FastSLAM:An Ef cient Solutionto the Simultaneous
LocalizationAnd MappingProblemwith Unknowvn Data
Association

SebastianThrun !, Michael Montemerlo!, DaphneKoller!, Ben Wegbreit?
Juan Nieto?, and Eduardo Nebot?

LComputerScienceDepartment 2AustralianCentrefor Field Robotics
StanfordUniversity TheUniversity of Sydney, Australia

Abstract

This article providesa comprehensie descriptionof FastSLAM, a new family of algorithmsfor the
simultaneoudocalizationand mappingproblem, which speci cally addresshard dataassociation
problems.Thealgorithmusesa particle Iter for samplingrobotpaths,andextendedKalman lters
for representingnapsacquiredcby thevehicle. Thisarticle presentswo variantsof thisalgorithm,the
original algorithmalongwith a morerecentvariantthat providesimproved performancen certain
operatingregimes.In additionto a mathematicatlerivation of the new algorithm,we present proof
of corvergenceandexperimentaresultsonits performancen real-world data.

1 Intr oduction

The simultaneoudocalizationand mapping(SLAM) problemhasreceved tremendousttentionin the
roboticsliterature. The SLAM probleminvolvesa moving vehicleattemptingto recover a spatialmap
of its ervironment,while simultaneoushestimatingits own pose(locationand orientation)relative to
themap. SLAM problemsarisesin the navigation of mobile robotsthroughunknavn ervironmentsfor
which no accuratemapis available. Sincerobot motionis subjectto error, the mappingproblemnec-
essarilyinducesarobotlocalizationproblem—henceéhe nameSLAM. Applicationsof SLAM include
indoors[8, 68], outdoord 3], undervater[73], undeground[69, 62], andplanetaryexploration[36, 71].
The numberof robotsthatusemapsfor navigationis long[7, 10,13, 32, 33].

Mapping problemscomeat varying degreesof dif®culty. In the mostbasiccase,the vehicle has
accesdo a global positioning system(GPS)which providesit with accurateposeinformation. The
problemof acquiringa map with known robot poseg[49, 66] is signi®cantly easierthan the general
SLAM problem. When GPSis unavailable, asis the caseindoors, undeground, or undervater the
vehiclewill inevitably accrueposeerrorsduring mapping. Suchposeerrorshave the displeasingside-
effectthatthey inducesystematicerrorsin the map. SLAM addressethis very problemof acquiringa
mapwithout anexternalsourceof vehicleposeinformation.

Thedominantapproacho the SLAM problemwasintroducedn aseminalpaperby Smith,Self,and
Cheesemafb4]. It was®rst developedinto animplementedsystemby MoutarlierandChatila[50, 51].
ThisapproachusesanextendedKalman®lter (EKF) for estimatingheposteriodistributionoverthemap
andtherobotpose.The EKF approachepresentthevehicle'sinternalmap(andtherobotposeestimate)
by a high-dimensionalGaussianpver all featuresin the map andthe vehicle pose. The off-diagonal
elementsn the covariancematrix of this multivariateGaussiamepresenthe correlationsdbetweererrors
in the vehicleposeandthe featuresin the map. As a result,the EKF canaccommodat¢he correlated



natureof errorsin the map. The EKF approachthasbeenthe basisof mary recentdevelopmentsn the
®eld[17, 34].

Onelimitation of the EKF approachs computationain nature.Maintaininga multivariateGaussian
requirestime quaduatic in the numberof featuresn the map. This limitation hasbeenrecognizedand
a numberof more ef®cient approachesiasbeenproposed3, 11, 25, 35, 56, 57, 70]. The common
ideaunderlyingmostof theseapproachess to decompos¢he problemof building onelarge mapinto a
collectionof smallermaps which canbe updatednoreef®ciently. Dependingon the natureof thelocal
mapsandthe mechanic®f tracingdependencieamongthem,the resultingsavingsrangefrom a much
reducecconstanfactorto implementationshatrequireconstanupdatetime [35, 56, 70].

A seconcandmoreimportantlimitation of the EKF approachs relatedto the dataassociatiorprob-
lem also known asthe correspondenc@roblem|[4, 14]. The dataassociatiorproblemariseswhen
differentfeaturesin the ervironmentlook alike. In suchcasesdifferentdataassociatiorhypotheses
inducemultiple, distinctlooking maps.Gaussiansannotrepresensuchmulti-modaldistributions. The
standardapproachin the SLAM literatureis to restricttheinferenceto the mostplausibleof thesemap
hypothesesincorporatingonly the mostlik ely dataassociatiorgiventhe robot's currentmap. The de-
terminationof the mostlik ely dataassociatiormay be performedon a permeasuremerasis[17], or it
may incorporatemultiple measurementat atime [3, 53]. Thelatterapproachs morerobust; however,
bothapproachetendto fail catastrophicallywhenthe allegeddataassociations incorrect. Alternative
approachesxist thatinterlease dataassociatiordecisionsvith mapbuilding in away thatenableghem
to revise pastdataassociatiordecisions,suchasthe RANSAC algorithm[22], the expectationmaxi-
mizationapproacH63, 68], or approachebasedon MCMC techniquegl]. However, suchtechniques
cannotbe executedn real-timeandarethereforeof lesserrelevanceto the problemsstudiedhere.

This article describesa family of algorithmscalled FastSLAM [27, 46]. FastSLAMis a SLAM
algorithmthat integratesparticle ®lters [18, 37] and extendedKalman ®lters. It exploits a structural
propertyof the SLAM problem®rst pointedout by Murphy [52]: featureestimatesare conditionalin-
dependengiventherobotpath. More speci®cally correlationsin the uncertaintyamongdifferentmap
featuresariseonly throughrobotposeuncertainty If therobotwastold its correctpath,the errorsin its
featureestimatesvould be independentf eachother This obsenation allows usto de®nea factored
representationf the posteriorover posesandmaps. FastSLAM implementssucha factoredrepresen-
tation, using particle®lters for estimatingthe robot path. Conditionedon theseparticlesthe individual
maperrorsareindependenthencethe mappingproblemcanbefactorednto separatgroblemsonefor
eachfeaturein the map. FastSLAM estimateshesefeaturelocationsby EKFs. The basicalgorithmcan
be implementedn time logarithmicin the numberof landmarksusingei®cient treerepresentationsf
themap[45]. Hence, FastSLAM offers computationahdvantagesver plain EKF implementationsind
mary of its descendants.

The key advantageof FastSLAM, however, is the factthat dataassociatiordecisionscanbe made
on a perparticlebasis,similar to multi-hypothesigrackingalgorithms[60]. As aresult,the®lter main-
tainsposteriorsover multiple dataassociationspot just the mostlik ely one. As shavn empirically; this
featuremakesFastSLAM signi®cantlymorerobustto dataassociatiorproblemsthanalgorithmsbased
on maximumlikelihooddataassociation A ®nal, advantageof FastSLAM over EKF-styleapproaches
arisedrom thefactthatparticle®lters cancopewith non-linearobotmotionmodels whereasKF-style
techniquespproximatesuchmodelsvia linearfunctions.

This article describeswo instantiationof the FastSLAMalgorithm,referredhereto FastSLAM 1.0
and2.0. FastSLAM1.0is theoriginal FastSLAMalgorithm[45], whichis conceptuallysimpleandeasy
to implement. In certainsituations however, the particle®lter componenbf FastSLAM 1.0 generates
samplesnef®ciently. The algorithmFastSLAM 2.0 [45] overcomeghis problemthroughanimproved
proposaldistribution, but at the expenseof animplementatiorthatis signi®cantlymoreinvolved (asis
themathematicatlerivation). For bothalgorithms we provide techniquedgor estimatingdataassociation
in SLAM [44, 55]. Thederiation of all algorithmsis carriedout usingprobabilisticnotation;however,



the resultingexpressionswill be provided using linear algebraicequationsfamiliar from the ®ltering
literature.We offer a proof of corvergencein expectationfor FastSLAM2.0in linearGaussiarSLAM.
Further we provide extensive experimentalresultsusingreal-world data. We shov empirically thatthe
FastSLAM 2.0 outperformsEKFsin situationsplaguedwith hard dataassociatiorproblems thanksto
its ability to pursuemultiple dataassociatiorhypothesesimultaneouslyWe alsoprovide experimental
resultsfor learningmapswith asmary as 10° featureswhich is ordersof magnitudelarger thanthe
largestmapsever built with EKFs.

