic in thenumberof featuresin themap. This limitation hasbeenrecognized,and
a numberof more ef®cient approacheshasbeenproposed[3, 11, 25, 35, 56, 57, 70]. The common
ideaunderlyingmostof theseapproachesis to decomposetheproblemof building onelargemapinto a
collectionof smallermaps,which canbeupdatedmoreef®ciently. Dependingon thenatureof thelocal
mapsandthemechanicsof tracingdependenciesamongthem,theresultingsavingsrangefrom a much
reducedconstantfactorto implementationsthatrequireconstantupdatetime [35, 56, 70].

A secondandmoreimportantlimitation of theEKF approachis relatedto thedataassociationprob-
lem, also known as the correspondenceproblem[4, 14]. The dataassociationproblemariseswhen
different featuresin the environmentlook alike. In suchcases,differentdataassociationhypotheses
inducemultiple,distinct looking maps.Gaussianscannotrepresentsuchmulti-modaldistributions.The
standardapproachin theSLAM literatureis to restrictthe inferenceto themostplausibleof thesemap
hypotheses,incorporatingonly themostlikely dataassociationgiven the robot's currentmap. Thede-
terminationof themostlikely dataassociationmaybeperformedon a per-measurementbasis[17], or it
mayincorporatemultiple measurementsat a time [3, 53]. Thelatterapproachis morerobust;however,
bothapproachestendto fail catastrophicallywhentheallegeddataassociationis incorrect.Alternative
approachesexist thatinterleavedataassociationdecisionswith mapbuilding in away thatenablesthem
to revise pastdataassociationdecisions,suchas the RANSAC algorithm[22], the expectationmaxi-
mizationapproach[63, 68], or approachesbasedon MCMC techniques[1]. However, suchtechniques
cannotbeexecutedin real-timeandarethereforeof lesserrelevanceto theproblemsstudiedhere.

This article describesa family of algorithmscalled FastSLAM [27, 46]. FastSLAM is a SLAM
algorithm that integratesparticle®lters [18, 37] andextendedKalman®lters. It exploits a structural
propertyof theSLAM problem®rst pointedout by Murphy [52]: featureestimatesareconditionalin-
dependentgiven therobotpath. More speci®cally, correlationsin theuncertaintyamongdifferentmap
featuresariseonly throughrobotposeuncertainty. If therobotwastold its correctpath,theerrorsin its
featureestimateswould be independentof eachother. This observation allows us to de®nea factored
representationof theposteriorover posesandmaps.FastSLAMimplementssucha factoredrepresen-
tation,usingparticle®lters for estimatingtherobotpath. Conditionedon theseparticlesthe individual
maperrorsareindependent,hencethemappingproblemcanbefactoredinto separateproblems,onefor
eachfeaturein themap.FastSLAMestimatesthesefeaturelocationsby EKFs.Thebasicalgorithmcan
be implementedin time logarithmic in thenumberof landmarks,usingef®cient treerepresentationsof
themap[45]. Hence,FastSLAMofferscomputationaladvantagesover plain EKF implementationsand
many of its descendants.

Thekey advantageof FastSLAM, however, is the fact thatdataassociationdecisionscanbemade
on a per-particlebasis,similar to multi-hypothesistrackingalgorithms[60]. As a result,the®lter main-
tainsposteriorsover multiple dataassociations,not just themostlikely one.As shown empirically, this
featuremakesFastSLAMsigni®cantlymorerobust to dataassociationproblemsthanalgorithmsbased
on maximumlikelihooddataassociation.A ®nal, advantageof FastSLAMover EKF-styleapproaches
arisesfrom thefactthatparticle®lterscancopewith non-linearrobotmotionmodels,whereasEKF-style
techniquesapproximatesuchmodelsvia linearfunctions.

Thisarticledescribestwo instantiationsof theFastSLAMalgorithm,referredhereto FastSLAM1.0
and2.0.FastSLAM1.0is theoriginalFastSLAMalgorithm[45], which is conceptuallysimpleandeasy
to implement. In certainsituations,however, theparticle®lter componentof FastSLAM1.0 generates
samplesinef®ciently. ThealgorithmFastSLAM2.0 [45] overcomesthis problemthroughan improved
proposaldistribution, but at theexpenseof an implementationthat is signi®cantlymoreinvolved(asis
themathematicalderivation).For bothalgorithms,weprovidetechniquesfor estimatingdataassociation
in SLAM [44, 55]. Thederivationof all algorithmsis carriedout usingprobabilisticnotation;however,
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the resultingexpressionswill be provided using linear algebraicequationsfamiliar from the ®ltering
literature.We offer a proof of convergencein expectationfor FastSLAM2.0 in linear-GaussianSLAM.
Further, we provide extensive experimentalresultsusingreal-world data.We show empirically that the
FastSLAM2.0 outperformsEKFs in situationsplaguedwith harddataassociationproblems,thanksto
its ability to pursuemultiple dataassociationhypothesessimultaneously. We alsoprovide experimental
resultsfor learningmapswith asmany as106 features,which is ordersof magnitudelarger than the
largestmapseverbuilt with EKFs.

2 The SLAM Problem

TheSLAM problemis de®nedastheproblemof recoveringamapanda robotpose(locationandorien-
tation)from dataacquiredby amobilerobot.Therobotgathersinformationaboutnearbylandmarks,and
it alsomeasuresits own motion. Both typesof measurementsaresubjectto noise. They arecompiled
into aprobabilisticestimateof themapalongwith therobot'smomentarypose(locationandorientation).

Figure1 illustratestheSLAM problemgraphically. Panel(a) shows theuncertaintyaccruedalong
a robot's path,alongwith the uncertaintyin the locationof all featuresseenthusfar. As this graphic
illustrates,therobot's poseuncertaintyincreasesover time,asdoesits estimateon theabsolutelocation
of individual features.A key characteristicof theSLAM problemis highlightedin Figure1b: Herethe
robotsensesa previously observedlandmarkwhosepositionis relatively well known. This observation
providestherobotwith informationaboutits momentaryposition.It alsoincreasesits knowledgeof other
featurelocationsin the map,which leadsto a reductionof mapuncertaintyasindicatedin Figure1b.
Notice thatwhile in principle, the robotcouldalsoimprove its estimateof pastposes,it is commonin
SLAM no to considerpastposessoasto keeptheamountof computationindependenton thelengthof
therobot'shistory.

To describeSLAM moreformally, let usdenotethemapby � . Themapconsistsof a collectionof
features,eachof which will bedenoted� n . Thetotal numberof stationaryfeatureswill bedenotedN .
Therobotposeis de®nedat st , wheret is a discretetime index. Posesof robotsoperatingon theplane
typically comprisetherobot's two-dimensionalCartesiancoordinates,alongwith its angularorientation.
Thesequencest = s1; s2; : : : ; st denotesthepathof therobotup to time t. Throughoutthis article,we
will usethesuperscriptst to denotesequenceof variablesfrom time1 up to time t.

To acquirea map,the robot cansense.Sensormeasurementsconvey informationaboutthe range,
distance,appearanceetc.of nearbyfeatures.This is illustratedin Figure2, in whicharobotmeasuresthe
rangeandbearingto a nearbylandmark.Without lossof generality, we assumethat therobotobserves
exactly onelandmarkat a time. Themeasurementat time t, denotedzt , maybe therangeandbearing
of a nearbyfeature.Theassumptionof observinga singlefeatureat a time is adoptedfor convenience;
multiplefeaturesightingsareeasilyprocessedsequentially. Highly restrictive,however, is anassumption
thatwe will initially adoptbut eventuallydrop in latersectionsof this paper, namelythat therobotcan
determinetheidentify of eachfeature.For eachmeasurementzt , nt speci®estheidentityof theobserved
feature.Therangeof thecorrespondencevariablen t is the®nite setf 1; : : : ; N g.

At thecoreof our SLAM algorithmis a generative modelof sensormeasurements,that is, a proba-
bilistic law thatspeci®estheprocessaccordingto which measurementsaregenerated.This modelwill
bereferredto asmeasurementmodelandis of thefollowing form:

p(zt j st ; � n t ; nt ) = g(� n t ; st ) + " t (1)

Themeasurementmodelis conditionedon therobotposest , the landmarkidentity nt , andthespeci®c
feature� n t that is beingobserved. It is governedby a (deterministic)functiong distortedby noise.The
noiseat time t is modeledby therandomvariable" t , which will beassumedto benormallydistributed
with meanzeroandcovarianceRt . The Gaussiannoiseassumptionis usually just an approximation,
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Figure 1: The SLAM problem: (a) A robot navigatesthroughunknown terrain; as it progresses,its own poseuncertainty
increases,asindicatedby theshadedellipsesalongtherobot's path,andsodoestheuncertaintyin themap(redellipses).(b)
Loop closure: Revisiting a previously seenlandmarkleadsto a reductionin the uncertaintyof the momentaryposeandall
landmarks.In onlineSLAM algorithms,this reductionis usuallyonly appliedto themomentarypose.

(a)

(b)

but one that tendsto work well acrossa rangeof sensors[64, 17]. The measurementfunction g is
generallynonlinearin its arguments.A commonexampleis thatof rangeandbearingmeasurement,as
discussedabove. Therange(distance)andbearing(angle)to a landmarksareeasilycalculatedthrough
simpletrigonometricfunctionsthatarenon-linearin thecoordinatevariablesof therobotandthesensed
feature.

A secondsourceof informationfor solvingSLAM problemsarethecontrolsof thevehicle.Controls
aredenotedut , andreferto thecollectivemotorcommandscarriedout in thetime interval [t � 1; t). The
probabilisticlaw governingtheevolution of posesis commonlyreferredto askinematicmotionmodel,

4



f

r

Figure2: Vehicleobservingtherangeandbearingto anearbylandmark.

andwill beassumedto beof thefollowing form:

p(st j ut ; st � 1) = h(ut ; st � 1) + � t (2)

As this expressionsuggests,theposeat time t is a functionh of therobot's poseonetime stepearlier,
distortedby Gaussiannoise. The latter is capturedby the randomvariable� t , whosemeanis zeroand
whosecovariancewill bedenotedby Pt . As wasin thecaseof themeasurementmodel,thefunctionh
is usuallynonlinearin its argument.

Thegoalof SLAM is therecovery of themapfrom sensormeasurementszt andcontrolsut . Most
SLAM algorithmsareinstancesof Bayes®lters [29], andassuchrecover at any instantin time a proba-
bility distributionover themap� andthemomentaryrobotposest :

p(st ; � j zt ; ut ; nt ) (3)

If this probability is calculatedrecursively from earlierprobabilitiesof the samekind, the estimation
algorithmis a ®lter. Most SLAM algorithmsareinstantiationsof theBayes®lter, which computesthis
posteriorfrom theonecalculatedonetimestepearlier(see[65] for aderivation):

p(st ; � j zt ; ut ; nt )

= � p(zt j st ; � n t ; nt )
Z

p(st j st � 1; ut ) p(st � 1; � j zt � 1; ut � 1; nt � 1) dst � 1 (4)

Here � is a normalizationconstant(which is equivalent to p(zt j zt � 1; ut ; nt ) in this equation). The
normalizer� doesnot dependon any of the variablesover which the posterioris being computed.
Throughoutthis article, we will adoptthe commonnotationof using the letter � for genericnormal-
izationconstants,regardlessof their actualvalues.

The Bayes®lter (4) is at the coreof many contemporarySLAM algorithms. In caseswhereboth
g andh arelinear, (4) is equivalentto thewell-known Kalman®lter [31, 40]. ExtendedKalman®lters
(EKFs) allow for nonlinearfunctionsg andh, but approximatethoseusinga linear function,obtained
througha ®rst degreeTaylor expansion. Taylor expansionsare usedby the seminalEKF algorithm
for SLAM [64]. Other, lessexploredoptionsfor linearizationincludetheunscented®lter [30, 72] and
momentsmatching[42].

At ®rst glance,onemight considerthat theposterior(3) capturesall relevant information,henceis
shouldthe “gold standard”for robotic SLAM. However, thereareother, moreelaboratedistributions
thatcanbeestimatedin SLAM. ThealgorithmFastSLAM,in particular, estimatesaposteriorover robot
paths,not justmomentaryposes,alongwith themap:

p(st ; � j zt ; ut ; nt ) (5)
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At ®rst glance,estimatingtheentirepathposteriormightappearto beaquestionablechoice.As thepath
lengthincreases,sodoesthespaceover which theposterior(5) is de®ned.Sucha propertyseemsto be
at oddswith the real-timeexecutionof a ®lter. However, aswe will seebelow, speci®ctypesof ®lters
calculateposteriorsover pathsjust asef®ciently asover momentaryposes.This alone,however, would
barelyserve asa motivation to preferpathposteriorsover poseposteriors.The truemotivationbehind
(5) arisesfrom thefactthatit canbedecomposedinto aproductof muchsmallerterms—atopic thatwill
bediscussedin aseparatesectionbelow.

The®lter for calculatingtheposterior(5) is asfollows:

p(st ; � j nt ; zt ; ut ) = � p(zt j st ; � n t ; nt ) p(st j st � 1; ut ) p(st � 1; � j nt � 1; zt � 1; ut � 1) (6)

This updateequationdiffers from the standardBayes®lter (4) in the absenceof an integral sign: in
particular, theposeat time t � 1, st � 1, is not integratedout. Its derivationis mostlyanalogousto thatof
theregularBayes®lter (4), asprovidedin [65]. Bayesrule enablesusto transformtheleft-handsideof
(6) into thefollowing product:

p(st ; � j nt ; zt ; ut ) = � p(zt j st ; � ; nt ; zt � 1; ut ) p(st ; � j nt ; zt � 1; ut ) (7)

Wenow exploit thefactthatthemeasurementzt dependsonly onthreevariables:therobotposest at the
time themeasurementwastakenandthe identity n t andlocation� n t of theobserved feature.Put into
equations,wehave

p(zt j st ; � ; nt ; zt � 1; ut ) = p(zt j st ; � n t ; nt ) (8)

Furthermore,theprobabilityp(st ; � j nt ; zt � 1; ut ) in (7) canbefactoredasfollows:

p(st ; � j nt ; zt � 1; ut ) = p(st j st � 1; � ; nt ; zt � 1; ut ) p(st � 1; � j nt ; zt � 1; ut ) (9)

Both termscangreatlybesimpli®ed,by droppingvariablesthatconvey no informationfor thespeci®c
probability. In particular, knowledgeof st � 1 andut aresuf®cient to predictst ; all othervariablesin
the®rst termon theright handsideof (9) carryno additionalinformationandcanthereforebeomitted.
Similarly, nt andut carryno informationabouttheposteriorover st � 1 and� . Hence,we canre-write
(9) asfollows:

p(st ; � j nt ; zt � 1; ut ) = p(st j st � 1; ut ) p(st � 1; � j nt � 1; zt � 1; ut � 1) (10)

As thereadermayeasilyverify, substitutingthis equationand(8) backinto (7) yields thedesired®lter
(6). This®lter, andtheposteriorit represents,form thecoreof all FastSLAMalgorithms.

3 Factoring the SLAM Posterior

A key mathematicalinsightpertainsto thefactthattheposterior(5) possessanimportantcharacteristic.
This characteristicwas®rst reportedin [52] andlater exploited in [2, 47] andvariousFastSLAM 2.0
papers[45, 44,55]. It alsowasusedin anearliermappingalgorithms[67] but wasnot madeexplicit at
thattime.

The insight is that the SLAM posteriorcanbe written in the factoredform give by the following
product:

p(st ; � j nt ; zt ; ut ) = p(st j nt ; zt ; ut )
NY

n=1

p(� n j st ; nt ; zt ) (11)

Thisfactorizationstatesthatthecalculationof theposterioroverpathsandmapscanbedecomposedinto
N + 1 recursive estimators,anestimatorover robotpaths,p(st j nt ; zt ; ut ), andN separateestimators
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Figure 3: The SLAM problem: The robot movesfrom poses1 througha sequenceof controls,u1 ; u2 ; : : :. As it moves,it
measuresnearbylandmarks.At time t = 1, it observes landmark� 1 out of two landmarks,f � 1 ; � 2g. The measurementis
denotedz1 (rangeandbearing).At time t = 1, it observestheotherlandmark,� 2 , andat time t = 3, it observes� 1 again. The
SLAM problemis concernedwith estimatingthelocationsof thelandmarksandtherobot's pathfrom thecontrolsu t andthe
measurementszt . Thegrayshadingillustratesaconditionalindependencerelation.

over featurelocationsp(� n j st ; nt ; zt ) conditionedon the pathestimate,onefor eachn = 1; : : : ; N .
Theproductof theseprobabilitiesrepresentthedesiredposteriorin a factoredway. This factoredrepre-
sentationis exact,not justanapproximation.It is agenericpropertyof theSLAM problem.

To illustratethecorrectnessof this factorization,Figure3 depictsthedataacquisitionprocessgraphi-
cally, in form of adynamicBayesiannetwork [24]. As thisgraphsuggests,eachmeasurementz1; : : : ; zt

is a functionsof thepositionof thecorrespondingfeature,alongwith therobotposeat thetime themea-
surementwastaken. Knowledgeof the robot path“d-separates”[58] the individual featureestimation
problemsandrendersthemindependentof eachother. Knowledgeof theexact locationof onefeature
will thereforetell usnothingaboutthelocationsof otherfeatures.

The sameobservation is easilyderived mathematically. The statedindependenceis given by the
following productform:

p(� j st ; nt ; zt ) =
NY

n=1

p(� n j st ; nt ; zt ) (12)

Notice that all probabilitiesareconditionedon the robot pathst . Our derivation of (12) requiresthe
distinctionof two possiblecases,dependingon whetheror not thefeature� n wasobservedin themost
recentmeasurement.In particular, if n t 6= n, the most recentmeasurementzt hasno effect on the
posterior, andneitherhastherobotposest or thecorrespondencent . Thus,weobtain:

p(� n j st ; nt ; zt ) = p(� n j st � 1; nt � 1; zt � 1) (13)

If nt = n, that is, if � n = � n t wasobservedby themostrecentmeasurementzt , thesituationcalls for
applyingBayesrule, followedby somestandardsimpli®cations:

p(� n t j st ; nt ; zt ) =
p(zt j � n t ; st ; nt ; zt � 1) p(� n t j st ; nt ; zt � 1)

p(zt j st ; nt ; zt � 1)

=
p(zt j st ; � n t ; nt ) p(� n t j st � 1; nt � 1; zt � 1)

p(zt j st ; nt ; zt � 1)
(14)

Thisgivesusthefollowing expressionfor theprobabilityp(� n t j st � 1; nt � 1; zt � 1):

p(� n t j st � 1; nt � 1; zt � 1) =
p(� n t j st ; nt ; zt ) p(zt j st ; nt ; zt � 1)

p(zt j st ; � n t ; nt )
(15)
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Theproof of thecorrectnessof (12) is now carriedout by mathematicalinduction. Let usassumethat
theposteriorat time t � 1 is alreadyfactored:

p(� j st � 1; nt � 1; zt � 1) =
NY

n=1

p(� n j st � 1; nt � 1; zt � 1) (16)

This statementis trivially true at t = 1, sincein the beginning the robot hasno knowledgeaboutany
feature,andhenceall estimatesareindependent.At time t, theposterioris of thefollowing form:

p(� j st ; nt ; zt ) =
p(zt j � ; st ; nt ; zt � 1) p(� j st ; nt ; zt � 1)

p(zt j st ; nt ; zt � 1)

=
p(zt j st ; � n t ; nt ) p(� j st � 1; nt � 1; zt � 1)

p(zt j st ; nt ; zt � 1)
(17)

Pluggingin our inductivehypothesis(16)givesus:

p(� j st ; nt ; zt )

=
p(zt j st ; � n t ; nt )
p(zt j st ; nt ; zt � 1)

NY

n=1

p(� n j st � 1; nt � 1; zt � 1)

=
p(zt j st ; � n t ; nt )
p(zt j st ; nt ; zt � 1)

p(� n t j st � 1; nt � 1; zt � 1)
| {z }

E q: (15)

Y

n6= n t

p(� n j st � 1; nt � 1; zt � 1)
| {z }

E q: (13)

= p(� n t j st ; nt ; zt )
Y

n6= n t

p(� n j st ; nt ; zt )

=
NY

n=1

p(� n j st ; nt ; zt ) (18)

Notice that we have substitutedour Equations(13) and(15) as indicated. This shows the correctness
of Equation(12). The correctnessof the main form (11) follows now directly from this resultandthe
following generictransformation:

p(st ; � j nt ; zt ; ut ) = p(st j nt ; zt ; ut ) p(� j st ; nt ; zt ; ut )

= p(st j nt ; zt ; ut ) p(� j st ; nt ; zt )

= p(st j nt ; zt ; ut )
NY

n=1

p(� n j st ; nt ; zt ) (19)

Wenotethatconditioningontheentirepathst is indeedessentialfor this result.Themostrecentposest

would be insuf®cient asconditioningvariable,asdependenciesmayarisethroughpreviousposesThis
observationprovidesthemotivationfor our choiceof posteriorover pathsandmaps(5), in placeof the
muchmorecommonform statedin Equation(3).

4 FastSLAM with Known Data Association

Historically, FastSLAM 1.0 was the earliestversionof the FastSLAM family of algorithms,and it is
alsotheeasiestto implement[45]. We will thereforebegin our descriptionof FastSLAMwith version
1.0,althoughmostof theobservationsin this sectionsapplyequallyto FastSLAM2.0. BothFastSLAM
algorithmsexploit the factoredposteriorderived in the previous section. The factorial natureof the
posteriorprovidesuswith signi®cantcomputationaladvantagesover SLAM algorithmsthatestimatean
unstructuredposteriordistribution. FastSLAMexploits thefactoredrepresentationby maintainingN + 1
®lters,onefor eachfactorin (11). By doingso,all N + 1 ®ltersarelow dimensional.
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Figure4: Particlesin FastSLAM.

Morespeci®cally, bothFastSLAMversionscalculatestheposterioroverrobotpathsp(st j nt ; zt ; ut )
by aparticle®lter [18, 37], similar to previouswork in mobilerobotlocalization[23], mapping[65], and
visualtracking[28]. Theparticle®lter hasthepleasingpropertythattheamountof computationneeded
for eachincrementalupdatestaysconstant,regardlessof the path length t. Additionally, it cancope
gracefullywith non-linearrobotmotionmodels.TheremainingN (conditional)posteriorsover feature
locationsp(� n j st ; nt ; zt ; ut ) arecalculatedby extendedKalman®lters (EKFs). EachEKF estimatesa
singlelandmarkpose,henceit is low-dimensional.TheindividualEKFsareconditionedon robotpaths.
Hence,eachparticlepossessesits own setof EKFs. In total thereareN M EKFs,onefor eachfeaturein
themapandonefor eachlandmark.1

Figure4 illustratesthestructureof theM particlesin FastSLAM.Putinto equations,eachparticleis
of theform

S[m]
t =

D
st; [m]; � [m]

1;t ; � [m]
1;t ; : : : ; � [m]

N ;t ; � [m]
N ;t

E
(20)

The bracketednotation[m] indicatesthe index of the particle;st; [m] is its pathestimate,and� [m]
n;t and

� [m]
n;t arethemeanandvarianceof theGaussianrepresentingthen-th featurelocation.Together, all these

quantitiesform them-th particleS[m]
t , of which therearea total of M in theFastSLAMposterior.

Filtering, that is, calculatingtheposteriorat time t from theoneat time t � 1 involvesgeneratinga
new particlesetSt from St � 1, theparticlesetonetime stepearlier. This new particlesetincorporatesa
new controlut anda measurementzt (with associatedcorrespondencen t ). This updateis performedin
thefollowing steps:

1. Extending the path posterior by sampling new poses. FastSLAM 1.0 usesthe control ut to
samplenew robotposest for eachparticlein St � 1. More speci®cally, considerthem-theparticle
in St � 1, denotedby S[m]

t . FastSLAM1.0samplestheposest in accordancewith them-th particle,
by drawing asampleaccordingto themotionposterior

s[m]
t � p(st j s[m]

t � 1; ut ) (21)

Heres[m]
t � 1 is theposteriorestimatefor therobotlocationat timet � 1, residingin them-th particle.

The resultingsamples[m]
t is thenaddedto a temporarysetof particles,alongwith the pathof

previous poses,st � 1;[m]. This operationrequiresconstanttime per particle, independentof the
mapsizeN . Thesamplingstepis graphicallydepictedin Figure5, which illustratesa setof pose
particlesdrawn from asingleinitial pose.

1Readersfamiliar with the statisticalliteraturemay want to notethat both FastSLAM versionsareinstancesof so-called
Rao-Blackwellizedparticle ®lters [19, 52], by virtue of the fact that it combinesparticle representationswith closed-form
representationsof certainmarginals.
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Figure5: Samplesdrawn from theprobabilisticmotionmodel.

2. Updating the observed landmark estimate. Next, FastSLAM 1.0 updatesthe posteriorover
the landmarkestimates,representedby themean� [m]

n;t � 1 andthecovariance� [m]
n;t � 1. Theupdated

valuesarethenaddedto thetemporaryparticleset,alongwith thenew pose.

The updatedependson whetheror not a landmarkn wasobserved at time t. For n 6= n t , we
alreadyestablishedin Equation(13) thattheposteriorover thelandmarkremainsunchanged.This
impliesthesimpleupdate:

D
� [m]

n;t ; � [m]
n;t

E
=

D
� [m]

n;t � 1; � [m]
n;t � 1

E
(22)

For theobservedfeaturen = nt , theupdateis speci®edthroughEquation(14), restatedherewith
thenormalizerdenotedby � :

p(� n t j st ; nt ; zt ) = � p(zt j st ; � n t ; nt ) p(� n t j st � 1; nt � 1; zt � 1) (23)

The probability p(� n t j st � 1; nt � 1; zt � 1) at time t � 1 is representedby a Gaussianwith mean
� [m]

n;t � 1 andcovariance� [m]
n;t � 1. For the new estimateat time t to alsobe Gaussian,FastSLAM

linearizesthe perceptualmodelp(zt j st ; � n t ; nt ) in the sameway asEKFs [40]. In particular,
FastSLAMapproximatesthemeasurementfunctiong by thefollowing ®rst-degreeTaylor expan-
sion:

g(� n t ; s[m]
t ) � g(� [m]

n t ;t � 1; s[m]
t )

| {z }
=: ẑ[m ]

t

+ g0(s[m]
t ; � [m]

n t ;t � 1)
| {z }

=: G[m ]
t

(� n t � � [m]
n t ;t � 1)

= ẑ[m]
t + G[m]

t (� n t � � [m]
n t ;t � 1) (24)

Herethederivativeg0is takenwith respectto thefeaturecoordinates� n t . Thislinearapproximation
is tangentto g at s[m]

t and � [m]
n t ;t � 1. Under this approximation,the posteriorfor the locationof

featurent is indeedGaussian.Thenew meanandcovarianceareobtainedusingthestandardEKF
measurementupdate[40]:

K [m]
t = � [m]

n t ;t � 1G[m]
t (G[m]T

t � [m]
n t ;t � 1G[m]

t + Rt ) � 1

� [m]
n t ;t = � [m]

n t ;t � 1 + K [m]
t (zt � ẑ[m]

t )T

� [m]
n t ;t = (I � K [m]

t G[m]T
t )� [m]

n t ;t � 1 (25)
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Samples from
proposal distribution

Weighted samples

Proposal

Target

Figure 6: Samplescannotbe drawn conveniently from the target target distribution (shown as a solid line). Instead,the
importancesamplerdraws samplesfrom the proposaldistribution (dashedline), which hasa simpler form. Below, samples
drawn from theproposaldistributionaredrawn with lengthsproportionalto their importanceweights..

Steps1 and2 arerepeatedM times,resultingin a temporarysetof M particles.

3. Resampling. In a ®nal step,FastSLAMresamplesthis setof particles,that is, FastSLAMdraws
from this temporarysetM particles(with replacement),which then form the new particleset,
St . The necessityto resamplearisesfrom the fact that the particlesin the temporarysetarenot
distributedaccordingto thedesiredposterior:Step1 generatesposesst only in accordancewith
themostrecentcontrolut , payingno attentionto themeasurementzt . Resamplingis a common
techniquein particle®ltering to correctfor suchmismatches.

This situationis illustrated—fora simpli®ed 1-D example—inFigure 6. Here the dashedline
symbolizestheproposaldistribution, whichis thedistributionatwhichparticlesaregenerated,and
thesolidline is thetargetdistribution[41]. In FastSLAM,theproposaldistributiondoesnotdepend
onzt , but thetargetdistributiondoes.By weighingparticlesasshown in thebottomof this®gure,
andresamplingaccordingto thoseweights,theresultingparticlesetindeedapproximatesthetarget
distribution. The weight of eachsampleusedin the resamplingstepis called the importance
factor [61].

To determineimportancefactorof eachparticle,it will proveusefulto calculatetheactualproposal
distribution of the pathparticlesin the temporaryset. Underthe assumptionthat the setof path
particlesin St � 1 is distributedaccordingto p(st � 1 j zt � 1; ut � 1; nt � 1) (which is anasymptotically
correctapproximation),pathparticlesin thetemporarysetaredistributedaccordingto:

p(st; [m] j zt � 1; ut ; nt � 1) = p(s[m]
t j s[m]

t � 1; ut ) p(st � 1;[m] j zt � 1; ut � 1; nt � 1) (26)

Thefactorp(s[m]
t j s[m]

t � 1; ut ) is thesamplingdistributionusedin Equation(21).