2 The SLAM Problem

The SLAM problemis de®nedasthe problemof recoseringa mapandarobotpose(locationandorien-
tation)from dataacquiredoy amobilerobot. Therobotgathersnformationaboutnearbylandmarksand
it alsomeasuredts own motion. Both typesof measurementare subjectto noise. They arecompiled
into aprobabilisticestimateof themapalongwith therobot's momentanpose(locationandorientation).

Figurel illustratesthe SLAM problemgraphically Panel(a) shavs the uncertaintyaccruedalong
arobot's path,alongwith the uncertaintyin the locationof all featuresseenthusfar. As this graphic
illustrates therobot's poseuncertaintyincreasesver time, asdoesits estimateon the absolutdocation
of individual features.A key characteristiof the SLAM problemis highlightedin Figure1lb: Herethe
robotsenses previously obseredlandmarkwhosepositionis relatively well knovn. This obsenation
providestherobotwith informationaboutits momentaryposition. It alsoincrease#ts knowledgeof other
featurelocationsin the map, which leadsto a reductionof mapuncertaintyasindicatedin Figure 1b.
Notice thatwhile in principle, therobot could alsoimprove its estimateof pastposesjt is commonin
SLAM noto considermastposessoasto keepthe amountof computatiorindependenbn the lengthof
therobot's history,

To describeSLAM moreformally, let usdenotethe mapby . The mapconsistf a collectionof
featuresgachof which will bedenoted ,. Thetotal numberof stationaryfeatureswill be denoted\N .
Therobotposeis de®nedat 5, wheret is a discretetime index. Posesof robotsoperatingon the plane
typically comprisetherobot's two-dimensionaCartesiarcoordinatesalongwith its angularorientation.

will usethesuperscrips! to denotesequencef variablesfrom time 1 upto timet.

To acquirea map, the robot cansense.Sensomeasurementsorvey informationaboutthe range,
distanceappearancetc.of nearbyfeaturesThisisillustratedin Figure2, in whicharobotmeasurethe
rangeandbearingto a nearbylandmark.Without lossof generality we assumehatthe robotobseres
exactly onelandmarkat a time. The measuremerdttime t, denotedz;, may be the rangeandbearing
of anearbyfeature.The assumptiorof observinga singlefeatureat a time is adoptedor corvenience;
multiple featuresightingsareeasilyprocessedequentiallyHighly restrictve, however, is anassumption
thatwe will initially adoptbut eventuallydropin later sectionsof this paper namelythatthe robotcan
determingheidentify of eachfeature.For eachmeasuremert;, n; speci®egheidentity of theobsered

At the coreof our SLAM algorithmis a generatre modelof sensomeasurementshatis, a proba-
bilistic law that speci®eghe processaccordingto which measurementaregeneratedThis modelwill
bereferredto asmeasuemenimodelandis of thefollowing form:

P(ztj St nsNe) = 90 nis)+ " 1)
The measuremennodelis conditionedon therobotposes;, the landmarkidentity n;, andthe speci®c
feature p, thatis beingobsered. It is governedby a (deterministic)functiong distortedby noise.The
noiseattimet is modeledoy therandomvariable”;, which will beassumedo be normally distributed
with meanzeroandcovarianceR;. The Gaussiamoiseassumptioris usuallyjust an approximation,
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Figure 1: The SLAM problem: (a) A robot navigatesthroughunknawn terrain; asit progressesits own poseuncertainty
increasesasindicatedby the shadeckllipsesalongthe robot's path,andso doesthe uncertaintyin the map(red ellipses).(b)
Loop closure: Revisiting a previously seenlandmarkleadsto a reductionin the uncertaintyof the momentaryposeandall
landmarksln online SLAM algorithms this reductionis usuallyonly appliedto themomentarypose.

but one that tendsto work well acrossa rangeof sensorg64, 17]. The measurementunction g is
generallynonlinearin its aguments.A commonexampleis thatof rangeandbearingmeasuremengs
discusse@bove. Therange(distanceandbearing(angle)to alandmarksareeasilycalculatedhrough
simpletrigonometricfunctionsthatarenon-linearin the coordinatevariablesof therobotandthe sensed
feature.

A secondsourceof informationfor solving SLAM problemsarethecontrolsof thevehicle.Controls
aredenotedu, andreferto thecollectve motorcommandgarriedoutin thetimeintenal [t 1;t). The
probabilisticlaw governingthe evolution of posess commonlyreferredto askinematicmotionmode)



Figure 2: Vehicleobservingherangeandbearingto a nearbylandmark.

andwill beassumedo be of thefollowing form:
p(stjusst 1) = h(ugse 1)+ ¢ 2)

As this expressionsuggeststhe poseattimet is a function h of therobot's poseonetime stepearlier
distortedby Gaussiamoise. The latteris capturedby therandomvariable ;, whosemeanis zeroand
whosecovariancewill bedenotedby P;. As wasin the caseof the measuremennodel,thefunctionh
is usuallynonlinearin its algument.

The goalof SLAM is the recovery of the mapfrom sensomeasurements! andcontrolsu'. Most
SLAM algorithmsareinstance®f Bayes®lters[29], andassuchrecover atary instantin time a proba-
bility distributionoverthemap andthe momentaryobotposes;:

p(st; jz'u'nY 3)

If this probability is calculatedrecursvely from earlier probabilitiesof the samekind, the estimation

algorithmis a ®lter. Most SLAM algorithmsareinstantiationsof the Bayes®lter, which computeghis
posteriorfrom the onecalculatednetime stepearlier(seg[65] for aderivation):

p(si jzhutnh)

= pjst nin) P(Stist pu) plse 1 jz' Hut hnt Hds g (4)

Here is a normalizationconstant(which is equivalentto p(z; j z' 1;ut;n') in this equation). The
normalizer doesnot dependon ary of the variablesover which the posterioris being computed.
Throughoutthis article, we will adoptthe commonnotationof usingthe letter for genericnormal-
izationconstantstegardlessof their actualvalues.

The Bayes®lter (4) is at the core of mary contemporarySLAM algorithms. In casesvhereboth
g andh arelinear, (4) is equvalentto the well-knowvn Kalman®iter [31, 40]. ExtendedKalman®lters
(EKFs) allow for nonlinearfunctionsg andh, but approximatethoseusinga linear function, obtained
througha ®rst degree Taylor expansion. Taylor expansionsare usedby the seminalEKF algorithm
for SLAM [64]. Other lessexploredoptionsfor linearizationincludethe unscente®lter [30, 72] and
momentsmatching[42].

At ®rst glance,onemight considerthatthe posterior(3) capturesall relevantinformation,henceis
shouldthe “gold standardfor robotic SLAM. However, thereare other more elaboratedistributions
thatcanbeestimatedn SLAM. ThealgorithmFastSLAM,in particular estimates posteriorover robot
paths,notjustmomentaryposesalongwith the map:

p(s'; jz'u';nY) (5)



At ®rstglance estimatinghe entirepathposteriomight appearto beaquestionablehoice.As the path
lengthincreasesso doesthe spaceover which the posterior(5) is de®ned.Sucha propertyseemgo be
at oddswith the real-timeexecutionof a ®lter. However, aswe will seebelow, speci®ctypesof ®lters
calculateposteriorsover pathsjust asef®ciently asover momentaryposes.This alone,however, would
barelysene asa motivationto preferpathposteriorsover poseposteriors.The true motivation behind
(5) arisedrom thefactthatit canbedecomposeihto aproductof muchsmallerterms—aopic thatwill
bediscussedh a separateectionbelow.

The®lter for calculatingthe posterior(5) is asfollows:

ps'; inhzhuY) = piss agn)p(siys nu) st hojnt hz Hut ) (6)
This updateequationdiffers from the standardBayes®lter (4) in the absenceof an integral sign: in
particulartheposeattimet 1, s; i, isnotintegratedout. Its derivationis mostly analogougo that of
theregularBayes®Iter (4), asprovidedin [65]. Bayesrule enablesusto transformthe left-handside of
(6) into thefollowing product:

p(s'; jnhzhu) = p@zjsh ;nh2t L) psh ojnhzt L) (7)
We now exploit thefactthatthemeasuremerd; depend®nly onthreevariables:therobotposes; atthe
time the measuremenwastaken andthe identity ny andlocation ,, of the obsered feature.Putinto
equationsye have

P(zejsh inhzt U = p(zejss ncne) (8)
Furthermorethe probabilityp(st; j nt;z! 1;u!) in (7) canbefactoredasfollows:

ps; inhzt huh) = p(sijst hoinhz Bu)pst hoojntzt Bl (9)
Both termscangreatlybe simpli®ed, by droppingvariablesthatcorvey no informationfor the speci®c
probability In particular knowledgeof s; ; andu; aresuf®cientto predicts; all othervariablesin
the ®rsttermon theright handsideof (9) carry no additionalinformationandcanthereforebe omitted.
Similarly, n; andu; carry no informationaboutthe posterioroverst ' and . Hencewe canre-write
(9) asfollows:

t 1.

p(sijst Hu)pst tojntt

4

tojntzt Lyt = ‘U

p(s'; jn%z th (10)

As thereademay easilyverify, substitutingthis equationand(8) backinto (7) yieldsthe desired®Iter
(6). This®lter, andthe posteriorit representsorm the coreof all FastSLAMalgorithms.

3 Factoring the SLAM Posterior

A key mathematicainsightpertainsto thefactthatthe posterior(5) possesanimportantcharacteristic.
This characteristiovas ®rst reportedin [52] andlater exploited in [2, 47] andvariousFastSLAM 2.0
paperd45, 44,55]. It alsowasusedin an earliermappingalgorithms[67] but wasnot madeexplicit at
thattime.

The insightis that the SLAM posteriorcan be written in the factoredform give by the following
product:

W

pss jnhzhu) = p(s'jntzhul) o op(ajsintz) (11)
n=1

Thisfactorizatiorstateghatthe calculationof the posteriorover pathsandmapscanbedecomposeihto

N + 1 recursve estimatorsanestimatorover robotpaths,p(st j n'; zt; ut), andN separatestimators
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Figure 3: The SLAM problem: The robot movesfrom poses: througha sequenc®f controls,us; uz;:::. As it moves,it
measuresiearbylandmarks. At timet = 1, it obseneslandmark ; out of two landmarksf i1; »9. The measuremernis
denotedz; (rangeandbearing).At timet = 1, it obseresthe otherlandmark, ,, andattimet = 3, it obseres 1 again. The
SLAM problemis concernedvith estimatingthe locationsof the landmarksandthe robot's pathfrom the controlsu' andthe
measurements . Thegrayshadingllustratesa conditionalindependenceelation.

The productof theseprobabilitiesrepresenthe desiredposteriorin afactoredway. This factoredrepre-
sentationris exact,not justanapproximationlt is agenericpropertyof the SLAM problem.
To illustratethecorrectnessf thisfactorization Figure3 depictsthe dataacquisitionprocesgraphi-

is afunctionsof the positionof the correspondindeature alongwith therobotposeatthetime themea-
surementwastaken. Knowledgeof the robot path“d-separates[58] the individual featureestimation
problemsandrendershemindependenbf eachother Knowledgeof the exactlocationof onefeature
will thereforetell usnothingaboutthelocationsof otherfeatures.

The sameobsenation is easily derved mathematically The statedindependencés given by the
following productform:

p( jshn%z) = " p( njstin'z) (12)
n=1
Notice that all probabilitiesare conditionedon the robot pathst. Our derivation of (12) requiresthe
distinctionof two possiblecasesdependingon whetheror not the feature , wasobseredin the most
recentmeasurementln particular if ny 6 n, the mostrecentmeasurement; hasno effect on the
posterior andneitherhastherobotposes; or thecorrespondence;. Thus,we obtain:

1.4t 1

p( njshnhzY) = p(ajs Hnt 4zt Y (13)

If ny = n, thatis, if , = 5, wasobseredby the mostrecentmeasuremert;, the situationcalls for
applyingBayesrule, followed by somestandardsimpli®cations:

P(ze] n;shnGzt BHp( o jshntzt b
p(z j st;nt;zt 1)
Pzt St; niNe) P(njst Lnt Lzt

p( n jshntzh) =

) p(zjst;nt;zt 1) (1)
This givesusthefollowing expressiorfor the probabilityp( , j st ;nt 1;z! 1):
P j s Lipt Lt 1y = p( n jshinY2Y) p(zijstnt 2t b (15)

P(zt j St; nesNt)



The proof of the correctnessf (12) is now carriedout by mathematicainduction. Let us assumehat
theposteriorattimet 1is alreadyfactored:

W
t 1;nt 1;Zt 1) — p( njst
n=1

p( js Lnt L2t 1 (16)

This statements trivially trueatt = 1, sincein the beginning the robot hasno knowvledgeaboutary
feature,andhenceall estimatesreindependentAt timet, the posterioris of thefollowing form:
p(zej ;shntzt Hp( jshntzt b

p(zt jst;nt;zt 1)
P(zijst; n;ng) p( js' hnt hzt Y

p( jsintz) =

p(z; j st;nt;zt 1) (17
Pluggingin our inductive hypothesiq16) givesus:
p( js';n'Z")
_ p(ztjst; niny) ¥ St 1.t 1.ot 1
_ P(zt]st; nni) Cot1t Loty Y Cot 1ot 1ot 1
T pajsinuz o Pl gt iz ) 6 (nls g 32 )
Eq (15) nent Eq (13)
= p(njshintz)  p(njstintz)
né ny
W .
= p( njsn';zY) (18)

n=1

Notice that we have substitutedour Equations(13) and (15) asindicated. This shavs the correctness
of Equation(12). The correctnes®f the mainform (11) follows now directly from this resultandthe
following generictransformation:

p(s’; jnhzhud)

p(s'jn'z5uY) p( jstintizhul)
p(s'jntzhu) p( jsin'iz))

W
p(s'jnYzhu)y  p(njsinyzY (19)
n=1

We notethatconditioningontheentirepaths! is indeedessentiafor this result. Themostrecentposes;

would be insuf®cient asconditioningvariable,asdependenciesay arisethroughprevious posesThis
obsenation providesthe motivationfor our choiceof posteriorover pathsandmaps(5), in placeof the
muchmorecommonform statedn Equation(3).

4 FastSLAM with Known Data Association

Historically, FastSLAM 1.0 wasthe earliestversionof the FastSLAM family of algorithms,andit is
alsothe easiesto implement[45]. We will thereforebegin our descriptionof FastSLAM with version
1.0,althoughmostof the obsenationsin this sectionsapply equallyto FastSLAM2.0. Both FastSLAM
algorithmsexploit the factoredposteriorderived in the previous section. The factorial natureof the
posteriomprovidesuswith signi®cantcomputationahdvantagesver SLAM algorithmsthatestimatean
unstructuregbosteriordistribution. FastSLAMexploits thefactoredepresentatioby maintainingN + 1
®lters,onefor eachfactorin (11). By doingso,all N + 1 ®ltersarelow dimensional.
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Robot Pose Landmark 1 Landmark 2 Landmark N

Particle 1: ‘ X ¥y q ‘ ‘ m S H my S ‘
Particle 2: ‘ X yq ‘ ‘ m S ‘ ‘ my S ‘
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Figure 4: Particlesin FastSLAM.

More speci®cally both FastSLAMversionscalculateghe posteriorover robotpathsp(s j nt; zt; ut)
by aparticle®lter [18, 37], similarto previouswork in mobilerobotlocalization[23], mapping[65], and
visualtracking[28]. The particle®lter hasthe pleasingpropertythatthe amountof computatiomeeded
for eachincrementalupdatestaysconstant regardlessof the pathlengtht. Additionally, it cancope
gracefullywith non-linearrobotmotionmodels.TheremainingN (conditional)posteriorsover feature
locationsp( n j st;nt; z'; ut) arecalculatedby extendedkalman®lters (EKFs). EachEKF estimatesa
singlelandmarkpose hencseit is low-dimensional Theindividual EKFsareconditionedon robotpaths.
Hence eachparticlepossesseiss own setof EKFs. In totalthereareN M EKFs,onefor eachfeaturein
themapandonefor eachlandmark?!