The target distribution takesinto accountthemeasurementat time zt , alongwith thecorrespon-
dencent :

p(st; [m] j zt ; ut ; nt ) (27)

Theresamplingprocessaccountsfor thedifferenceof thetargetandtheproposaldistribution. The
importancefactorfor resamplingis givenby thequotientof the targetandtheproposaldistribu-
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tion [41]:

w[m]
t =

targetdistribution
proposaldistribution

=
p(st; [m] j zt ; ut ; nt )

p(st; [m] j zt � 1; ut ; nt � 1)
(28)

= � p(zt j st; [m]; zt � 1; nt )

Thelasttransformationis a directconsequenceof thefollowing transformationof theenumerator
in (28):

p(st; [m] j zt ; ut ; nt ) = � p(zt j st; [m]; zt � 1; ut ; nt ) p(st; [m] j zt � 1; ut ; nt )

= � p(zt j st; [m]; zt � 1; nt ) p(st; [m] j zt � 1; ut ; nt � 1) (29)

To calculatethe probability p(zt j st; [m]; zt � 1; nt ) in (28), it will be necessaryto transformit
further. In particular, it is equivalent to the following integration, wherewe onceagain omit
variablesirrelevantto thepredictionof sensormeasurements:

w[m]
t = �

Z
p(zt j � n t ; st; [m]; zt � 1; nt ) p(� n t j st; [m]; zt � 1; nt ) d� n t

= �
Z

p(zt j � n t ; nt ; s[m]
t ) p(� n t j st � 1;[m]; zt � 1; nt � 1)

| {z }
� N (� [m ]

n t ;t � 1 ;� [m ]
n t ;t � 1 )

d� n t (30)

HereN (x; �; �) denotesa Gaussiandistribution over thevariablex with mean� andcovariance
� . Theintegrationin (30)involvestheestimateof theobservedlandmarklocationattimet, andthe
measurementmodel. To calculate(30) in closedform, FastSLAMemploys thevery samelinear
approximationusedin the measurementupdatein Step2. In particular, the importancefactoris
givenby

w[m]
t � � j2� Q[m]

t j �
1
2 exp

n
� 1

2(zt � ẑ[m]
t )T Q[m]� 1

t (zt � ẑ[m]
t )

o
(31)

with thecovariance

Q[m]
t = G[m]T

t � [m]
n;t � 1G[m]

t + Rt (32)

Thisexpressionis theprobabilityof theactualmeasurementzt undertheGaussianthatresultsfrom
theconvolutionof thedistributionsin (30),exploiting our linearapproximationof g. Theresulting
importanceweightsare usedto draw (with replacement)M new samplesfrom the temporary
sampleset.Throughthis resamplingprocess,particlessurvive in proportionof theirmeasurement
probability. Unfortunately, resamplingmay take time linear in the numberof featuresN , since
entiremapsmayhave to beduplicatedwhenaparticleis drawn morethanonce.

Thesethreestepstogetherconstitutetheupdateruleof theFastSLAM1.0algorithmfor SLAM problems
with known dataassociation.We notethattheexecutiontime of theupdatedoesnot dependon thetotal
pathlengtht. In fact,only themostrecentposes[m]

t � 1 is usedin theprocessof generatinganew particleat
time t. Consequently, pastposescansafelybediscarded.Thishasthepleasingconsequencethatneither
thetime requirements,not thememoryrequirementsof FastSLAMdependon t.

12



(a) (b)

Figure 7: Mismatchbetweenproposalandposteriordistributions:(a) illustratestheforwardsamplesgeneratedby FastSLAM
1.0,andtheposteriorinducedby themeasurement(ellipse).Diagram(b) shows thesamplesetaftertheresamplingstep.

5 FastSLAM 2.0: Impr ovedProposalDistrib ution

FastSLAM2.0 [46] is largely equivalentto FastSLAM1.0,with oneimportantexception: Its proposal
distribution takesthemeasurementzt into consideration.By doingto it canavoid someimportantprob-
lemsthatcanarisein FastSLAM1.0. In particular, FastSLAM1.0samplesposesbasesonthecontrolu t

only, andthenusesthemeasurementzt to resamplethoseposes.This is problematicwhentheaccuracy
of controlis low relative to theaccuracy of therobot'ssensors.Suchasituationis illustratedin Figure7:
Herethe proposalgeneratesa large spectrumof samplesshown in Figure7a, but only a small subset
of thesesampleshave high likelihood,as indicatedby the ellipsoid. After resampling,only particles
within theellipsoid“survive” with reasonablyhigh likelihood.Clearly, it wouldbeadvantageousto take
themeasurementinto considerationwhengeneratingparticles—whichFastSLAM1.0 fails to do. Fast-
SLAM 2.0 achievesthis by samplingposesbasedon themeasurementzt , in additionto thecontrolut .
Thus,asa result,FastSLAM2.0 is lesswastefulwith its particlethanFastSLAM1.0. We will quantify
theeffect of this changein detainin theexperimentalresultssectionof this paper. UnfortunatelyFast-
SLAM 2.0 is moredif®cult to implementthanFastSLAM1.0,andits mathematicalderivation is more
involved. In theremainderof this sectionwe will discusstheindividual updatestepsin FastSLAM2.0,
whichparallelthecorrespondingstepsin FastSLAM1.0asdescribedin theprevioussection.

5.1 Extending The Path Posterior By SamplingA NewPose

In FastSLAM2.0,theposes[m]
t is drawn from theposterior

s[m]
t � p(st j st � 1;[m]; ut ; zt ; nt ) (33)

which differs from theproposaldistribution providedin (21) in that (33) takesthemeasurementzt into
consideration,alongwith the correspondencen t . The readermay recall that st � 1;[m] is the pathup to
time t � 1 of them-th particle.

Themechanismfor samplingfrom (33)requiresfurtheranalysis.First,werewrite (33)in termsof the
`known' distributions,suchasthemeasurementandmotionmodels,andtheGaussianfeatureestimates
in them-th particle.

p(st j st � 1;[m]; ut ; zt ; nt )

Bayes
=

p(zt j st ; st � 1;[m]; ut ; zt � 1; nt ) p(st j st � 1;[m]; ut ; zt � 1; nt )
p(zt j st � 1;[m]; ut ; zt � 1; nt )

= � [m] p(zt j st ; st � 1;[m]; ut ; zt � 1; nt ) p(st j st � 1;[m]; ut ; zt � 1; nt )
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Mark ov= � [m] p(zt j st ; st � 1;[m]; ut ; zt � 1; nt ) p(st j s[m]
t � 1; ut )

= � [m]
Z

p(zt j � n t ; st ; st � 1;[m]; ut ; zt � 1; nt ) p(� n t j st ; st � 1;[m]; ut ; zt � 1; nt ) d� n t

p(st j s[m]
t � 1; ut )

Mark ov= � [m]
Z

p(zt j � n t ; st ; nt )| {z }
� N (zt ;g(� n t ;st );R t )

p(� n t j st � 1;[m]; zt � 1; nt � 1)
| {z }

� N (� n t ;� [m ]
n t ;t � 1 ;� [m ]

n t ;t � 1 )

d� n t p(st j s[m]
t � 1; ut )

| {z }
� N (st ;h(s[m ]

t � 1 ;u t );Pt )

(34)

This expressionmakesapparentthatour samplingdistribution is truly theconvolution of two Gaussians
multiplied by a third. Unfortunately, in the generalcasethe samplingdistribution possessesno closed
form from which we couldeasilysample.Theculprit is thefunctiong: If it werelinear, this probability
would be Gaussian,a fact that shall becomemore obvious below. In the generalcase,not even the
integral in (34) possessa closedform solution. For this reason,samplingfrom the probability (34) is
dif®cult.

Thisobservationmotivatesthereplacementof g by alinearapproximation.As in FastSLAM1.0,this
approximationis obtainedthrougha®rst orderTaylorexpansion,givenby thefollowing linearfunction:

g(� n t ; st ) � ẑ[m]
t + G� (� n t � � [m]

n t ;t � 1) + Gs(st � ŝ[m]
t ) (35)

Hereweusethefollowing abbreviations:

ẑ[m]
t = g(� [m]

n t ;t � 1; ŝ[m]
t ) (36)

ŝ[m]
t = h(s[m]

t � 1; ut ) (37)

ThematricesG� andGs aretheJacobiansof g, that is, they arethederivativesof g with respectto � n t

andst , respectively, evaluatedat theexpectedvaluesof their arguments:

G� = r � n t
g(� n t ; st )

�
�
�
st = ŝ[m ]

t ;� n t = � [m ]
n t ;t � 1

(38)

Gs = r st g(� n t ; st )jst = ŝ[m ]
t ;� n t = � [m ]

n t ;t � 1
(39)

Underthis approximation,the desiredsamplingdistribution (34) is a Gaussianwith the following pa-
rameters:

� [m]
st

=
h
GT

s Q[m]� 1
t Gs + P � 1

t

i � 1
(40)

� [m]
st

= � [m]
st

GT
s Q[m]� 1

t (zt � ẑ[m]
t ) + ŝ[m]

t (41)

wherethematrixQ[m]
t is de®nedasfollows:

Q[m]
t = Rt + G� � [m]

n t ;t � 1GT
� (42)

To see,we notethatunderout linearapproximationtheconvolution theoremprovidesuswith a closed
form for theintegral termin (34):

N (zt ; ẑ[m]
t + Gsst � Gsŝ[m]

t ; Q[m]
t ) (43)

Thesamplingdistribution (34) is now givenby theproductof this normaldistribution andtherightmost
termin (34), thenormalN (st ; ŝ[m]

t ; Pt ). Written in Gaussianform, wehave

p(st j st � 1;[m]; ut ; zt ; nt ) = � exp
n

� y[m]
t

o
(44)
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with

y[m]
t = 1

2

h
(zt � ẑ[m]

t � Gsst + Gsŝ[m]
t )T Q[m]� 1

t (zt � ẑ[m]
t � Gsst + Gsŝ[m]

t )

+( st � ŝ[m]
t )T P � 1

t (st � ŝ[m]
t )

i
(45)

Thisexpressionis obviouslyquadraticin our targetvariablest , hencep(st j st � 1;[m]; ut ; zt ; nt ) is Gaus-
sian.Themeanandcovarianceof thisGaussianareequivalentto theminimumof y [m]

t andits curvature.
Thoseareidenti®edby calculatingthe®rst andsecondderivativesof y[m]

t with respectto st :

@y[m]
t

@st
= � GT

s Q[m]� 1
t (zt � ẑ[m]

t � Gsst + Gsŝ[m]
t ) + P � 1

t (st � ŝ[m]
t )

= (GT
s Q[m]� 1

t Gs + P � 1
t )st � GT

s Q[m]� 1
t (zt � ẑ[m]

t + Gsŝ[m]
t ) � P � 1

t ŝ[m]
t (46)

@2y[m]
t

@s2
t

= GT
s Q[m]� 1

t Gs + P � 1
t (47)

Thecovariance� [m]
st of thesamplingdistribution is now obtainedby theinverseof thesecondderivative

� [m]
st

=
h
GT

s Q[m]� 1
t Gs + P � 1

t

i � 1
(48)

The mean� [m]
st of the sampledistribution is obtainedby settingthe ®rst derivative (46) to zero,which

givesus:

� [m]
st

= � [m]
st

h
GT

s Q[m]� 1
t (zt � ẑ[m]

t + Gsŝ[m]
t ) + P � 1

t ŝ[m]
t

i

= � [m]
st

GT
s Q[m]� 1

t (zt � ẑ[m]
t ) + � [m]

st

h
GT

s Q[m]� 1
t Gs + P � 1

t

i
ŝ[m]

t

= � [m]
st

GT
s Q[m]� 1

t (zt � ẑ[m]
t ) + ŝ[m]

t (49)

This Gaussianis the approximationof the desiredsamplingdistribution (33) in FastSLAM2.0. Obvi-
ously, this proposaldistribution is quitea bit moreinvolved thanthemuchsimpleronefor FastSLAM
1.0 in Equation(21). Its advantagewill becharacterizedbelow, whenwe will empiricallycompareboth
FastSLAMalgorithms.

5.2 Updating The ObservedLandmark Estimate

Justlike FastSLAM1.0,FastSLAM2.0updatestheposteriorover thelandmarkestimatesbasedon the
measurementzt andthesampledposes[m]

t . Theestimatesat timet � 1 areonceagainrepresentedby the
mean� [m]

n;t � 1 andthecovariance� [m]
n;t � 1, andtheupdatedestimatesarethemean� [m]

n;t andthecovariance

� [m]
n;t . The natureof the updatedependson whetheror not a landmarkn wasobserved at time t. For

n 6= nt , wealreadyestablishedin Equation(13)thattheposteriorover thelandmarkremainsunchanged.
This impliesthatinsteadof updatingtheestimated,wemerelyhave to copy it.

For theobservedfeaturen = nt , thesituationis moreintricate.Equation(14) alreadyspeci®edthe
posterioroverobservedfeatures,herewrittenwith theparticleindex m:

p(� n t j st; [m]; nt ; zt ) = � p(zt j � n t ; s[m]
t ; nt )| {z }

� N (zt ;g(� n t ;s[m ]
t );R t )

p(� n t j st � 1;[m]; zt � 1; nt � 1)
| {z }

� N (� n t ;� [m ]
n t ;t � 1 ;� [m ]

n t ;t � 1 )

(50)

As in (34), the nonlinearityof g causesthis posteriorto be non-Gaussian,which is at oddswith Fast-
SLAM 2.0'sGaussianrepresentationfor featureestimates.Luckily, theexactsamelinearizationasabove
providesthesolution:

g(� n t ; st ) � ẑ[m]
t + G� (� n t � � [m]

n t ;t � 1) (51)
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(Noticethatst is nota freevariablehere,hencewecanomit thethird termin (35).) This approximation
renderstheprobability(50)Gaussianin thetargetvariable� n t :

p(� n t j st; [m]; nt ; zt )

= � exp
n

� 1
2(zt � ẑ[m]

t � G� (� n t � � [m]
n t ;t � 1))T R� 1

t (zt � ẑ[m]
t � G� (� n t � � [m]

n t ;t � 1))

� 1
2(� n t � � [m]

n t ;t � 1)T � [m]� 1
n t ;t � 1(� n t � � [m]

n t ;t � 1)
o

(52)

Thenew meanandcovarianceareobtainedusingthestandardEKF measurementupdateequations[29,
40], whosederivationcanbefoundin in AppendixA.

K [m]
t = � [m]

n t ;t � 1GT
� Q[m]� 1

t (53)

� [m]
n t ;t = � [m]

n t ;t � 1 + K [m]
t (zt � ẑ[m]

t ) (54)

� [m]
n t ;t = (I � K [m]

t G� )� [m]
n t ;t � 1 (55)

5.3 Calculating Importance Factors

Theparticlesgeneratedthusfar do not yet matchthedesiredposterior. In FastSLAM2.0, theculprit is
thenormalizer� [m] in (34), which maybedifferentfor differentparticlesm. Thesedifferencesarenot
yetaccountedfor in theresamplingprocess.As in FastSLAM1.0,theimportancefactoris givenby the
following quotient.

w[m]
t =

targetdistribution
proposaldistribution

(56)

Onceagain, the targetdistribution thatwe would like our particlesto assumeis givenby thepathpos-
terior, p(st; [m] j zt ; ut ; nt ). Underthe (asymptoticallycorrect)assumptionsthatpathsin st � 1;[m] were
generatedaccordingto the target distribution onetime stepearlier, p(st � 1;[m] j zt � 1; ut � 1; nt � 1), we
notethattheproposaldistribution is now givenby theproduct

p(st � 1;[m] j zt � 1; ut � 1; nt � 1) p(s[m]
t j st � 1;[m]; ut ; zt ; nt ) (57)

Thesecondtermin thisproductis theposesamplingdistribution(34). Theimportanceweightis obtained
asfollows:

w[m]
t =

p(st; [m] j ut ; zt ; nt )

p(s[m]
t j st � 1;[m]; ut ; zt ; nt ) p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

=
p(s[m]

t j st � 1;[m]; ut ; zt ; nt ) p(st � 1;[m] j ut ; zt ; nt )

p(s[m]
t j st � 1;[m]; ut ; zt ; nt ) p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

=
p(st � 1;[m] j ut ; zt ; nt )

p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

Bayes
= �

p(zt j st � 1;[m]; ut ; zt � 1; nt ) p(st � 1;[m] j ut ; zt � 1; nt )
p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

Mark ov= �
p(zt j st � 1;[m]; ut ; zt � 1; nt ) p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

p(st � 1;[m] j ut � 1; zt � 1; nt � 1)

= � p(zt j st � 1;[m]; ut ; zt � 1; nt ) (58)

Thereadermaynoticethatthisexpressionis in essencetheinverseof ournormalizationconstant� [m] in
(34). Furthertransformationsgiveusthefollowing form:

w[m]
t
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Pose uncertainty

Figure8: Thedataassociationproblemin SLAM.