Figure4 illustratesthe structureof theM particlesin FastSLAM.Putinto equationseachparticleis
of theform

D E
St[m] — St;[m]; [1?]; [f;“].:::. [m]. km;] (20)

The bracletednotation[m] indicatesthe index of the particle; st[™ is its pathestimate and m] and

Hg] arethemeanandvarianceof the Gaussiamepresentinghe n-th featurelocation. Togetherall these

gquantitiesform them-th particIeSt[m], of whichthereareatotal of M in the FastSLAM posterior

Filtering, thatis, calculatingthe posteriorattimet from theoneattimet 1 involvesgeneratinga
new particlesetS; from S; i, the particlesetonetime stepearlier This new particlesetincorporatesa
new controlu; anda measuremert; (with associatedorrespondence;). This updateis performedn
thefollowing steps:

1. Extending the path posterior by sampling new poses. FastSLAM 1.0 usesthe control u; to
samplenew robotposes; for eachparticlein S; 1. More speci®cally considerthe m-the particle
inS; 1, denotedyy St[m]. FastSLAM1.0samplesheposes; in accordancavith them-th particle,
by draving a sampleaccordingo the motionposterior

[m]

st p(st j Si™; ue) (21)

Heres{m]1 is the posteriorestimatefor therobotlocationattimet 1, residingin them-th particle.

The resultingsamples{m] is thenaddedto a temporarysetof particles,alongwith the path of
previous poses;st LMl This operationrequiresconstantime per particle, independentf the
mapsizeN . Thesamplingstepis graphicallydepictedn Figure5, which illustratesa setof pose
particlesdravn from a singleinitial pose.

'Readerdamiliar with the statisticalliteraturemay want to note that both FastSLAM versionsareinstancef so-called
Rao-Blackwellizedparticle ®lters [19, 52], by virtue of the fact thatit combinesparticle representationwith closed-form
representationsf certainmaimginals.



Figure 5: Samplesiravn from the probabilisticmotionmodel.

2. Updating the obsewred landmark estimate. Next, FastSLAM 1.0 updatesthe posteriorover

the landmarkestimatesrepresentedy the mean E,"l] 1andthecovariance nt 1- Theupdated
valuesarethenaddedo thetemporaryparticleset,alongwith the new pose.

The updatedependson whetheror not a landmarkn wasobsered attimet. Forn 6 n¢, we
alreadyestablishedh Equation(13) thatthe posteriorover thelandmarkremainsunchangedT his
impliesthe simpleupdate:
D E D E
SR o (22)
For theobseredfeaturen = n¢, theupdates speci®edhroughEquation(14), restatecherewith
thenormalizerdenotecby :

p( n ishintzYy = pzijs; non) p(njst hnt Lzt Y (23)

The probabilityp( n, j st 1;nt 1;z' 1) attimet 1 is representedhy a Gaussiarwith mean

m] 1 andcovariance L”;] 1. For the new estimateat time t to alsobe GaussianFastSLAM

linearizesthe perceptuamodelp(z; j St; n,;Nt) in the sameway asEKFs [40]. In particular
FastSLAM approximateshe measuremerfunctiong by thefollowing ®rst-degreeTaylor expan-
sion:
oCnist™ o i)+ gts™ MR ) TR 0
= 2{”‘] = g™

= zt[m] + GEm]( Ny Lr?]t 1) (24)

Herethederivative gis takenwith respecto thefeaturecoordinates , . Thislinearapproximation
is tangentto g at s[m] and E"]t 1. Underthis approximation the posteriorfor the location of
featuren; is indeedGaussianThe new meanandcovarianceareobtainedusingthe standarceKF
measuremenipdatg40]:

Kt[m] = Ln:;]t 1G{m](G[m]T H?]t 1G£m]+ Ry) *
o= 1+K[m (z 2T
T
mo- g el @
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Samples from
proposal distribution
([T T m““” |

Figure 6: Samplescannotbe dravn conveniently from the target tamget distribution (shavn as a solid line). Instead,the
importancesamplerdravs samplesrom the proposaldistribution (dashedine), which hasa simplerform. Below, samples
dravn from the proposalistribution aredravn with lengthsproportionalto theirimportanceweights..

Weighted samples

Stepsl and2 arerepeatedV times,resultingin atemporarysetof M particles.

3. Resampling In a®nal step,FastSLAMresampleshis setof particles thatis, FastSLAM dravs
from this temporarysetM particles(with replacement)which thenform the new particle set,
St. Thenecessityto resamplearisesfrom the fact thatthe particlesin the temporarysetare not
distributedaccordingto the desiredposterior: Stepl generateposess; only in accordancevith
the mostrecentcontrolu;, payingno attentionto the measurement;. Resamplings a common
techniquén particle®ltering to correctfor suchmismatches.

This situationis illustrated—fora simpli®ed 1-D example—inFigure 6. Here the dashedine
symbolizegheproposaldistribution, whichis thedistribution atwhich particlesaregeneratedand
thesolidline is thetargetdistribution[41]. In FastSLAM,theproposalistributiondoesnotdepend
onz;, but thetargetdistribution does.By weighingparticlesasshavn in the bottomof this®gure,
andresamplingaccordingo thoseweights theresultingparticlesetindeedapproximateshetarget
distribution. The weight of eachsampleusedin the resamplingstepis called the importance
factor[61].

To determinégmportancdactorof eachparticle,it will prove usefulto calculatetheactualproposal
distribution of the pathparticlesin the temporaryset. Underthe assumptiorthat the setof path
particlesin S; 1 is distributedaccordingo p(st *j zt ;ut %;n' 1) (whichis anasymptotically
correctapproximation)pathparticlesin thetemporarysetaredistributedaccordingto:

p(st ™zt futint ) = p(st™ s ) p(st M2t fut hnt Y (26)
Thefactorp(si™ j si™ ; uy) is the samplingdistribution usedin Equation(21).
Thetarget distribution takesinto accountthe measuremerdt time z;, alongwith the correspon-
denceny:

p(sti™ j zt; ut; nY) (27)

Theresamplingorocessaccountdor thedifferenceof thetamgetandthe proposalistribution. The
importancefactorfor resamplings given by the quotientof the target andthe proposaldistribu-
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tion [41]:

wiml = targetdistribution
' proposadistribution
p(St;[m] J Zt; ut; nt)
p(st;[m] J zt l; ut; nt 1)

p(Zt J St;[m]; Zt l; nt)

(28)

Thelasttransformatioris a directconsequencef thefollowing transformatiorof theenumerator
in (28):

p(zc j M 2" HutinY) p(sti™ 2t tutnt)
p(zi j s 2 LinY) p(si™j 2t Hutint ) (29)

p(s*™ j z';u';nY)

To calculatethe probability p(z; j stI™:;zt 1;nt) in (28), it will be necessaryo transformit
further In particular it is equivalentto the following integration, wherewe once again omit
variablesrrelevantto the predictionof sensomeasurements:

Z
w™ = Pz nist™iz' 50t p( o jEM2t S0t d g,
Z
= p(zej nings™) |O( ne S 1;[?‘21;2t Lt 1; d n, (30)
N( [m] . [m] )

ngt 17 ngt 1

HereN (x; ; ) denotesa Gaussiardistribution over thevariablex with mean andcovariance

. Theintegrationin (30)involvestheestimateof theobseredlandmarkocationattimet, andthe
measuremennhodel. To calculate(30) in closedform, FastSLAM emplgys the very samelinear
approximationusedin the measurementpdatein Step2. In particular the importancefactoris
givenby

. o1 n 0
wi™ 2 QM 2 exp Lz 2™)TQM™ Yz 2™ (31)
with the covariance

o= e G+ Ry (32)
Thisexpressions theprobabilityof theactualmeasuremers; underthe Gaussiarthatresultsfrom
thecorvolution of thedistributionsin (30), exploiting our linearapproximatiorof g. Theresulting
importanceweightsare usedto drav (with replacementM new samplesfrom the temporary
sampleset. Throughthis resamplingorocessparticlessurvive in proportionof their measurement
probability Unfortunately resamplingmay take time linearin the numberof featuresN, since
entiremapsmay have to be duplicatedwhena particleis dravn morethanonce.

Thesehreestepsogetherconstitutetheupdaterule of the FastSLAM1.0algorithmfor SLAM problems
with known dataassociationWe notethatthe executiontime of the updatedoesnot dependn thetotal

[m]

pathlengtht. In fact,only themostrecentposes; 7 is usedin theprocesf generatinganew particleat
timet. Consequentlypastposesansafelybe discardedThis hasthe pleasingconsequencthatneither
thetime requirementsnotthe memoryrequirementsf FastSLAMdependnt.