= �
Z

p(zt j st ; st � 1;[m]; ut ; zt � 1; nt ) p(st j st � 1;[m]; ut ; zt � 1; nt ) dst

Mark ov= �
Z

p(zt j st ; st � 1;[m]; ut ; zt � 1; nt ) p(st j s[m]
t � 1; ut ) dst

= �
Z Z

p(zt j � n t ; st ; st � 1;[m]; ut ; zt � 1; nt ) p(� n t j st ; st � 1;[m]; ut ; zt � 1; nt ) d� n t

p(st j s[m]
t � 1; ut ) dst

Mark ov= �
Z Z

p(zt j � n t ; st ; nt )| {z }
� N (zt ;g(� n t ;st );R t )

p(� n t j st � 1;[m]; ut � 1; zt � 1; nt � 1)
| {z }

� N (� n t ;� [m ]
n t ;t � 1 ;� [m ]

n t ;t � 1 )

d� n t p(st j s[m]
t � 1; ut )

| {z }
� N (st ;ŝ[m ]

t � 1 ;Pt )

dst

(59)

We®nd thatthisexpressioncanagainbeapproximatedby aGaussianovermeasurementszt by lineariz-
ing g. As it is easilyshown, themeanof theresultingGaussianis ẑt , andits covarianceis

L [t ]
t = GsPt GT

s + G� � [m]
n t ;t � 1GT

� + Rt (60)

Put differently, the (non-normalized)importancefactorof the m-the particleis given by the following
expression:

w[m]
t = j2� L [t ]

t j �
1
2 exp

n
� 1

2(zt � ẑt )T L [t ]� 1
t (zt � ẑt )

o
(61)

As in FastSLAM1.0,particlesgeneratedin Steps1 and2, alongwith their importancefactorcalculated
in Step3, are collectedin a temporaryparticle set. The ®nal stepof the FastSLAM 2.0 updateis a
resamplingstep.Justlike in FastSLAM1.0,FastSLAM2.0draws (with replacement)M particlesfrom
thetemporaryparticleset.Eachparticleis drawn with aprobabilityproportionalto its importancefactor
w[m]

t . Theresultingparticlesetrepresent(asymptotically)thedesiredfactoredposteriorat time t.

6 Unknown Data Association

6.1 Data Associationin SLAM

The biggestlimitation of both FastSLAM algorithms,asdescribedso far, hasbeenthe assumptionof
known dataassociation.Real-world featuresareusuallyambiguous.ThissectionextendstheFastSLAM
algorithmsto caseswherethecorrespondencevariablesn t areunknown.
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Formally, thedataassociationproblemat time t is theproblemof determiningthevariablen t based
on the available data. This problemis illustratedin Figure 8: Here a robot observes to landmarks.
Dependingon its actualposerelative to theselandmarks,thesemeasurementscorrespondto different
landmarksin the map(depictedasstarsin Figure8). The `classical'solution to the dataassociation
problem[4, 14,17] is to chosen t sothatit maximizesthelikelihoodof thesensormeasurementzt :

n̂t = argmax
n t

p(zt j nt ; n̂t � 1; st ; zt � 1; ut ) (62)

Suchanestimatoris calledmaximumlikelihoodestimator(ML). Thetermp(zt j nt ; n̂t � 1; st ; zt � 1; ut )
is usuallyreferredto aslikelihood. ML dataassociationis oftenreferredto asnearestneighbormethod,
interpretingthenegative log likelihoodasdistancefunction. For Gaussians,thenegative log likelihood
is aMahalanobisdistance,andML selectsdataassociationsby minimizing thisMahalanobisdistance.

An alternative to theML methodis dataassociationsampling(DAS):

n̂t � � p(zt j nt ; n̂t � 1; st ; zt � 1; ut ) (63)

DAS samplesthe dataassociationvariableaccordingto the likelihood function, insteadof determin-
istically selectingits most likely value. Both techniques,ML andDAS, make it possibleto estimate
the numberof featuresin the map. SLAM techniquesusingML createnew featuresin the mapif the
likelihoodfalls below a thresholdp0 for all known featuresin the map. DAS associatesan observed
measurementwith a new, previously unobserved featurestochastically. They do so with probability
proportionalto � p0, where� is anormalizerde®nedin (63).

In EKF-styleapproachesto the SLAM problem,ML is usuallygiven preferenceover DAS, since
thenumberof dataassociationerrorsin ML is smaller. Becauseonly a singledataassociationdecision
is madefor eachmeasurementin mostEKF-basedimplementations,theseapproachestendto bebrittle
with regardsto dataassociationerrors. A singledataassociationerror caninducesigni®canterrorsin
themapwhich in turn causenew dataassociationerrors,oftenwith fatalconsequences.Therefore,the
correspondingSLAM algorithmstendto work well only whenambiguousfeaturesin the environment
arespacedsuf®ciently far apartfrom eachother to make confusionsunlikely. For this reason,many
implementationsof SLAM extractsparsefeaturesfrom otherwiserich sensormeasurements.

6.2 Data Associationin FastSLAM

The key advantageof the FastSLAM over EKF-styleapproachesis its ability to pursuemultiple data
associationhypothesesat the sametime. This is due to the fact that the posterioris representedby
multiple particles. In particular, FastSLAM estimatesthe correspondenceson a per-particlebasis,not
on a per-®lter basisas is the casefor the EKF. This enablesFastSLAM to useML or even DAS for
generatingparticle-speci®cdataassociationdecisions.As longasasmallsubsetof theparticlesis based
on the correctdataassociation,dataassociationerrorsarenot asfatal as in EKF approaches.This is
becauseparticlessubjectto sucherrorstendto possessinconsistentmaps,whichincreasestheprobability
thatthey aresimplysampledaway in futureresamplingsteps.

The mathematicalde®nition of the per-particle dataassociationis straightforward. Eachparticle
maintainsa local setof dataassociationvariables,denoted̂n [m]

t . In ML dataassociation,eachn̂ [m]
t is

determinedby maximizingthelikelihoodof themeasurementzt :

n̂[m]
t = argmax

n t

p(zt j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut ) (64)

DAS dataassociationsamplesfrom thelikelihood:

n̂[m]
t � � p(zt j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut ) (65)
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For bothtechniquescases,thelikelihoodis calculatedasfollows:

p(zt j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut )

=
Z

p(zt j � n t ; nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut ) p(� n t j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut ) d� n t

=
Z

p(zt j � n t ; nt ; s[m]
t )

| {z }
� N (zt ;g(� n t ;s[m ]

t );R t )

p(� n t j n̂t � 1;[m]; st � 1;[m]; zt � 1)
| {z }

� N (� [m ]
n t ;t � 1 ;� [m ]

n t ;t � 1 )

d� n t (66)

Linearizationof g enablesusto obtainthis in closedform:

p(zt j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut )

= j2� Q[m]
t j �

1
2 exp

n
� 1

2(zt � g(� [m]
n t ;t � 1; s[m]

t ))T Q[m]� 1
t (zt � g(� [m]

n t ;t � 1; s[m]
t ))

o
(67)

ThevariableQ[m]
t wasde®nedin Equation(42), asa functionof thedataassociationvariablent . New

featuresareaddedto the mapin exactly the sameway asoutlinedabove. In the ML approach,a new
featureis addedwhentheprobabilityp(zt j nt ; n̂t � 1;[m]; st; [m]; zt � 1; ut ) fallsbeyondathresholdp0. The
DAS includesthe hypothesisthat an observation correspondsto a previously unobserved featurein its
setof hypotheses,andsamplesit with probability � p0. To accommodatetheparticle-speci®cmapsize,
eachparticlecarriesits own featurecount.Thiscountwill bedenotedN [m]

t .

6.3 Feature Initialization

As in EKF-implementationsof SLAM, initializing thenewly addedKalman®lter canbetricky, especially
whenindividual measurementsareinsuf®cient to constrainthefeature's locationin all dimensions[15].
In many SLAM problemsthe measurementfunction g is invertible. This the case,for example,for
robotsmeasuringrangeandbearingto landmarksin theplane,in which a singlemeasurementsuf®ces
to producea (non-degenerate)estimateon the featurelocation. The initialization of the EKF is then
straightforward:

s[m]
t � p(st j s[m]

t � 1; ut ) (68)

� [m]
n;t = g� 1(zt ; s[m]

t ) (69)

� [m]
n;t = (G[m]

n̂ R� 1
t G[m]T

n̂ ) � 1 (70)

w[m]
t = p0 (71)

Noticethat for newly observedfeatures,theposes[m]
t is sampledaccordingto themotionmodelp(st j

s[m]
t � 1; ut ). Thisdistribution is equivalentto theFastSLAMsamplingdistribution (33) in situationswhere

nopreviouslocationestimatefor theobservedfeatureis available.
Initialization techniquesfor situationsin which g is not invertiblearediscussedin [15]. In general,

suchsituationsrequirethe accumulationof multiple measurements,to obtaina goodestimatefor the
linearizationof g.

6.4 FeatureElimination and Negative Inf ormation

To accommodatefeaturesintroducederroneouslyinto the map,FastSLAM featuresa mechanismfor
eliminatingfeaturesthatarenotsupportedby suf®cientevidence.In particular, ourapproachkeepstrack
of the probabilitieson the actualexistenceof individual featuresin the map, a techniquecommonly
usedin EKF-stylealgorithms[17]. Let i [m]

n 2 f 0; 1g be a binary variablethat indicatesthe existence
of the feature� [m]

n . Our approachexploits the fact that eachsensormeasurementzt carriesevidence
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with regardsto the physical existenceof nearbyfeatures� [m]
n : Observingthe featureprovidespositive

evidencefor its existence,whereasnot observingit when� [m]
n falls within therobot's perceptualrange

providesnegativeevidence.Theresultingposteriorprobability

p(i [m]
n j n̂t; [m]; st; [m]; zt � 1) (72)

is estimatedby abinaryBayes®lter, familiarfrom theliteratureonoccupancy grid maps[49]. FastSLAM
representstheposteriorin its log-oddsform:

� [m]
n = ln

p(i [m]
n j n̂t; [m]; st; [m]; zt � 1)

1 � p(i [m]
n j n̂t; [m]; st; [m]; zt � 1)

=
X

t

ln
p(i [m]

n j s[m]
t ; zt ; n̂[m]

t )

1 � p(i [m]
n j s[m]

t ; zt ; n̂[m]
t )

(73)

Theadvantageof this rule lies in thefactthatupdatesareadditive (see[66] for aderivation). In themost
simpleimplementation,observingof a featureleadsto theadditionof apositivevalue

� + = ln
p(i [m]

n̂ t
j s[m]

t ; zt ; n̂[m]
t )

1 � p(i [m]
n̂ t

j s[m]
t ; zt ; n̂[m]

t )
(74)

to thelog-oddsvalue,andnotobservingit leadsto theadditionof anegativevalue

� � = ln
p(i [m]

n6= n̂ t
j s[m]

t ; zt ; n̂[m]
t )

1 � p(i [m]
n6= n̂ t

j s[m]
t ; zt ; n̂[m]

t )
(75)

To implementthis approachin real-time,thevariablet startsat the time a featureis ®rst introducedin
the map. Featuresareterminatedwhentheir log-oddsof existencefalls beyond a certainbound. This
mechanismenablesFastSLAM'sparticlesto freethemselvesof spuriousfeatures.

6.5 The FastSLAM Algorithms

Tables1 and2 summarizebothFastSLAMalgorithms.In bothalgorithms,particlesareof theform

S[m]
t =

�
s[m]

t ; N [m]
t ;

D
� [m]

1;t ; � [m]
1;t ; � [m]

1

E
; : : : ;

�
� [m]

N [m ]
t ;t

; � [m]

N [m ]
t ;t

; � [m]

N [m ]
t

��
(76)

In additionto theposes[m]
t andthefeatureestimates� [m]

n;t and� [m]
n;t , eachparticlemaintainsthenumber

of featuresN [m]
t in its local map,andeachfeaturecarriesa probabilisticestimateof its existence� [m]

n .
Iteratingthe®lter requirestime linearin themaximumnumberof featuresmaxm N [m]

t in eachmap,and
it is alsolinearin thenumberof particlesM . Furtherbelow, wewill discussadvanceddatastructurethat
yield moreef®cient implementations.