12



@ (b)

Figure 7: Mismatchbetweemroposalndposteriordistributions: (a) illustratesthe forward sampleggeneratedby FastSLAM
1.0,andtheposteriorinducedby the measuremer{ellipse). Diagram(b) shavs the samplesetaftertheresamplingstep.

5 FastSLAM 2.0: Impr oved ProposalDistrib ution

FastSLAM 2.0[46] is largely equivalentto FastSLAM 1.0, with oneimportantexception: Its proposal
distribution takesthe measuremert! into considerationBy doingto it canavoid someimportantprob-
lemsthatcanarisein FastSLAM1.0. In particular FastSLAM 1.0 samplegposesaseonthecontrolu;
only, andthenusesthe measuremert; to resamplehoseposes.Thisis problematiovhenthe accurag
of controlis low relative to theaccurag of therobot's sensorsSucha situationis illustratedin Figure7:
Herethe proposalgenerates large spectrumof samplesshavn in Figure 7a, but only a small subset
of thesesampleshave high likelihood, asindicatedby the ellipsoid. After resampling,only particles
within theellipsoid“survive” with reasonablyigh likelihood. Clearly, it would be advantageouso take
the measuremerihto consideratiorwhengeneratingparticles—whichFastSLAM 1.0 fails to do. Fast-
SLAM 2.0 achievesthis by samplingposeshasedon the measuremert;, in additionto the control u;.
Thus,asaresult,FastSLAM 2.0is lesswastefulwith its particlethanFastSLAM 1.0. We will quantify
the effect of this changen detainin the experimentalresultssectionof this paper UnfortunatelyFast-
SLAM 2.0is moredif®cult to implementthan FastSLAM 1.0, andits mathematicatlerivationis more
involved. In theremainderof this sectionwe will discusgheindividual updatestepsin FastSLAM 2.0,
which parallelthe correspondingtepsin FastSLAM 1.0 asdescribedn the previoussection.

5.1 Extending The Path Posterior By Sampling A New Pose
In FastSLAM2.0,the posesEm] is drawn from the posterior
S{m] (st j gt 1;[m];ut;zt;nt) (33)

which differsfrom the proposaldistribution providedin (21) in that (33) takesthe measuremert; into
considerationalongwith the correspondence;. Thereademayrecallthats! Y is the pathup to
timet 1 of them-th particle.

Themechanisnfior samplingfrom (33) requiredurtheranalysis First,we rewrite (33)in termsof the
“known' distributions,suchasthe measuremerandmotion models,andthe Gaussiarfeatureestimates
in them-th particle.

p(St J St 1;[m]; Ut;Zt; nt)
Bayes P(zt j si;st BMut;zt Int) p(sy jst BMlut;zt 1nt)
p(z j st LImut;zt 1;nt)

— [m] p(Zt J St;St 1;[m]; ut;zt 1; nt) p(St J St 1;[m]; Ut; Zt 1; nt)
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g i Oz ) e 47
= M pzj ongsest HMuhZt HnY) p(ajsgst MMzt Y d g,

p(st JS{"3 w)

M k . . . .
T p@ gising pCaist B2 Bt Yd g, P(Stl?[m]l;ut}
N (zt;9( n¢;st)iRe) N ( ng; Lmt]t 1 Lmt]t ) N (se;h(si™ ) sue)iPr)

(34)

This expressiormalkesapparenthatour samplingdistributionis truly the corvolution of two Gaussians
multiplied by a third. Unfortunately in the generalcasethe samplingdistribution possesseso closed
form from which we could easilysample.The culpritis thefunctiong: If it werelinear, this probability
would be Gaussiana fact that shall becomemore obvious below. In the generalcase,not even the
integral in (34) possesa closedform solution. For this reason.samplingfrom the probability (34) is
dif®cult.

Thisobserationmotivatesthereplacementf g by alinearapproximation Asin FastSLAM1.0,this
approximatioris obtainedhrougha ®rst orderTaylor expansiongivenby thefollowing linearfunction:

o nis) A6 (n Nh D+ Gs &™) (35)
Herewe usethefollowing abbreiations:

2™ = ok nd™) (36)

g™ = nes™iu) (37)

ThematricesG andGs arethe Jacobian®f g, thatis, they arethe dervativesof g with respecto p,
andsg, respectiely, evaluatedat the expectedvaluesof their aguments:

G

r n[g( nt;st) St:s{m]; ne = [m] (38)

- ngt 1

Gs

F 590 niSig_gm, | ] (39)

t ngit 1

Underthis approximationthe desiredsamplingdistribution (34) is a Gaussiarwith the following pa-
rameters:

h i

m = GIQM 'Gs+ P, ? (40)
1

M= MGIQ™ Yz 2™)+ g™ (41)

wherethe matrix Q™ is de®nedasfollows:

QM= Rr+c M . GT (42)

ne;t
To see,we notethatunderout linear approximatiorthe convolution theoremprovidesus with a closed
form for theintegraltermin (34):
N (zi: 2™+ Gest  G<&™; Q™) (43)

Thesamplingdistribution (34) is now givenby the productof this normaldistribution andthe rightmost

termin (34),thenormalN (s;; SP"]; P¢). Writtenin Gaussiariorm, we have
n (0]
pscj st HMhutzinY = exp y™ (44)
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with H
#Wo= b @ A" Gesi+ Gg™)QM Nz AT Gosi+ G
s SR s 4™ (45)
This expressioris obviously quadratidn ourtargetvariables;, hencep(s j st 5! ut; z'; n') is Gaus-

sian. Themeanandcovarianceof this Gaussiarareequialentto the minimumof yt[m] andits cunature.
Thoseareidenti®edby calculatingthe®rst andsecondderivativesof W with respecto s;:

@ m 1 [m] [m] 1g ]
@t = (Z 2t GsSt + ngt ) + Pt (St St )
= (GT M iee+ P Ys GIQM Yz M+ Gg™) P g™ (46)
[m]
@é GlQM™ *Ge+ P ! (47)
t

Thecovariance s[ Vof thesamplingdistribution is now obtainedby theinverseof the secondierivative

' 1
= GT M 1gg+ py (48)

The mean sl I of the sampledistribution is obtainedby settingthe ®rst derivative (46) to zero,which
givesus:

h [
MGl Yz 2™+ eg™) + Pty

[m]
St

h i
= MeloM 'z 2™+ [ elQM 'GPt g
= el fa 2™+ o™ (49)

This Gaussiaris the approximationof the desiredsamplingdistribution (33) in FastSLAM 2.0. Obvi-
ously, this proposaldistribution is quite a bit moreinvolved thanthe muchsimpleronefor FastSLAM
1.0in Equation(21). Its advantagewill be characterizedelon, whenwe will empiricallycompareboth
FastSLAMalgorithms.

5.2 Updating The Obsernved Landmark Estimate

Justlike FastSLAM 1.0, FastSLAM 2. O updateghe posteriorover the landmarkestimatedasedon the

measuremert; andthesampleq)oses M Theestimatemttimet 1 areonceagainrepresentedy the

mean L;t] , andthecovariance L;t] 1, andtheupdatedestimatesirethe mean L”l] andthecovariance

E,"l] The natureof the updatedependson whetheror not a landmarkn wasobsened attimet. For
n 6 n¢, wealreadyestablishedh Equation(13)thatthe posterioroverthelandmarkremainsunchanged.
Thisimpliesthatinsteadof updatingthe estimatedye merelyhave to copy it.

For theobseredfeaturen = ny, thesituationis moreintricate. Equation(14) alreadyspeci®edhe

posteriorover obsenedfeaturesherewritten with the particleindex m:

p( n jstM:ntzl) = Pz n{éS{m];nt? P ne s 1;[2”7];2‘ Lnt 1} (50)
N (z;9( ngis™)iRe) NCngs mit o b )

As in (34), the nonlinearityof g causeghis posteriorto be non-Gaussianwhich is at oddswith Fast-
SLAM 2.0's Gaussiamepresentatiofor featureestimatesLuckily, theexactsamdinearizatiomasabove
providesthesolution:

o ncs) A+ G (n Mo (51)
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(Noticethats; is notafreevariablehere,hencewe canomit thethird termin (35).) This approximation
renderghe probability (50) Gaussiarin thetargetvariable , :

p( n jsiM:nt; 2
= exp iz 2™ G(n MR Mz 2™ G(n D)
1 Ml \T [ 1 m 0 -
2( Nt ne;t 1) ne;t 1( Nt ne;t l) ( )

The new meanandcovarianceareobtainedusingthe standarcEKF measuremenipdateequationg29,
40], whosederivationcanbefoundin in AppendixA.