Wenotethatbothversionsof FastSLAM,asdescribedhere,considerasinglemeasurementatatime.
As discussedabove, this choicehasbeenmadefor notationalconvenience.Most competitive SLAM
implementations(includingours)considermultiple featuresin thedataassociationstep[3, 26, 53, 65].
Doingsotendsto decreasesthedataassociationerrorrate,andtheresultingmapsbecomemoreaccurate.
This follows from a mutualexclusionproperty, which statesthat no landmarkcanbe observed at two
differentlocationsat thesametime [16]. Like many otherimplementationsbefore,our implementation
considersall featuresobservedin asinglesensorscanwhencalculatingthemeasurementlikelihood.The
necessarymodi®cationof FastSLAMis straightforwardbut will not be furtherelaboratedhere.Below,
we will provide anempiricalcomparisonof bothvariantsof this algorithm,highlightingtheadvantages
of FastSLAM2.0over1.0.
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Algorithm FastSLAM 1.0(zt ; ut ; St � 1):

for m = 1 to M do // loopover all particles

retrieve
�

s[m ]
t � 1; N [m ]

t � 1;
D

� [m ]
1;t � 1; � [m ]

1;t � 1; i [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t � 1 ;t � 1

; � [m ]

N [m ]
t � 1 ;t � 1

; i [m ]

N [m ]
t � 1

��
from St � 1

s[m ]
t � p(st j s[m ]

t � 1; ut ) // samplenew pose
for n = 1 to N [m ]

t � 1 do // calculatemeasurementlikelihoods
ẑn = g(� [m ]

n;t � 1; s[m ]
t ) // measurementprediction

Gn = g0(s[m ]
t ; � [m ]

n;t � 1) // calculateJacobian
Qn = GT

n � [m ]
n;t � 1Gn + Rt // measurementcovariance

wn = j2� Qn j �
1
2 exp

�
� 1

2 (zt � ẑn )T Q� 1
n (zt � ẑn )

	
// likelihoodof correspondence

endfor
wN [m ]

t � 1 +1 = p0 // importancefactorof new landmark

n̂ = argmax
n =1 ;:::;N [m ]

t � 1 +1

wn // maxlikelihoodcorrespondence

N [m ]
t = maxf N [m ]

t � 1; n̂g // new numberof featuresin map
for n = 0 to N [m ]

t do // updateKalman®lters
if n = N [m ]

t � 1 + 1 then // is new feature?
� [m ]

n;t = g� 1(zt ; s[m ]
t ) // initialize mean

� [m ]
n;t = G� 1

n̂ Rt (G
� 1
n̂ )T // initialize covariance

i [m ]
n;t = 1 // initialize counter

elseif n = n̂ then // is observedfeature?
K = � [m ]

n;t � 1Gn̂ Q� 1
n̂ // calculateKalmangain

� [m ]
n;t = � [m ]

n;t � 1 + K (zt � ẑn̂ )T // updatemean
� [m ]

n;t = (I � K GT
n̂ )� [m ]

n;t � 1 // updatecovariance
i [m ]
n;t = i [m ]

n;t � 1 + 1 // incrementcounter
else // all otherfeatures

� [m ]
n;t = � [m ]

n;t � 1 // copy old mean
� [m ]

n;t = � [m ]
n;t � 1 // copy old covariance

if � [m ]
n;t � 1 outsideperceptualrangeof s[m ]

t then // shouldfeaturehave beenobserved?
i [m ]
n;t = i [m ]

n;t � 1 // no,donotchange
else

i [m ]
n;t = i [m ]

n;t � 1 � 1 // yes,decrementcounter
if i [m ]

n;t � 1 < 0 thendiscardfeaturen endif // discarddubiousfeatures
endif

endif
endfor

add
�

s[m ]
t ; N [m ]

t ;
D

� [m ]
1;t ; � [m ]

1;t ; i [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t ;t

; i [m ]

N [m ]
t

��
to Saux

endfor
St = ; // constructnew particleset
for m0 = 1 to M do // resampleM particles

draw randomindex m with probability/ w[m ]
t // resample

add
�

s[m ]
t ; N [m ]

t ;
D

� [m ]
1;t ; � [m ]

1;t ; i [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t ;t

; i [m ]

N [m ]
t

��
to St

endfor
returnSt

endalgorithm

Table1: Summaryof thealgorithmFastSLAM1.0with unknown dataassociation,aspublishedin [45]. Thisversiondoesnot
implementany of theef®cient treerepresentationsdiscussedin thepaper, andit relieson aninferior proposaldistribution. Its
chiefadvantageis thatit easierto implementthanFastSLAM2.0.
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Algorithm FastSLAM 2.0(zt ; ut ; St � 1):
for m = 1 to M do // loopover all particles

retrieve
�

s[m ]
t � 1; N [m ]

t � 1;
D

� [m ]
1;t � 1; � [m ]

1;t � 1; � [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t � 1 ;t � 1

; � [m ]

N [m ]
t � 1 ;t � 1

; � [m ]

N [m ]
t � 1

��
from St � 1

for n = 1 to N [m ]
t � 1 do // calculatesamplingdistribution

ŝ[m ]
t = h(s[m ]

t � 1; ut ); ẑ[m ]
t;n t

= g(� [m ]
n t ;t � 1; ŝ[m ]

t )
G� ;n t = r � n t

g(� n t ; st )
�
�
st = ŝ[m ]

t ;� n t = � [m ]
n t ;t � 1

; Gs;n t = r st g(� n t ; st )jst = ŝ[m ]
t ;� n t = � [m ]

n t ;t � 1

Q[m ]
t;n t

= Rt + G� ;n t �
[m ]
n t ;t � 1GT

� ;n t

� [m ]
st ;n t =

h
GT

s;n t
Q[m ]� 1

t;n t
Gs;n t + P � 1

t

i � 1
; � [m ]

st ;n t = � [m ]
st ;n t G

T
s;n t

Q[m ]� 1
t;n t

(zt � ẑ[m ]
t;n t

) + ŝ[m ]
t

s[m ]
n t ;t � N (� [m ]

st ;n t ; � [m ]
st ;n t ) // samplepose

pn t = j2� Q[m ]
t;n t

j �
1
2 exp

n
� 1

2 (zt � g(� [m ]
n t ;t � 1; s[m ]

n t ;t ))
T Q[m ]� 1

t;n t
(zt � g(� [m ]

n t ;t � 1; s[m ]
n t ;t ))

o

endfor
pN [m ]

t � 1 +1 = p0 // likelihoodof new feature

n̂[m ]
t = argmaxn t

pn t or draw randomn̂[m ]
t with probability/ pn t // dataassociation

for n = 1 to N [m ]
t � 1 + 1 do // processmeasurement

if nt = n̂t � N [m ]
t � 1 then // known feature?

N [m ]
t = N [m ]

t � 1; � [m ]
n t ;t = � [m ]

n t ;t + � + ; K [m ]
t = � [m ]

n̂ t ;t � 1GT
� ;n̂ t

Q[m ]� 1
t; n̂ t

� [m ]
n̂ t ;t = � [m ]

n̂ t ;t � 1 + K [m ]
t (zt � ẑ[m ]

t; n̂ t
); � [m ]

n̂ t ;t = (I � K [m ]
t G� ;n̂ t )�

[m ]
n̂ t ;t � 1

L [t ]
t = Gs;n̂ t Pt GT

s;n̂ t
+ G� ;n̂ t �

[m ]
n t ;t � 1GT

� ;n̂ t
+ Rt

w[m ]
t = j2� L [t ]

t j �
1
2 exp

n
� 1

2 (zt � ẑt; n̂ t )
T L [t ]� 1

t (zt � ẑt; n̂ t )
o

elseif nt = n̂t = N [m ]
t � 1 + 1 then // new feature?

n = N [m ]
t = N [m ]

t � 1 + 1; � [m ]
n t ;t = � + ; w[m ]

t = p0

s[m ]
n;t � p(st j s[m ]

t � 1; ut ); G� ;n = r � n g(� n ; st )jst = s[m ]
n;t ;� n = � [m ]

n;t

� [m ]
n;t = g� 1(zt ; s[m ]

n;t ); � [m ]
n;t = (G� ;n R� 1

t GT
� ;n ) � 1

elseif nt 6= n̂t andnt � N [m ]
t � 1 // handleunobservedfeatures

� [m ]
n t ;t = � [m ]

n t ;t � 1; � [m ]
n t ;t = � [m ]

n t ;t � 1

if � [m ]
n t ;t 62range(s[m ]

n̂ 1 ;t ) then // outsidesensorrange?

� [m ]
n t ;t = � [m ]

n t ;t � 1
else // insidesensorrange?

� [m ]
n t ;t = � [m ]

n t ;t � 1 � � � ; if � [m ]
n t ;t < 0 thenremove nt // discontinuefeature?

endif
endif

endfor

add
�

s[m ]
t ; N [m ]

t ;
D

� [m ]
1;t ; � [m ]

1;t ; � [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t

��
to Saux

endfor // endloopoverall particles
St = ; // constructnew particleset
for m0 = 1 to M do // generateM particles

draw randomindex m with probability/ w[m ]
t // resample

add
�

s[m ]
t ; N [m ]

t ;
D

� [m ]
1;t ; � [m ]

1;t ; � [m ]
1

E
; : : : ;

�
� [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t ;t

; � [m ]

N [m ]
t

��
to St

endfor
returnSt

endalgorithm

Table2: TheFastSLAM2.0Algorithm, statedhereunknown dataassociation.
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7 Convergenceof FastSLAM 2.0For Linear-GaussianSLAM

In this section,we will establisha convergenceresultfor FastSLAM2.0. This resultcrucially exploits
the proposaldistribution in FastSLAM 2.0 and thereforeis not directly applicableto FastSLAM 1.0.
It appliesto a subsetof all SLAM problems,namelyfor linear SLAM problemswith Gaussiannoise.
LG-SLAM problemsare de®nedto possessmotion and measurementmodelsof the following linear
form:

g(� n t ; st ) = � n t � st (77)

h(ut ; st � 1) = ut + st � 1 (78)

TheLG-SLAM framework canbethoughtof asa robotoperatingin a Cartesianspaceequippedwith a
noise-freecompass,andsensorsthatmeasuredistancesto featuresalongthecoordinateaxes.

While LG-SLAM is clearlytoorestrictive to beof practicalsigni®cance,it playsanimportantrole in
theliterature.To ourknowledge,theonly known convergenceproof for aSLAM algorithmis a recently
publishedresultfor Kalman®lters (KF) appliedto speci®clinear-Gaussianproblems.As shown in [17,
54], theKF approach(which is equivalentto EKFs for linear-GaussianSLAM problems)convergesto
a statein which all mapfeaturesarefully correlated.If the locationof onefeatureis known, the KF
asymptoticallyrecoversthelocationof all otherfeature.

Thecentralconvergenceresultin thispaperis thefollowing:

Theorem.Linear-GaussianFastSLAM2.0convergesin expectationto thecorrectmapwith M = 1
particleif all featuresareobservedin®nitely often,andif thelocationof onefeatureis known in advance.

If no featurelocationis known in advance,the mapwill be correctin relative terms,up to a ®xed
offset that uniformly appliesto all features.The proof of this resultcanbe found in AppendixB. Its
signi®cancelies in thefactthatis showsthatfor speci®cSLAM problems,FastSLAM2.0mayconverge
with a ®nite numberof particles.In particular, thenumberof particlesrequiredfor convergencein LG-
SLAM is independentof thesizeof themapN . This resultholdseven if all featuresarearrangedin a
largecycle, a situationoftenthoughtof asworstcasefor SLAM problems[26]. However, our analysis
saysnothingabouttheconvergencespeedof thealgorithm,which in practicedependson theparticleset
sizeM . Below, wewill investigatethespeedof convergencethroughempiricalmeans.

8 Ef�cient Implementation

At ®rst glance,it may appearthat eachupdatein FastSLAM requirestime O(M N ), whereM is the
numberof particlesM andN the numberof featuresin the map. The linear complexity in M is un-
avoidable,giventhatwehaveto processM particleswith eachupdate.Thelinearcomplexity in N is the
resultof theresamplingprocess.Wheneveraparticleis drawn morethanoncein theresamplingprocess,
a“naive” implementationmightduplicatetheentiremapattachedto theparticle.Suchaduplicationpro-
cessis linear in the sizeof the mapN . Furthermore,a naive implementationof dataassociationmay
resultin evaluatingthemeasurementlikelihoodfor eachof theN featuresin themap,resultingagain in
linearcomplexity in N . We notethata poor implementationof thesamplingprocessmight easilyadd
anotherfactorof logN to theupdatecomplexity.

FastSLAM iterationscanbe executedin O(M logN ) time; in particular, FastSLAM updatescan
be implementedin time logarithmic in thesizeof themapN . First, considerthesituationwith known
dataassociation.Linear copying costscanbe avoidedby introducinga datastructurefor representing
particlesthat allow for more selective updates.The basicidea is to organizethe map as a balanced
binarytree.Figure9ashows sucha treefor a singleparticle,in thecaseof K = 8 features.Noticethat
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Figure 9: (a)A treerepresentingN = 8 featureestimateswithin a singleparticle. (b) Generatinga new particlefrom anold
one,while modifyingonly a singleGaussian.Thenew particlereceivesonly a partialtree,consistingof a pathto themodi®ed
Gaussian.All otherpointersarecopiedfrom thegeneratingtree.Thiscanbedonein time logarithmicin N .

the Gaussianparameters� [m]
k and� [m]

k arelocatedat the leavesof the tree. Assumingthat the treeis
balanced,accessinga leaf requiredtime logarithmicin N .

SupposeFastSLAM incorporatesa new control ut anda new measurementzt . Eachnew particle
in St will differ from the correspondingone in St � 1 in two ways: First, it will possessa different
poseestimateobtainedvia (33),andsecond,theobservedfeature's Gaussianwill have beenupdated,as
speci®edin Equations(54)and(55). All otherGaussianfeatureestimates,however, will beequivalentto
thegeneratingparticle.Whencopying theparticle,thus,only asinglepathhasto bemodi®edin thetree
representingall Gaussians.An exampleis shown in Figure9b: Hereweassumen t = 3, thatis, only the
Gaussianparameters� [m]

3 and� [m]
3 areupdated.Insteadof generatinganentirenew tree,only a single

pathis created,leadingto theGaussiann t = 3. This pathis an incompletetree. Thetreeis completed
by copying themissingpointersfrom the treeof thegeneratingparticle. Thus,branchesthat leave the
pathwill point to thesame(unmodi®ed)subtreeasthatof thegeneratingtree. Clearly, generatingthis
treetakesonly time logarithmic in N . Moreover, accessinga Gaussianalsotakestime logarithmic in
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Figure 10: The utility car usedfor collectingoutdoordatais equippedwith a SICK laserrangeandbearingsensor, linear
variabledifferentialtransformersensorfor thesteeringandbackwheelvelocity encoder. This imageshows thevehiclein the
VictoriaParkenvironment.

N , sincethenumberof stepsrequiredto navigateto a leaf of the treeis equivalentto the lengthof the
path(which is by de®nitionlogarithmic).Thus,bothgeneratingandaccessingapartialtreecanbedone
in time O(log N ). Sincein eachupdatingstepM new particlesarecreated,an entireupdaterequires
time in O(M logN ). Theinsightof usingtreesfor ef®cientmappingcanbefoundin [45]; asimilar tree
representationcanbefoundin [21].

Organizingparticlesin treesraisesthequestionasto whento deallocatememory. Memorydealloca-
tion canequallybeimplementedin amortizedlogarithmictime. Theideais to assigna variableto each
node—internalor leaf—thatcountsthenumberof pointerspointingto it. Thecounterof anewly created
nodewill be initialized by 1. It will be incrementedaspointersto a nodearecreatedin otherparti-
cles.Decrementsoccurwhenpointersareremoved(e.g.,pointersof poseparticlesthatfail to survivethe
resamplingprocess).Whenacounterreacheszero,its children'scountersaredecrementedandthemem-
ory of thecorrespondingnodeis deallocated.Theprocessesis thenappliedrecursively to all childrenof
thenodewhosecountermayhave reachedzero. This recursive processwill requireO(M logN ) time
on average.Furthermore,it canbeshown to beanoptimaldeallocationalgorithmin thatall unneeded
memorywill befreedinstantaneously.