1
K™ = et (53)
mt = oot KM@ 2™ (54)
o= 0 k{Mey (55)

5.3 Calculating Importance Factors

The particlesgeneratedhusfar do not yet matchthe desiredposterior In FastSLAM 2.0, the culprit is
thenormalizer (™1 in (34), which may be differentfor differentparticlesm. Thesedifferencesarenot
yetaccountedor in there samplingprocessAs in FastSLAM1.0,theimportanceactoris givenby the
following quotient.

targetdistribution

ml _
W proposadistribution (56)

Onceagnin, the target distribution that we would like our particlesto assumas given by the pathpos-
terior, p(stI™! j zt; ut; n'). Underthe (asymptoticallycorrect)assumptionshat pathsin st L™l were
generatediccordingto the target distribution onetime stepearlier p(st 5M j zt L:ut L;nt 1), we
notethatthe proposadistributionis now givenby the product

p(st 1;[m] J Zt 1; ut 1; nt 1) p(s|t:m] J St 1;[m]; ut; Zt; nt) (57)

Thesecondermin this productis the posesamplingdistribution (34). Theimportancewneightis obtained
asfollows:

p(st™j ut; 2% n)
p(s{m] J St 1;[m]; ut; Zt; nt) p(St 1;[m] J ut 1; Zt 1; nt 1)
p(S{m] j st Lim]. yt: zt nt) p(st 1;[m]j ut; zt: nt)
p(s{m] J St 1;[m]; ut; Zt; nt) p(st 1;[m] J ut 1; Zt 1; nt 1)
p(st 1;[m]j ut; Zt; nt)
Bayes  P(zjs' MMutzt Lnt) p(s' HMjutzt Lint)
Mark ov p(zt J St 1;[m]; ut; Zt 1; nt) p(St 1;[m]j ut 1; Zt 1; nt 1)
- p(st 1;[m]j ut 1;Zt 1;nt 1)
= p(z: j st Myt zt Lnt) (58)

wim =

Thereademay noticethatthis expressioris in essencéheinverseof our normalizationconstant (™1 in
(34). Furthertransformationgjive usthe following form:

Wt[m]
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Figure 8: Thedataassociatiorproblemin SLAM.
Z
— p(Zt J St;St 1;[m];ut;zt 1; nt) p(St J St 1;[m]; ut;zt 1; nt) ds
Z
VRO p(zjspst MMt 2t bnt) p(sj s ue) dsy
ZZ
= Pz ) nisast MMubzt LY p(ajsgst HMuh 2 B d o,
. m] .
P(g LSt 1 uy) sy

Mark ov

P(th ?,;st;nt; |o( neJ St 1;[”‘];{sz L.zt Lt 1; d n, F(Stj?[m]ﬂut; ds
N (zii9( nisO)iR) N(ne bbb N (s:e™iPy)
(59)

We ®nd thatthis expressiorcanagain be approximatedy a Gaussiarover measurements by lineariz-
ing g. As it is easilyshavn, the meanof theresultingGaussiaris 2;, andits covarianceis

LY = GPGI+G [N GT+Ry (60)

Putdifferently, the (non-normalized)mportancefactor of the m-the particleis given by the following
expression:

1N 0
W{m] - 12 LP]J zexp %(Zt 2t)TLP] 1(Zt 2t) (61)

As in FastSLAM 1.0, particlesgeneratedn Stepsl and2, alongwith theirimportanceactorcalculated
in Step3, are collectedin a temporaryparticle set. The ®nal stepof the FastSLAM 2.0 updateis a
resamplingstep.Justlike in FastSLAM 1.0, FastSLAM 2.0draws (with replacementM particlesfrom

thetemporaryparticleset. Eachparticleis dravn with a probability proportionalto its importancefactor
Wt[m]. Theresultingparticlesetrepresentasymptoticallythe desiredfactoredposteriorattime .

6 Unknown Data Association

6.1 Data Associationin SLAM

The biggestlimitation of both FastSLAM algorithms,asdescribedso far, hasbeenthe assumptiorof
known dataassociationReal-world featuresareusuallyambiguousThis sectionextendsthe FastSLAM
algorithmsto casesvherethe correspondenceariablesn' areunknown.
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Formally, the dataassociatiorproblemattimet is the problemof determiningthe variablen; based
on the available data. This problemis illustratedin Figure 8: Here a robot obseresto landmarks.
Dependingon its actualposerelative to theselandmarks thesemeasurementsorrespondo different
landmarksin the map (depictedas starsin Figure 8). The “classical'solutionto the dataassociation
problem[4, 14,17]is to chosen; sothatit maximizeghelikelihoodof the sensomeasuremer;:

A, = argmaxp(z j ng; At Lstzt Luh) (62)
Nt

Suchan estimatoris calledmaximumlikelihoodestimator(ML). Thetermp(z; j ng; At 1;st;zt 1;ub)

is usuallyreferredto aslikelihood ML dataassociations oftenreferredto asnearesteighbormmethod,

interpretingthe negative log likelihoodasdistancefunction. For Gaussiansthe negative log likelihood

is aMahalanobiglistanceandML selectgdataassociation®y minimizing this Mahalanobidistance.
An alternatve to the ML methodis dataassociatiorsampling(DAS):

A p(zy j ne; At Lst:zt Lub) (63)

DAS sampleghe dataassociatiorvariableaccordingto the likelihood function, insteadof determin-
istically selectingits mostlikely value. Both techniquesML and DAS, malke it possibleto estimate
the numberof featuresn the map. SLAM techniquesisingML createnew featuresin the mapif the
likelihoodfalls belon a thresholdpg for all known featuresin the map. DAS associatesn obsered
measurementvith a new, previously unobsered featurestochastically They do so with probability
proportionalto pg, where is anormalizerde®nedn (63).

In EKF-style approaches$o the SLAM problem, ML is usually given preferenceover DAS, since
the numberof dataassociatiorerrorsin ML is smaller Becausenly a singledataassociatiordecision
is madefor eachmeasuremerit mostEKF-basedmplementationstheseapproachesendto be brittle
with regardsto dataassociatiorerrors. A singledataassociatiorerror caninducesigni®canterrorsin
the mapwhichin turn causenew dataassociatiorerrors,oftenwith fatalconsequencesl herefore the
correspondingsLAM algorithmstendto work well only whenambiguoudeaturesin the ervironment
are spacedsuf®ciently far apartfrom eachotherto make confusionsunlikely. For this reason,mary
implementation®f SLAM extractsparsdeaturesfrom otherwiserich sensomeasurements.

6.2 Data Associationin FastSLAM

The key adwvantageof the FastSLAM over EKF-style approachess its ability to pursuemultiple data
associatiorhypothesest the sametime. This is dueto the fact that the posterioris representedby
multiple particles. In particular FastSLAM estimateghe correspondencesn a perparticle basis,not
on a per®lter basisasis the casefor the EKF. This enablesFastSLAM to useML or even DAS for
generatingarticle-speci®aataassociatiorecisions As long asa smallsubsebf the particlesis based
on the correctdataassociationdataassociatiorerrorsare not asfatal asin EKF approachesThis is
becausgatrticlessubjecto sucherrorstendto possessconsistenmapswhichincreasesheprobability
thatthey aresimply sampledaway in future resamplingsteps.