To obtain logarithmic time complexity for FastSLAM with unknown dataassociationfurther as-
sumptionsareneeded.In particular, thenumberfeaturesin therobot'ssensorrangemustbeindependent
of N ; otherwisesimpleoperationssuchaskeepingtrack of the existenceposteriors� [m]

n may require
morethanlogarithmic time. Furthermore,a DAS samplermustbe restrictedto featuresin the robot's
vicinity to avoid calculatingthe likelihood(63) for all N features.Finally, thenumberof rejectedfea-
turesshouldbe small (e.g.,within a constantfactorof all acceptedones). All theseassumptionsare
plausiblewhenapplyingFastSLAMto real-world SLAM problems.Undertheseassumptions,variants
of kd-trees[6, 48] canguaranteelogarithmic time searchfor high likelihoodfeatures,andfeaturesin
therobot'smeasurementrange.Incrementaltechniquesfor constructingbalancedkd-treesaredescribed
in [39, 59]. For example,thebkd-treeproposedin [59] maintainsa sequenceof treesof growing com-
plexity. By carefullyshifting itemsacrossthosetrees,a logarithmictime recallcanbeguaranteedunder
amortizedlogarithmictimefor insertingnew featuresin themap.In thisway, all necessaryoperationsin
FastSLAMcanbecarriedout in logarithmictimeonaverage.
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9 Experimental Results:FastSLAM 1.0

A numberof experimentalcomparisonswerecarriedout, comparingboth FastSLAM algorithmswith
eachotherandto thepopularEKF solutionto theSLAM problem.Thegoalof theseexperimentswere
to investigate the scalingpropertiesof eachalgorithm,especiallyin relation to a classicalsolution to
the SLAM problem. The experimentswerecarriedout usinga benchmarkdatasetin the SLAM ®eld
known asthe“VictoriaParkDataset”[25]; supplementalexperimentswereobtainedusingasecondreal-
world datasetobtainedin aparkinglot, andthroughrobotsimulation.Furtherexperimentscanbefound
in [43],

In thissection,wewill describeourexperimentsfor FastSLAM1.0,illustratingthateventhissimple-
to-implementalgorithmyields excellent results. The next sectioncharacterizesthe advantagesof the
morecomplex FastSLAM2.0algorithmoverFastSLAM1.0.

9.1 Victoria Park

The benchmarkSLAM dataset usedin most of our experimentswas provided by researchersfrom
the University of Sydney [25]. An instrumentedvehicle, shown in Figure 10, equippedwith a laser
range®nder was repeatedlydriven throughVictoria Park, in Sydney, Australia. Victoria Park is an
idealsettingfor testingfeature-basedSLAM algorithmsbecausethepark's treesaredistinctive features
in the vehicle's laserscans.Encodersmeasuredthe vehicle's velocity andsteeringangle. Rangeand
bearingmeasurementsto nearbytreeswereextractedfrom thelaserdatausinga local minimadetector.
The vehiclewasdriven aroundfor approximately30 minutes,covering a distanceof over 4 km. The
vehicle is alsoequippedwith GPSin orderto capturegroundtruth data. Due to occlusionby foliage
andbuildings, groundtruth datais only available for part of the overall traverse. While groundtruth
is availablefor the vehicle's path,no groundtruth datais availablefor the locationsof the landmarks.
Noneof theGPSdatawasusedfor mapping;thesolefunctionof this datais to providegroundtruth for
evaluatingtheaccuracy of the®lter.

Sincethevehicleis driving overuneventerrain,themeasuredcontrolsarefairly noisy. Figure11 (a)
showsthepathof thevehicleobtainedby integratingtheestimatedcontrols.After 30minutesof driving,
the estimatedpositionof the vehicleis well over 100 metersaway from its true positionmeasuredby
GPS.Thelaserdata,on theotherhand,is a very accuratemeasureof rangeandbearing.However, not
all objectsin thevehicle's ®eld of view aretrees,or evenstaticobjects.As a result,thefeaturedetector
producedrelatively accurateobservationsof trees,but alsogeneratedfrequentoutliers.

Dataassociationfor this experimentwasperformedusingper-particleML dataassociation.Since
theaccuracy of theobservationsis high relative to theaveragedensityof landmarks,dataassociationin
the Victoria Park datasetis a relatively straightforward problem. In a later experiment,moredif®cult
dataassociationproblemswill besimulatedby addingextracontrolnoise.

Theoutputof FastSLAM1.0 is shown in Figure11 b&c. TheGPSpathis shown asa dashedline,
andthe outputof FastSLAM 1.0 is shown asa solid line. The RMS error of the resultingpathis just
over 4 metersover the4 km traverse.This experimentwasrun with M = 100particles.This error is
indistinguishablefrom theerrorof otherstate-of-the-artSLAM algorithms[25, 38].

9.2 PerformanceWithout Odometry

FastSLAM1.0wasalsorun on theVictoria Park datasetwithout usingtheodometrydata.Theposeof
thevehiclein eachparticlewassupplementedwith translationalvelocityvt androtationalvelocitywt .

S[m]
t = hsx;t ; sy;t ; s� ;t ; sv;t ; sw;t ; N t ; � 1;t ; � 1;t ; : : : :; � N t ;t ; � N t ;t i (79)

A Brownianmotionmodelwasusedto predicttheposeof thevehicleat timet + 1 giventheposeat time
t. Thismodelassumesthatthevelocityat time t + 1 is equalto thevelocityat time t plussomerandom
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(a)Raw VehiclePath (b) FastSLAM1.0(solid)andGPSpath(dashed)

(c) Pathsandmapwith satelliteimage (d) Estimatedpathwithoutodoemtry

Figure 11: (a) Vehiclepathpredictedby the odometry;(b) True path(dashedline) andFastSLAM 1.0 path(solid line); (c)
Victoria Park resultsoverlayedon aerialimagerywith theGPSpathin blue (dashed),averageFastSLAM1.0 pathin yellow
(solid),andestimatedlandmarksasyellow circles.(d) VictoriaParkMapcreatedwithoutodometryinformation.

perturbation.

vt = vt � 1 + N (v; 0; � 2
1)

wt = wt � 1 + N (w; 0; � 2
2) (80)

After drawing aperturbedvelocity, thevehicle'spositionis updatedaccordingly.

x t = x t � 1 + vt cos(� t � 1)� t

yt = yt � 1 + vt sin(� t � 1)� t

� t = � t � 1 + wt � t (81)

Thespeci®cvaluesof � 1 and� 2 dependon themaximumtranslationalandrotationalaccelerationsthat
thevehicleis capableof executing.Themapcreatedwithoutusingtheodometryis shown in Figure11d.
The averageerror of the mapis equivalent to the resultsobtainedwith odometry. To our knowledge,
no previous techniquehasbeencapableof generatingconsistentmapsfrom this datasetwithout using
odometryinformation.
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(a)Mapwithout featureelimination (b) Mapwith featureelimination

Figure12: FastSLAM1.0(a)withoutand(b) with featureeliminationbasedonnegative information.

9.3 Negative Inf ormation

In theVictoriaParkdataset,observationscorrespondingto non-pointobjectsor non-staticobjectsresult
in a largenumberof spuriouslandmarksbeingaddedto every FastSLAM1.0 particle. Whennegative
informationis usedto estimatetheexistenceof eachlandmark,asdescribedin Section6.4,many of these
spuriouslandmarkscanberemoved. In thecaseof Victoria Park,useof negative informationresultsin
44map.While thecorrectnumberof landmarksis not available,visual inspectionof themapssuggests
that many of the spuriousfeatureshave beeneliminated.Figure12 shows the Victoria Park mapbuilt
with andwithout consideringnegative evidence.Thenumberof landmarksin areasthatshouldbefree
of landmarks(theroadway, highlightedwith abox in the®gure)hasbeensigni®cantlyreduced.

9.4 Comparisonof FastSLAM 1.0and the EKF

9.5 Accuracy

Wecomparedtheaccuracy of FastSLAM1.0with thatof theEKF onasimulateddatasetwith 100land-
marks.TheRMS vehicleposeerrorwascomputedfor FastSLAM1.0 for variousnumbersof particles
from 1 to 5000.Eachexperimentwasrun10 times.Theresultsareshown in Figure13. Theerrorof the
EKF is shown asadashedhorizontalline.

In thisexperiment,theaccuracy of FastSLAM1.0approachestheaccuracy of theEKF asthenumber
of particlesis increased.Mostnotably, theerrorof FastSLAM1.0becomesstatisticallyindistinguishable
from that of the EKF pastapproximately10 particles.This is interestingbecauseFastSLAM 1.0 with
10 particlesand100landmarksrequiresanorderof magnitudefewer parametersthantheEKF in order
to achieve this level of accuracy. Clearly, thespeci®cvalueof this thresholdof performancewill depend
onboththeparametersof themotionandmeasurementmodelandthevehicle'scontrolpolicy. However,
thisexperimentsuggeststhatin normalcircumstances,arelatively smallnumberof particlesmaysuf®ce
to achievehighestimationaccuracy.

9.6 ScalingPerformance

The scalingperformanceof FastSLAM 1.0 wasalsoevaluatedon simulateddata. Simulatedmapsof
constantlandmarkdensitywerecreatedwith varyingnumbersof landmarks.Constantlandmarkdensity
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Figure13: A comparisonof theaccuracy of FastSLAM1.0andtheEKF onsimulateddata

ensuresthatthesimulatedvehicleobserveda constantnumberof landmarkson averageacrossall trials.
Theperformanceof thelineartime andlogarithmictime versionsof theFastSLAM1.0algorithmwere
compared.Thelineartime algorithmwastestedwith up to 10,000landmarks,andthelogarithmictime
algorithmwastestedwith up to 1,000,000landmarks.Thetime requiredto compute500sensorupdates
with all landmarksincorporatedinto themapwasevaluatedover10differentruns.All experimentswere
donewith 100particles.

Theresultsof theexperimentareshown in Figure14. Theperformanceof the log(N ) algorithmis
plottedon a logarithmicscale.Theresultsvalidatethescalingperformanceof thetree-basedalgorithm,
anddemonstratethesubstantialperformanceincreaseenabledby sharinglandmarktreesacrossparticles.

Sharingsubtreesis notonly computationallyef®cient; it alsodecreasestheoverallmemoryrequired
by thealgorithm.Thememoryrequiredby bothversionsof theFastSLAM1.0algorithmscaleslinearly
with the numberof landmarks.Overall, the FastSLAM1.0 algorithmmustmaintainM � N landmark
®lters. With 100particlesand1,000,000landmarks,this canaddup to a substantialamountof memory
(hundredsof megabytes)just to representthe map. In very large maps,landmarksthat have not been
visited for a long periodof time will be sharedin subtreesbetweenall of the particlesof the log(N )
algorithm.If only a fractionof thetotal landmarksareobservedat every time step,this memorysharing
mayresultin asigni®cantsavingsin memoryconsumption.A plot of thememoryconsumedby thelinear
andlogarithmicFastSLAM1.0algorithmsfor varyingnumbersof landmarksis shown in Figure15. In
thisexperiment,thetree-basedrepresentationresultedin overanorder-of-magnitudedecreasein memory
consumptionover thebasicFastSLAM1.0algorithm.

9.7 AmbiguousData Association

Theperformanceof FastSLAM1.0givenunknown dataassociationwasevaluatedagainstthatof theEx-
tendedKalmanFilter usingtheVictoria Park dataset.Undernormalconditions,thelevelsof odometric
andmeasurementnoisepresentin theVictoria Park datasetdo not causea signi®cantdataassociation
problem. The error of the vehicle's laseris quite low comparedto the averagedistancebetweentrees
in the park. In orderto testperformancegiven dataassociationambiguity, additionalodometricnoise
wasaddedto thevehiclecontrols.Additional controlnoiseresultsin high motionambiguityin thedata
associationsof new observations.

Prototypicaloutputsof theEKF andFastSLAM1.0givenlow andhigh levelsof odometricnoiseare
shown in Figure16. While bothalgorithmsgenerateaccuratemapswhencontrolnoiseis low, theEKF
fails catastrophicallywith high error. Themapgeneratedby FastSLAM1.0underhigh odometricerror
is not degradedin quality. TheRMS errorof thevehiclepositionwascomputedfor FastSLAM1.0and
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Figure14: Timing resultsfor FastSLAM1.0in simulatedenvironments.
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Figure15: Memoryrequirementsfor linearandlog(N ) versionof FastSLAM1.0in simulatedenvironments.

theEKF over 20 differentrunswith four differentlevels of odometricnoise. The resultsareshown in
Figure17. Ascontrolnoiseincreases,thereis nomeasurableincreasein theRMSerrorof FastSLAM1.0,
while theerrorof thevehiclepathemittedby theEKF goesupsubstantially. More telling is thevariance
in theerrorof theEKF mapsacrossmultiple runs,indicatedby thecon®dencebars.This suggeststhat
for high levelsof controlnoise,theEKF is diverging.

9.8 Resultsfor Parking Lot Database:

The next seriesof experimentswas conductedusing datacollectedon the top level of the car park
building at theUniversityof Sydney. Thetestingsitewaschosento maximizethenumberof satellitesin
view to obtainhigh quality GPSinformation.A kinematicGPSsystemof 2 cm CEPaccuracy wasused
to measurethe vehicle locationfor evaluation. In this experiment,arti®cial landmarkswereusedthat
consistedof 60 mm steelpolescoveredwith re�ective tape. With this, the featureextractionbecomes
trivial andthelandmarkobservationmodelaccurate.Sincethetruepositionof thelandmarkswerealso
obtainedwith GPS,a truenavigationmapis alsoavailablefor comparisonpurposes.

In our ®rst seriesof experiments,the correspondencesbetweenthe observation andthe landmarks
wereassumedto beknown. Insteadof providing this informationmanually, weusedahighly tunedEKF
to providethecorrectdataassociationfor eachmeasurement.TheEKF algorithmwasrunwith thesame
dataset,droppingall measurementsthatwerenotassociatedwith any landmark.As aresult,FastSLAM
1.0 only received measurementscorrespondingto actual landmarksin the environment. Figure 18a
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ExtendedKalman Filter

FastSLAM 1.0

(a)Low odometricnoise (b) High odometricnoise

(c) Low odometricnoise (d) High odometricnoise

Figure16: Performanceof EKF andFastSLAM1.0on theVictoriaParkdatasetwith varyinglevelsof odometricnoise.
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Figure17: Positionerrorof vehicleundervariouslevelsof odometricnoise.

shows the pathandbeaconspositionestimationfor the car park experimentalrun usingthe algorithm
FastSLAM1.0. This ®gureshows theparticlesaveragefor thevehicletrajectoryandtheaverageof all
the Gaussianmeansfor the landmarkslocations. Figure18b shows similar resultsobtainedwith the
EKF basedalgorithm. Figure19 presentsthe vehiclepositionerror for the EKF andFastSLAM 1.0
®lter respectively. It canbeappreciatedthat theerror is very smallandsimilar in magnitudeandshape
whencomparedwith theGPSgroundtruth. This is importantto verify theconsistency of thealgorithm
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Figure18: Estimatedpathandlandmarkswith (a)FastSLAM1.0and(b). The'-' is thepathestimated,the'*' arethebeacons
positionestimated,the'.' is theGPSpathreferenceandthe'o' arethebeaconspositiongivenby theGPS.
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Figure 19: SLAM error (a) FastSLAM 1.0 positionerror respectto the GPSposition. '-' indicatesthe error in the Eastand
'-.'in North (b) EKF positionerrorrespectto theGPSposition.'-' indicatestheerrorin Eastand'-.' in North.
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Figure20: EstimatedPathandLandmarkswith unknown dataassociation.The'-' is thepathestimated,the'*' arethebeacons
positionestimated,the'.' is theGPSpathreferenceandthe'o' arethebeaconspositiongivenby theGPS.
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Figure21: FastSLAM1.0and2.0with varyinglevelsof measurementnoise:As to beexpected,FastSLAM2.0is uniformly su-
periorto FastSLAM1.0.Thedifferenceis particularlyobviousfor smallparticlesets,wheretheimprovedproposaldistribution
focusestheparticlesmuchbetter.

FastSLAM1.0.Figure20showsthecorrespondingresultsfor a runwith unknown dataassociation.The
accuracy of theresultingmapis comparableto our resultswith known dataassociation,illustratingthat
FastSLAM1.0succeedsin solvingthedataassociationproblemin this instance.

10 Experimental Results:FastSLAM 2.0

10.1 Comparisonof FastSLAM 2.0and 1.0

In general,FastSLAM2.0is superiorto FastSLAM1.0,but theperformanceof FastSLAM2.0will often
besimilar to theperformanceof FastSLAM1.0. However, in situationswherethemeasurementerroris
signi®cantlysmallcomparedto themotionerror, FastSLAM2.0will outperformtheoriginal algorithm.
In thefollowing experiment,theperformanceof thetwo algorithmsis comparedonsimulateddatawhile
varying the level of measurementnoise. All experimentswererun with 100 particlesandknown data
association.Therangeandbearingerrorparameterswerescaledequally.

Theresultsof thisexperimentareshown in Figure21. As themeasurementerrorgetsvery large,the
errorsof bothFastSLAM1.0and2.0begin to increaseslowly, asexpected.In thisrange,theperformance
of thetwo algorithmsis roughlyequal.For very low valuesof measurementerror, FastSLAM1.0clearly
begins to diverge,while theerrorof FastSLAM2.0 continuesto shrink. By addingmoreparticles,the
thresholdbelow whichFastSLAM1.0divergescanbedecreased.However, FastSLAM2.0canproduce
accuratemapsin thesesituationswithout increasingthenumberof particles.

The performanceof the two algorithmscanalsobe comparedby keepingthe measurementmodel
constantandvaryingthenumberof particles.FastSLAM2.0will requirefewerparticlesthanFastSLAM
1.0 in order to achieve a given level of accuracy, especiallywhen measurementerror is low. In the
limit, FastSLAM2.0canproducereasonablemapswith just a singleparticle,while FastSLAM1.0will
diverge. Figure22 shows the resultsof an experimentcomparingthe performanceof FastSLAM 1.0
and2.0givendifferentnumbersof particles.Thetwo algorithmswererun repeatedlyon simulateddata
andtheVictoria Park dataset.On thesimulateddata,theaccuracy of thetwo algorithmsis similar with
morethan®ve particles.Below ®ve particles,FastSLAM1.0 begins to divergeandtheperformanceof
FastSLAM2.0staysapproximatelyconstant.
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Figure22: Performanceof FastSLAMalgorithmswith differentnumbersof particles.

Figure23: Mapof VictoriaParkby FastSLAM2.0with M = 1 particle.

On the Victoria Park datasetthe differencebetweenthe two algorithmsis even morepronounced.
Below 50 particles,FastSLAM 1.0 startsto diverge. Again, this is becausethe vehicle's controlsare
noisyrelative to thesensorobservations.

10.2 OneParticle FastSLAM 2.0

Thedataassociationsin theVictoriaParkdatasetarerelatively unambiguous,sotheoneparticleversion
of FastSLAM2.0 canbeused.With only a singleparticle,dataassociationin FastSLAM2.0 is equiv-
alentto themaximumlikelihooddataassociationalgorithmof theEKF. Figure23 shows theoutputof
FastSLAMwith a singleparticle.Thealgorithmis ableto produceresultson parwith thoseof theEKF
andFastSLAM1.0withoutstoringany correlationsbetweenlandmarks.

10.3 ScalingPerformance

Theexperimentin Section10.1demonstratesthatFastSLAM2.0requiresfewerparticlesthanFastSLAM
1.0 in order to achieve a given level of estimationaccuracy. Fewer particles,in turn, resultsin faster
sensorupdates.However, theconstructionof theimprovedproposaldistributionrequiresextra timeover
theFastSLAM1.0proposal.As thenumberof landmarksin themapincreases,thesensorupdatestake
asmallerfractionof theoverall run time relative to theimportanceresampling.In largermaps,thelarge
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Figure24: Comparisonof FastSLAM1.0andFastSLAM2.0timing.

savingsgainedasa resultof needingfewer particlesoverwhelmstheadditionalcomplexity of drawing
from the proposaldistribution. The actualsavings will dependon the parametersof the motion and
measurementmodels. Figure24 shows the run time for the linear andlog(N ) versionsof FastSLAM
1.0 and2.0 all with 100 particles. In very small maps(i.e. 100 landmarks),FastSLAM 2.0 requires
approximately3 timeslongerto performa sensorupdate.However, in largermapsthesensorupdates
only require10-20%moretime. TheconstantdifferencebetweenFastSLAM1.0and2.0with anequal
numberof particlesdependsprimarily ontheaveragenumberof observationsincorporatedpertimestep.

10.4 Loop Closing

In FastSLAM,theability to closeloopseffectively dependsonthenumberof particlesM . Theminimum
numberof particlesis dif®cult to quantify, becauseit dependson a numberof factors,including the
parametersof the motion andmeasurementmodelsandthe densityof landmarksin the environment.
FastSLAM2.0's improvedproposaldistribution insurethatfewer particlesareeliminatedin resampling
comparedto FastSLAM1.0.Betterdiversityin thesamplesetresultsin betterloopclosingperformance,
becausenew observationscanaffect theposeof thevehiclefurtherbackin thepast.

Examplesof loop closingwith FastSLAM 1.0 andFastSLAM 2.0 areshown in Figure25a&b, re-
spectively. Thehistoriesof all M particlesaredrawn for bothalgorithms.In Figure25a,theFastSLAM
1.0 particlessharea commonhistorypartof theway aroundthe loop. New observationscannot affect
thepositionsof landmarksobservedbeforethis threshold.In this caseof FastSLAM2.0, thealgorithm
is ableto maintaindiversity thatextendsbackto thebeginningof the loop. This is crucial for reliable
loopclosingandfastconvergence.

Figure26ashowstheresultof anexperimentcomparingtheloopclosingperformanceof FastSLAM
1.0and2.0.As thesizeof theloopincreases,theerrorof bothalgorithmsincreases.However, FastSLAM
2.0consistentlyoutperformsFastSLAM1.0. Alternately, this resultcanrephrasedin termsof particles.
FastSLAM2.0requiresfewerparticlesto closeagivenloop thanFastSLAM1.0.

10.5 ConvergenceSpeed

By pruningaway improbabletrajectoriesof the vehicle, resamplingeventuallycausesall of the Fast-
SLAM particlesto shareacommonhistoryatsomepoint in thepast.New observationscannotaffect the
positionsof landmarksobservedprior to this point. This commonhistorypoint canbepushedbackin
timeby increasingthenumberof particlesM . Thisprocessof throwing awaycorrelationdataover time
enablesFastSLAM's ef®cient sensorupdates.This ef®ciency comesat thecostof slower convergence

35



Particles share common history here

Figure25: FastSLAM2.0cancloselargerloopsthanFastSLAM1.0givenaconstantnumberof particles.

speed.Throwing awaycorrelationinformationmeansthatmoreobservationswill berequiredto achieve
agivenlevel of accuracy.

The trade-off of numberof particlesversusconvergencespeedoccursin both FastSLAM 1.0 and
FastSLAM 2.0. However, FastSLAM 2.0 canoperatewithout maintainingany cross-correlationsbe-
tweenlandmarks,so the relationshipeffect of throwing away correlationdataon convergencespeed
is easierto study. In particular, this effect is mostprominentwhenclosinga large loop. Revisiting a
known landmarkshouldre®nethe positionsof all landmarksaroundthe loop. If correlationinforma-
tion is thrown away, convergenceto thetruemapwill beslower, andmoretrips aroundtheloop will be
necessaryto achieve thesamelevel of accuracy.

Figure26bshows theresultsof anexperimentcomparingtheconvergencespeedof FastSLAM2.0
andtheEKF. FastSLAM2.0(with 1, 10,and100particles)andtheEKF wereeachrun10 timesaround
a largesimulatedloopof landmarks,similar to theonesshown in Figure26a&b. Differentrandomseeds
wereusedfor eachrun, causingdifferentcontrolsandobservationsto begeneratedfor eachloop. The
RMSpositionerrorin themapatevery timestepwasaveragedover the10 runsfor eachalgorithm.

As thevehiclegoesaroundthe loop, errorshouldgraduallybuild up in themap. Whenthevehicle
closesthe loop at iteration150, revisiting old landmarksshouldaffect the positionsof landmarksall
aroundthe loop, causingthe overall error in the map to decrease.This clearly happensin the EKF.
FastSLAM2.0with a singleparticlehasno way to affect thepositionsof pastlandmarkssothereis no
drop in the landmarkerror. As moreparticlesareaddedto FastSLAM 2.0, the ®lter is able to apply
observationsto landmarkpositionsfurtherbackin time,graduallyapproachingtheconvergencespeedof
theEKF. Clearly, thenumberof particlesnecessaryto achieve convergencetime closeto theEKF will
increasewith thesizeof the loop. It is unknown at this time whetherthenumberof particlesnecessary
to achieve a givenaccuracy is polynomialor exponentialin thesizeof theloop. Thelack of long-range
correlationsin the FastSLAM representationis arguably the most importantweaknessof FastSLAM
algorithmoverpreviousEKF-styletechniques.

11 Discussions

ThisarticledescribedFastSLAM,anew family of algorithmsfor thesimultaneouslocalizationandmap-
ping (SLAM) problem.Like many previously publishedSLAM algorithms,FastSLAMcalculatespos-
terior probabilitydistributionsover featuredmapsandrobotlocations.It doessorecursively, thatis, the
currentestimateis calculatedfrom theestimateonetime stepearlier, usingthedataaccruedin between.
FastSLAMis basedon a key propertyof theSLAM problem: theconditionalindependenceof feature
estimatesgiventhevehiclepath.Thisconditionalindependencegivesriseto a factoredrepresentationof
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theposteriorthatcanbeupdatedmoreef®ciently thanunstructured,monolithicposteriors.FastSLAM
representsthis factoredposteriorusingacombinationof particle®ltersfor estimatingtherobotpathand
Kalman®lters for estimatingthemap.Theuseof particle®ltersenablesFastSLAMto sampleover data
associationhypothesesin SLAM problemswith unknown dataassociations.This articledescribedtwo
instantiationsof this idea: Theoriginal FastSLAMalgorithm,coinedhereFastSLAM1.0, is a straight-
forward implementationof this idea. The more recentversionFastSLAM 2.0, alsodescribedin this
article,offersanimprovedproposaldistribution thatyieldssuperiorpracticalresults;however, it is more
dif®cult to implementthanFastSLAM 1.0, andthe improvementpaysout only in somewhat extreme
circumstances.

The article presentedseveral results,in additionto statingandderiving the basicalgorithm. Con-
vergenceof theFastSLAM2.0 algorithmwasprovenfor a restrictive family of linear-GaussianSLAM
problems. The theoreticalresultswerecomplementedwith extensive empiricalevaluationsusingreal
world data. Oneof the experimentscomparedFastSLAM to the extendedKalman®lter (EKF), using
a sequenceof problemswith increasinglyharddataassociationproblems. While FastSLAM 1.0 per-
formed equally well in all theseproblems,EKFs failed to generateconsistentmapsin an increasing
numberof problems.Amongotherthings,weattributethis®ndingto FastSLAM'sability to sampleover
dataassociations.Furtherexperimentscharacterizedthe superiorperformanceof FastSLAM 2.0 over
1.0 in regimeswith low sensornoiseandhigh motion noise. Finally, the article provided a tree-based
implementationthatmakesit possibleto updatethe®lter in time logarithmic in themap,which makes
FastSLAM moreef®cient thanmostotherSLAM algorithmsthat arecapableof maintainingglobally
consistentmaps.

The researchpresentedhereraisesmany openquestionsthat warrantfuture research.While con-
vergencehasbeenestablishedfor a relatively simpleclassof problems,no formal resultsarepresently
available for morerealisticSLAM problems. Furthermore,little is known regardingthe convergence
speedof FastSLAM,bothin absolutetermsandin comparisonto theEKF approach.

Clearly, the ideaof samplingover dataassociationsis moregeneralthanthe speci®csettinghere,
andit is highly relatedto previous techniquesfor trackingmultiple objects[5, 60]. Maintainingmulti-
ple hypothesesis currentlypoorly exploredin theSLAM ®eld, despitean importantearlycontribution
to SLAM with known robot poses[12], anda recentapproachto apply mixturesof Gaussiansto the
SLAM problem[20]. Weconjecturethatthesamplingtechniqueoverdataassociationsis notspeci®cto
FastSLAM,but canbeappliedto awide rangeof SLAM algorithms.

FastSLAM, as presentedin this paper, appliesto feature-basedmapsonly. Much of the recent
researchin the ®eld hasfocusedon developing feature-less,volumetricmaps. Recently, Hähneland
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colleaguesdevelopeda highly ef®cient implementationof FastSLAM [27] that usesraw laserrange
measurementsto representmaps,insteadof isolatedlandmarks.By doing so, the approachmakesthe
dataassociationproblemmucheasier. Similar techniqueshave beenreportedin [21, 67], with similarly
encouragingresults.Resultsin [27] show excellentresultswhenclosingloopsin suchdensemaps,pre-
viously postulatedasoneof the hardestproblemsin SLAM [9, 26]. A precursorto this work, which
canbe thoughtof asan instantiationof the sameidea[65], hasextendedFastSLAM to a multi-robot
SLAM technique.To date,this work is oneof a handfulof techniquescapableof generatingmapswith
teamsof robots.Initial resultsin [55] illustratehighpromisefor FastSLAMin multi-robotSLAM prob-
lems.Murphy's paperapplieda techniquesimilar to FastSLAMto idealizedversionsof occupancy grid
maps[52]. Finally, FastSLAM might also yield improved resultsin trackingmoving features,a do-
mainin which similar decompositionshave recentlybeendevelopedusingsomewhatdifferentposterior
representations[2, 47,52].

Possiblythebiggestlimitation of FastSLAMis thefactthatmaintainsdependenciesin theestimates
of featurelocationsonly implicitly, throughthediversityof its particleset.This disadvantageis alsothe
sourceof FastSLAM's ef®ciency—a key advantageof FastSLAMover previous techniques.However,
astheexperimentsin Section10.5suggests,in certainenvironmentsthis cannegatively affect thecon-
vergencespeedwhencomparedto the mathematicallymorecumbersomeEKF. SinceFastSLAM was
invented,several variantsof EKFs have beenproposedthat maintainsomeof theselong-rangedepen-
dencieswithout sacri®cingcomputationalef®ciency by morethana constantfactor[9, 70]. It shouldbe
straightforwardto combineFastSLAM'sparticle-approachto dataassociationwith thesenew techniques
for ef®cientGaussianestimation.