The mathematicade®nition of the perparticle dataassociations straightforvard. Each particle
maintainsa local setof dataassociation/ariables,denoteohEm]. In ML dataassociationeachn{m] is
determinedy maximizingthelik elihoodof the measuremerd;:

Al™ = argmaxp(z; j ne; At B gEml: gt 1yt (64)
Nt
DAS dataassociatiorsampledrom thelik elihood:

h{m] p(zt j ne; At 1;[m]; St;[m]; 7 1; ut) (65)
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For bothtechniquegasesthelikelihoodis calculatedasfollows:
p(zt J Et; ﬁt l;[m]; St:[m]; Zt l; Ut)

= p(ze] ngnght HLSEML gt Lty p g At ML SR 2t Lty d
z

— P(th n{ént;sgm]g P( ny J nt 1;[m{]z;st 1;[m];zt 12 d o (66)

N (zt;9( nt;s{m]);Rl) N ( LT]I 1 LT]I 1)

Linearizationof g enablesusto obtainthisin closedform:
p(z: j n; At BMI:ghiml zt 1.yt
1 n ]
. 1 1
= 2QMi 2exp 3z o mx usNTQA" M@ o nx s (67)

The variabIeQ{m] wasde®nedin Equation(42), asa function of the dataassociatiorvariablen,. New
featuresare addedto the mapin exactly the sameway asoutlinedabove. In the ML approacha new
featureis addedvhentheprobabilityp(z; j ng; At LMI: stml: zt 1. yt) fallsbeyondathresholdpg. The
DAS includesthe hypothesishat an obsenation correspondso a previously unobsered featurein its
setof hypothesesandsamplest with probability pp. To accommodatéhe particle-speci®anapsize,

eachparticlecarriesits own featurecount. This countwill bedenoted\ t[m].

6.3 Featurelnitialization

Asin EKF-implementationsf SLAM, initializing thenewly addedKalman®Iter canbetricky, especially
whenindividual measurementreinsuf®cientto constrainthe features locationin all dimensiong15].
In mary SLAM problemsthe measuremenfunction g is invertible. This the case,for example, for
robotsmeasuringangeandbearingto landmarksin the plane,in which a singlemeasuremerguf®ces
to producea (non-dgieneratekstimateon the featurelocation. The initialization of the EKF is then
straightforvard:

[m]

m]

st p(st j si™; un) (68)
o= g Yz d™) (69)
M= (GRR tGlMT) 2 (70)
w™ = o (71)

Noticethatfor newly obsenedfeaturesthe posesEm] is sampledaccordingto the motion modelp(s; |

s{m]l; ut). Thisdistributionis equivalentto the FastSLAM samplingdistribution (33) in situationswhere
no previouslocationestimatdor the obseredfeatureis available.

Initialization techniquedor situationsin which g is not invertible arediscussedn [15]. In general,
suchsituationsrequirethe accumulationof multiple measurementgp obtaina good estimatefor the

linearizationof g.

6.4 Feature Elimination and Negative Information

To accommodatdeaturesintroducederroneouslyinto the map, FastSLAM featuresa mechanisnfor

eliminatingfeatureghatarenot supportedy suf®cientevidence.In particular ourapproactkeepsrack
of the probabilitieson the actualexistenceof individual featuresin the map, a techniquecommonly
usedin EKF-stylealgorithms[17]. Let iml 2 f 0; 1g be a binary variablethatindicatesthe existence

of the feature Lm]. Our approachexploits the fact that eachsensomeasurement; carriesevidence
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with regardsto the physical existenceof nearbyfeatures n Observmgthefeatureprmdesposmve

evidencefor its existence whereasot observingit when n m) falls within therobot's perceptuatange
providesnegative evidence.Theresultingposteriorprobability

p(iml j atImI, gtIml. 7t 1 72)

is estimatedy abinaryBayes®lter, familiarfrom theliteratureon occupang grid mapg49]. FastSLAM
representthe posteriorin its log-oddsform:

p(lkm]J ht;[m];st;[m];zt 1) B X n p( J S{m] Zta [m])

" L opGfY A semizt 1 plE sz nf™)

(73)

Theadwantageof thisrule liesin thefactthatupdatesareadditive (see[66] for aderivation). In themost
simpleimplementationpbservingof afeatureleadsto the additionof a positive value

[m] [m] [m]
I s Zt; Ny
+ = P LA [r)n] (74)
1 p(lm JS‘( Zt;ht )
to thelog-oddsvalue,andnot observingt leadsto the additionof a negative value
[(m] [m]. [m]
i St 5zt Ny
- In p( né N J t ts ) (75)

1 p(|£1";]n j sim z; alm)

To implementthis approachn real-time,the variablet startsat the time a featureis ®rst introducedin
the map. Featuresareterminatedwhentheir log-oddsof existencefalls beyond a certainbound. This
mechanisnenabled-astSLAM's particlesto freethemselesof spuriousfeatures.

6.5 The FastSLAM Algorithms

Tablesl and2 summarizéboth FastSLAMalgorithms.In bothalgorithms particlesareof theform

D E
(m] _ [m]. ny[m]. [m]. [m]. [m] ..., (m] . [m] . [m]
St - St 1Nt ) l;t ) 1;t y 1 1ty Nt[m];tv Nt[m];tv Nt[m] (76)

In additionto the poses{ andthefeatureestimates

of featuresN, ™ its local map, andeachfeaturecarnesa probabilisticestimateof its existence p

Iteratingthe®lter requiregime linearin the maximumnumberof featuresmax, N[ Vin eachmap,and
it is alsolinearin thenumberof particlesM . Furtherbelow, we will d|scusad\ancedjatastructurethat
yield moreef®cientimplementations.

We notethatbothversionsof FastSLAM,asdescribedere considerasinglemeasuremerdtatime.
As discussedbove, this choicehasbeenmadefor notationalcorvenience. Most competitve SLAM
implementationgincluding ours)considemultiple featuresin the dataassociatiorstep[3, 26, 53, 65].
Doingsotendsto decreasethedataassociatiorerrorrate,andtheresultingmapsbecomanoreaccurate.
This follows from a mutual exclusion property which statesthat no landmarkcanbe obsenred at two
differentlocationsat the sametime [16]. Like mary otherimplementationdefore,ourimplementation
considersll featureobseredin asinglesensoscanwhencalculatingthe measuremeriik elihood. The
necessarynodi®cationof FastSLAM s straightforvard but will not be further elaboratedchere. Below,
we will provide anempiricalcomparisorof bothvariantsof this algorithm,highlightingthe advantages
of FastSLAM2.0over 1.0.

[ [m]

] and ., eachparticlemaintainsthe number
[m]
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Algorithm FastSLAM 1.0(@z;; u¢; St 1):

form= 1toM do

retrieve "N T T i e

s™ p(sejs™ue)

forn— 1toN[m] do
=g( 1 is™)
Gn = g™ R 1)
Q=g M 11Gn + Ry

n;t

Wn = j2 Qnj 2 exp %(Zt 2n)TQn Yz
endfor
WNt[ml+1 = Po
h= argmax Wy

N[ = mafot Ing
forn = 0toN[™ do
ifn= N+ 1then
[m]_ g Lz d™)
Lr;T:]: ant(Gnl)T
ml g
elseif n = A then
K= L”l] 1GnQq !

L[":]]: mot K@ 20T
m] _ m
(l KG-r‘I\—) nt 1
T
else
m] _ [m]
n;t nt 1
[m] _  [m]
nt nt 1
if H"t] 1 outs:deperceptuah’;mgeofst
(m] _ i m]
Int - In;t 1
else
|L”:] = |[m] 1
if |L”: , < 0 thendiscardfeaturen endif
endif
endif
endfor
[][]D[][][]E [m]
m]. m], ml, [m]. .Im] ..... m
add s¢ SN aen pesin ST e
t
endfor
St=;
form®= 1toM do
drav randomlnd% m with probatg/lty/ w[m]
m] m m]. [m mf ..., m
add SN[ M ImgmlT
endfor
returnS;
endalgorithm

// loop over all particles
[(m] . [m] i
NIMe 1t N
// samplenew pose
// calculatemeasuremerik elihoods
// measuremergrediction
// calculateJacobian
// measuremertovariance

fromS; 4

2) // likelihoodof correspondence

// importanceactorof nev landmark
// maxlikelihoodcorrespondence

// new numberof featuresn map
// updateKalman®iters

// is new feature?

// initialize mean

// initialize covariance

// initialize counter
// is obseredfeature?

// calculateKalmangain
// updatemean
// updatecovariance

// incrementcounter
// all otherfeatures

// copy old mean
// copy old covariance

then // shouldfeaturehave beenobsered?