Despitetheseopenresearchtopics,the algorithmFastSLAM hasbeenshown unprecedentedscal-
ability to SLAM problemswith harddataassociationproblemsandlargenumberof features.Further,
FastSLAM1.0 tendsto beeasierto implementthanmost,if not all, publishedSLAM algorithms.We
believetheinsightsandtechniquespresentedin thispapertranscendto alargenumberof existingSLAM
techniques,andwill ultimatelydeepenour understandingasto how to build detailed,accuratemapsin
situationswith highdegreesof ambiguity,
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Appendix A: Derivation of the EKF UpdateEquations

The derivation of measurementupdateequations(53) through(55) will be essentialfor our proof of
convergence.We begin by notingthat theexponentof (52) is a functionquadraticin thetargetvariable
� n t . Denotingthe(negative)exponentby J t , weobtainthefollowing derivatives:

Jt = 1
2(zt � ẑ[m]

t � G� (� n t � � [m]
n t ;t � 1))T R� 1

t (zt � ẑ[m]
t � G� (� n t � � [m]

n t ;t � 1))

+ 1
2(� n t � � [m]

n t ;t � 1)T � [m]� 1
n t ;t � 1(� n t � � [m]

n t ;t � 1)

@Jt

@� n t

= � GT
� R� 1

t (zt � ẑ[m]
t � G� (� n t � � [m]

n t ;t � 1)) + � [m]� 1
n t ;t � 1(� n t � � [m]

n t ;t � 1)

@2Jt

@� 2
n t

= GT
� R� 1

t G� + � [m]� 1
n t ;t � 1 (82)

Thenew covariance� [m]
n t ;t givenby inverseof secondderivative

� [m]
n t ;t =

�
GT

� R� 1
t G� + � [m]� 1

n t ;t � 1

� � 1
(83)

As wewill show furtherbelow, thisexpressionis equivalentto (55). Thenew mean� [m]
n t ;t is themaximum

of thequadraticfunction,whichcanbeobtainedby settingthe®rst derivative to zero:

@Jt

@� n t

�
�
�
�
� n t = � [m ]

n t ;t

= 0 (84)

Themaximumis thusattainedat

GT
� R� 1

t

�
zt � ẑ[m]

t � G� (� [m]
n t ;t � � [m]

n t ;t � 1)
�

= � [m]� 1
n t ;t � 1(� [m]

n t ;t � � [m]
n t ;t � 1) (85)

Reorderingthetermsgivesus

GT
� R� 1

t (zt � ẑ[m]
t ) = (� [m]� 1

n t ;t � 1 + GT
� R� 1

t G� )
| {z }

� [m ]� 1
n t ;t

(� [m]
n t ;t � � [m]

n t ;t � 1) (86)

andhence

� [m]
n t ;t � 1 = � [m]

n t ;t � 1 + � [m]
n t ;t G

T
� R� 1

t| {z }
K [m ]

t

(zt � ẑ[m]
t ) (87)

To show thatthis is equivalentto (54),all wehave to show is thattheK [m]
t = � [m]

n t ;t G
T
� R� 1

t is equivalent
to theexpressionin (53). This follows from astraightforwardsetof algebraictransformations:

K [m]
t = � [m]

n t ;t G
T
� R� 1

t

= � [m]
n t ;t G

T
� R� 1

t

�
G� � [m]

n t ;t � 1GT
� + Rt

� �
G� � [m]

n t ;t � 1GT
� + Rt

� � 1

= � [m]
n t ;t

�
GT

� R� 1
t G� � [m]

n t ;t � 1GT
� + GT

�

� �
G� � [m]

n t ;t � 1GT
� + Rt

� � 1

= � [m]
n t ;t

�
GT

� R� 1
t G� + � [m]� 1

n t ;t

�
� [m]

n t ;t � 1GT
�

�
G� � [m]

n t ;t � 1GT
� + Rt

� � 1

= � [m]
n t ;t �

[m]� 1
n t ;t � [m]

n t ;t � 1GT
�

�
G� � [m]

n t ;t � 1GT
� + Rt

� � 1

= � [m]
n t ;t � 1GT

�

�
G� � [m]

n t ;t � 1GT
� + Rt

� � 1
(88)
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This establishesthecorrectnessof (54). To show (55), we restatethecovariance(83) in its incremental
form. In particular, weapplythematrix inversionlemma

(C � 1 + B AB T ) � 1 = C � CB
�
A � 1 + B T CB

� � 1
B T C (89)

to theexpression(83)

� [m]
n t ;t =

�
GT

� R� 1
t G� + � [m]� 1

n t ;t � 1

� � 1

= � [m]
n t ;t � 1 � � [m]

n t ;t � 1GT
�

�
G� � [m]

n t ;t � 1GT
� + Rt

� � 1
G� � [m]

n t ;t � 1

=
�
I � � [m]

n t ;t � 1GT
�

�
G� � [m]

n t ;t � 1GT
� + Rt

� � 1
G�

�
� [m]

n t ;t � 1

=
�
I � K [m]

t G�

�
� [m]

n t ;t � 1 (90)

Thisshows thecorrectnessof (55).

Appendix B: Convergence

The proof of convergenceis carriedout througha seriesof lemmas.For that, it will be convenientto
formulateelementsof theFastSLAM2.0algorithmfor LG-SLAM, exploiting thespeci®cde®nitionsof
thefunctionsg andh in Equations(77)and(78). In particular, wehave

ŝ[m]
t = h(s[m]

t � 1; ut ) = s[m]
t � 1 + ut (91)

ẑ[m]
t = g(� [m]

n t ;t � 1; ŝ[m]
t ) = � [m]

n t ;t � 1 � ŝ[m]
t = � [m]

n t ;t � 1 � s[m]
t � 1 � ut (92)

G� = r � n t
g(� n t ; st )

�
�
�
st = ŝ[m ]

t ;� n t = � [m ]
n t ;t � 1

= I (93)

Gs = r st g(� n t ; st )jst = ŝ[m ]
t ;� n t = � [m ]

n t ;t � 1
= � I (94)

Q[m]
t = Rt + G� � [m]

n t ;t � 1GT
� = Rt + � [m]

n t ;t � 1 (95)

Theseequationsfollow directlyfrom themoregeneralde®nitionsin thealgorithmFastSLAM2.0(Equa-
tions(36) through(39) and(42)). FastSLAM2.0's samplingrule for thet-th pose,statedin its general
form in (40)and(41), is now convenientlywrittenasfollows:

� [m]
st

= � [m]
st

GT
s Q[m]� 1

t (zt � ẑ[m]
t ) + ŝ[m]

t

= � � [m]
st

(Rt + � [m]
n t ;t � 1) � 1(zt � � [m]

n t ;t � 1 + s[m]
t � 1 + ut ) + s[m]

t � 1 + ut (96)

� [m]
st

=
h
GT

s Q[m]� 1
t Gs + P � 1

t

i � 1
=

h
(Rt + � [m]

n t ;t � 1) � 1 + P � 1
t

i � 1
(97)

Similarly, themeanupdatefor theobserved feature,which in FastSLAM2.0 is attainedvia Equations
(53)and(54),canbewrittenasfollows for LG-SLAM:

� [m]
n t ;t = � [m]

n t ;t � 1 + � [m]
n t ;t � 1(Rt + � [m]

n t ;t � 1) � 1(zt � � [m]
n t ;t � 1 + s[m]

t � 1 + ut ) (98)

For our proof of theTheorem,it will beusefulto introduceerrorvariablesfor theestimatesof therobot
pose,andthefeaturelocations,respectively.

� [m]
t = s[m]

t � st (99)

� [m]
n;t = � [m]

n;t � � n (100)
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Therevariablesmeasuretheabsoluteerrorof aparticle'sestimatesof therobot'sposeandthefeaturesin
themap.Wewill referto theknown featureasanchoring feature. The®rst resultcharacterizestheeffect
of maperrors� on theposetheposeerror� :

Lemma 1. If theerror� [m]
n t ;t of theobservedfeaturezt at timet is smallerin magnitudethantherobot

poseerror� [m]
t , � [m]

t shrinksin expectationasaresultof thismeasurement.Conversely, if � [m]
n t ;t is larger

thantheposeerror� [m]
t , thelattermayincrease,but in expectationwill notexceed� [m]

n t ;t .

Proof of Lemma 1. Theexpectederrorof therobotposesampleat time t is givenby

E[� [m]
t ] = E [s[m]

t � st ] = E [s[m]
t ] � E [st ] (101)

The ®rst term obtainedvia the samplingdistribution (96), andthesecondterm is obtainedfrom linear
motionmodel(78):

E [� [m]
t ] = E

h
� � [m]

st
(Rt + � [m]

n t ;t � 1) � 1(zt � � [m]
n t ;t � 1 + s[m]

t � 1 + ut ) + s[m]
t � 1 + ut

i
� E [ut + st � 1]

= � � [m]
st

(Rt + � [m]
n t ;t � 1) � 1(E [zt ] � � [m]

n t ;t � 1 + s[m]
t � 1 + ut ) + s[m]

t � 1 � st � 1
| {z }

� [m ]
t � 1

(102)

The last transformationexploited the linearity of theexpectation.We notethat in LG-SLAM (77) and
(78), theexpectationE [zt ] = � n t � E [st ] = � n t � ut � st � 1. With that,theexpressionin thebrackets
becomes

E[zt ] � � [m]
n t ;t � 1 + s[m]

t � 1 + ut = � n t � ut � st � 1 � � [m]
n t ;t � 1 + s[m]

t � 1 + ut

= s[m]
t � 1 � st � 1 + � n t � � [m]

n t ;t � 1

= � [m]
t � 1 � � [m]

n t ;t � 1 (103)

Pluggingthisbackinto (102)andsubsequentlysubstituting� [m]
st accordingto (97)givesus:

E [� [m]
t ] = � [m]

t � 1 + � [m]
st

(Rt + � [m]
n t ;t � 1) � 1(� [m]

n t ;t � 1 � � [m]
t � 1)

= � [m]
t � 1 +

h
(Rt + � [m]

n t ;t � 1) � 1 + P � 1
t

i � 1
(Rt + � [m]

n t ;t � 1) � 1(� [m]
n t ;t � 1 � � [m]

t � 1)

= � [m]
t � 1 +

h
I + (Rt + � [m]

n t ;t � 1)P � 1
t

i � 1
(� [m]

n t ;t � 1 � � [m]
t � 1) (104)

SinceRt , � [m]
n t ;t � 1, andP � 1

t areall positive semide®nite,the inverseof I + (Rt + � [m]
n t ;t � 1)P � 1

t is a
contractionmatrix. This observationeffectively provesLemma1. In particular, theexpectedposeerror
� [m]

t � 1 shrinksin magnitudeif � [m]
n t ;t is smallerin magnitudethan � [m]

t � 1. Conversely, if � [m]
t � 1 is smaller

in magnitudethan� [m]
n t ;t , Equation(104) thensuggeststhat � [m]

t � 1 will increasein expectation,but by a

value that is proportionalto this difference. This ensuresthat � [m]
t � 1 will not exceedthe error � [m]

n t ;t in
expectation. qed.

Of particularinterestis theresultof observingtheanchoringfeature.Without lossof generality, we
assumethatthis featureis � 1.

Lemma 2. If therobotobservestheanchoringfeature,its poseerrorwill shrinkin expectation.
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Proof of Lemma 2. For theanchoringfeature� 1, wecanexploit thefactthat� [m]
1;t = � [m]

1;t = 0. The
lemmanow followsdirectly from Equation(104),

E [� [m]
t ] = � [m]

t � 1 +
h
I + (Rt + 0)P � 1

t

i � 1
(0 � � [m]

t � 1)

= � [m]
t � 1 �

h
I + Rt P � 1

t

i � 1
� [m]

t � 1 (105)

Thus,whenever the robot seesits anchoringfeatureits positionerror � [m]
t � 1 is expectedto shrink. The

only exceptionariseswhentheerroris alreadyzero,in whichcaseit remainszeroin expectation. qed.

Finally, a lemmasimilar to Lemma1 canbestatedon theeffectof poseerrors� onmaperrors� :

Lemma 3. If the poseerror � [m]
t � 1 is smallerthanthe error � [m]

n t ;t of the observed featurezt in mag-

nitude,observingzt shrinksthefeatureerror � [m]
n t ;t in expectation.Conversely, if � [m]

t � 1 is larger thanthe

featureerror� [m]
n t ;t , thelattermayincrease,but in expectationwill notexceed� [m]

t � 1.

Proof of Lemma 3. This proof is analogousto thatof Lemma1. From (98) it follows that theex-
pectedfeatureerrorafterupdatingis:

E [� [m]
n;t ] = E [� [m]

n;t � � n ] = E [� [m]
n;t ] � � n

= E
h
� [m]

n t ;t � 1 + � [m]
n t ;t � 1(Rt + � [m]

n t ;t � 1) � 1(zt � � [m]
n t ;t � 1 + s[m]

t � 1 + ut )
i

� � n

= � [m]
n t ;t � 1 + � [m]

n t ;t � 1(Rt + � [m]
n t ;t � 1) � 1(E [zt ] � � [m]

n t ;t � 1 + s[m]
t � 1 + ut ) � � n (106)

Equation(103)enablesusto rewrite thisasfollows:

E [� [m]
n;t ] = � [m]

n t ;t � 1 + � [m]
n t ;t � 1(Rt + � [m]

n t ;t � 1) � 1(� [m]
t � 1 � � [m]

n t ;t � 1) � � n

= � [m]
n;t � 1 + � [m]

n t ;t � 1(Rt + � [m]
n t ;t � 1) � 1(� [m]

t � 1 � � [m]
n t ;t � 1)

= � [m]
n;t � 1 + (� [m]� 1

n t ;t � 1Rt ) � 1(� [m]
t � 1 � � [m]

n t ;t � 1) (107)

As in theproofof Lemma1, � [m]� 1
n t ;t � 1 andRt arebothpositivesemide®nite,theinverseof � [m]� 1

n t ;t � 1Rt is a
contractionmatrix,which immediatelyprovesthelemma. qed.

TheTheoremnow follows from our threelemmasandthespeci®cequationsregardingtheevolution
of expectederrorsover time.

Proof of Theorem.Let �̂ [m]
t denotefeatureerrorthatis largestin magnitudeamongall featureerrors

at time t.

�̂ [m]
t = argmax

� [m ]
n;t

j� [m]
n;t j (108)

Lemma3 suggeststhat this errormay increasein expectation,but only if theabsoluterobotposeerror
� [m]

t � 1 exceedsthis error in magnitude.However, in expectationthis will only be the casefor a limited

numberof iterations. In particular, Lemma1 guaranteesthat � [m]
t � 1 may only shrink in expectation.

Furthermore,Lemma2 statesthat every time the anchoringfeatureis observed, this error will shrink
by a ®nite amount,regardlessof themagnitudeof �̂ [m]

t . Hence,� [m]
t � 1 will ultimatelybecomesmallerin

magnitude(andin expectation)thanthe largestfeatureerror. Oncethis hashappened,Lemma3 states
that the latter will shrink in expectationevery time the featureis observed whoseerror is largest. It is
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now easyto seethat both �̂ [m]
t and� [m]

t � 1 converge to zero: Observingthe anchoringfeatureinducesa

®nite reductionasstatedin Equation(105). To increase� [m]
t � 1 to its old valuein expectation,the total

featureerrormustshrinkin expectation,accordingto Equation(107).This leadsto aneternalshrinkage
of thetotal featureerrordown to zero.Sincethiserroris anupperboundfor theexpectedposeerror(see
Lemma1), wealsohaveconvergencein expectationfor therobotposeerror. qed.

Theorem1 trivially impliesfollowing corollary, which characterizestheconvergencefor morethan
oneparticle.

Corollary 1.FastSLAM2.0convergesin expectationfor LG-SLAM with if all featuresareobserved
in®nitely oftenandif thelocationof onefeatureis known in advance.
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