// no, do notchange

// yes,decrementounter
// discarddubiousfeatures

[m]
N[™Tt

i[m]

;INt[m] to Saux

// constructew particleset
// resampléMl particles

// resample

[m] ..[m]
N‘[m];t’IN[[m] to S

Table 1: Summaryof thealgorithmFastSLAM 1.0with unknovn dataassociationaspublishedn [45]. This versiondoesnot
implementary of the ef®cienttreerepresentationdiscussedn the paper andit relieson aninferior proposaldistribution. Its

chiefadwantages thatit easierto implementthanFastSLAM2.0.
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Algorithm FastSLAM 2.0(@z;; u;; St 1):

form= 1toM do £ // loop over all particles
m].pgIml.  [ml . [m] . [m] ..... [m] . [m] . m]
retrieve s N1 1 1 1o w10 a0 NPT 1 NIl 17 NI fromS;
forn = 1toN; [m] do // calculatesamplingdistribution
& = b u ;A = g ) e _
G mg = T nlg( nt,st) s=&™l; = Ln:]t 1,'Gs;nt =1 5.9( n,;st)]stzggm]; 0= Lmt]t )
Q{m] = F\F]t + G o, Ln:]t 1(3‘T;nt i
1 1
[srxn;!n = sntth] Gsn, + Pt [ern?%t = Sx m sn,th] (zt [m]) + Qt
smx NC S [srtn!n}] // samplepose
. 1 .
=iz Zen Mz o ML ousmTR fa o I s
endfor
Py, = Po // likelihoodof new feature
t 1
n{”‘] = argmax, pn, or draw randomn{m] with probability! pn, // dataassociation
forn= 1to Nt[mi + 1ldo // processneasurement
ifn, = nt Nt[mi then // known feature?
m] m] _ [m . ml _ m
N[ ! l\:t[]l’ 'EtE r!h'! + [+]’K[ [] ] Eﬁt]'[ lG[TntQt Ny
m] _ m m] m]y. m] _ m]
act = nt 1T KE @z Zea )l A = (0 K{HG o, ) | mt 1

L{t] = Gs;ﬁtPtG-Sr;ﬁt + (r% Nt H?,]t 1GT;nt * R 0

. 1
w™=j2 LY Zexp Lz 2a)LY Mz 2ca)

elseif ny = Ny = Nt[mi + 1 then // new feature?
n=N" o= NP L sl = p
st p(sejs” 1,ut) Gn=1 ,00niSigogm, o m
[m] =g 1(2 S ]), m] — (G R’[ lGTn) 1
elself n; 6 A; andn; Nt[m1 // handleunobseredfeatures
[m] _ [m] . [m] _ [m]
ne;t = nest 10 ngt T net 1
if ") 62range(s[m] ) then // outsidesensorange?
m] _  [m]
ne;t net 1
else // insidesensorange?
mb=Imb ;if ! < 0thenremoren, // discontinuefeature?
endif
endif
endfor £
[m] [m]. [m]. [m] ..... [m] . [m] . [m]
add S I I P PRI CY 10 Saux
endfor // endloop over all particles
S = ; // constructhew particleset
form®= 1toM do // generatéM particles
drav randomindex m with probab'L:thy/ w[m] // resample
ml.p[mI. [m]. [m]. [m] ..... [m] . [m] . [m]
add S; 1Nt y Lt 1t 1 Yy Nt[m];t, Nt[m];t, Nt[m] tOSt
endfor
returnS;
endalgorithm

Table 2: The FastSLAM2.0 Algorithm, statechereunknavn dataassociation.
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7 Convergenceof FastSLAM 2.0For Linear-GaussianSLAM

In this section,we will establisha corvergenceresultfor FastSLAM 2.0. This resultcrucially exploits
the proposaldistribution in FastSLAM 2.0 and thereforeis not directly applicableto FastSLAM 1.0.
It appliesto a subsetof all SLAM problems,namelyfor linear SLAM problemswith Gaussiamoise.
LG-SLAM problemsare de®nedto possessnotion and measurementodelsof the following linear
form:

Nt St (77)
Ui+ St 1 (78)

g( Nt St)
h(ut; st 1)

The LG-SLAM framework canbe thoughtof asa robotoperatingin a Cartesiarspacesquippedwith a
noise-freecompassandsensorshatmeasuralistancedo featuresalongthe coordinateaxes.

While LG-SLAM is clearlytoo restrictive to be of practicalsigni®canceit playsanimportantrolein
theliterature.To our knowledge theonly known corvergenceprooffor a SLAM algorithmis arecently
publishedresultfor Kalman®ilters (KF) appliedto speci®clinearGaussiarproblems.As shavn in [17,
54], the KF approach(which is equivalentto EKFsfor linearGaussiarSLAM problems)cornvergesto
a statein which all mapfeaturesarefully correlated.If the locationof onefeatureis known, the KF
asymptoticallyrecoversthelocationof all otherfeature.

Thecentralcorvergenceresultin this paperis thefollowing:

Theorem. LinearGaussiarFastSLAM 2.0 convergesin expectatiorto the correctmapwithM = 1
patrticleif all featuresareobsenedin®nitely often,andif thelocationof onefeatureis known in advance.

If no featurelocationis known in advance,the mapwill be correctin relative terms,up to a ®xed
offset that uniformly appliesto all features. The proof of this resultcanbe found in AppendixB. Its
signi®cancdiesin thefactthatis shavs thatfor speci®cSLAM problemsFastSLAM2.0 maycorverge
with a ®nite numberof particles.In particular the numberof particlesrequiredfor corvergencein LG-
SLAM is independenbf the sizeof themapN . This resultholdsevenif all featuresarearrangedn a
large cycle, a situationoftenthoughtof asworstcasefor SLAM problems[26]. However, our analysis
saysnothingaboutthe corvergencespeedf the algorithm,whichin practicedepend®n the particleset
sizeM . Below, we will investigatethe speedf convergencethroughempiricalmeans.

8 Efcient Implementation

At ®rst glance,it may appearthat eachupdatein FastSLAM requirestime O(M N ), whereM is the
numberof particlesM andN the numberof featuresin the map. Thelinear compl«ity in M is un-
avoidable giventhatwe have to procesdM particleswith eachupdate.Thelinearcompleity in N is the
resultof theresamplingorocessWheneer a particleis dravn morethanoncein theresamplingprocess,
a‘“naive” implementatiomightduplicatethe entiremapattachedo the particle. Sucha duplicationpro-
cessis linearin the sizeof the mapN . Furthermorea naive implementatiorof dataassociatiormay
resultin evaluatingthe measuremeriik elihoodfor eachof theN featuresn themap,resultingagainin
linear compleity in N. We notethata poorimplementatiorof the samplingprocessnight easilyadd
anotherfactorof logN to the updatecompleity.

FastSLAM iterationscan be executedin O(M logN) time; in particulay FastSLAM updatescan
beimplementedn time logarithmicin the sizeof themapN . First, considerthe situationwith knovn
dataassociation.Linear copying costscanbe avoided by introducinga datastructurefor representing
particlesthat allow for more selectve updates. The basicideais to organizethe map as a balanced
binarytree. Figure9ashaows suchatreefor asingleparticle,in thecaseof K = 8 features.Noticethat
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Figure 9: (a)A treerepresentindl = 8 featureestimatesithin a singleparticle. (b) Generatinga new particlefrom anold
one,while modifying only asingleGaussianThe new particlerecevesonly a partialtree,consistingof a pathto the modi®ed
GaussianAll otherpointersarecopiedfrom thegeneratingree. This canbedonein time logarithmicin N .

the Gaussiarparameters [km] and Lm] arelocatedat the leaves of the tree. Assumingthatthe treeis
balancedaccessing leaf requiredtime logarithmicin N .

SupposdrastSLAM incorporatesa nev controlu; anda new measurement;. Eachnew particle
in S; will differ from the correspondingonein S; 1 in two ways: First, it will possessa different
poseestimateobtainedvia (33), andsecondthe obsenedfeatures Gaussiamwill have beenupdatedas
speci®edn Equationg54)and(55). All otherGaussiarfeatureestimateshowever, will beequivalentto
thegeneratingparticle.Whencopying the particle,thus,only a singlepathhasto be modi®edin thetree
representingll GaussiansAn exampleis shavn in Figure9b: Herewe assumen; = 3, thatis, only the
Gaussiarparameters [Sm] and [3m] areupdated.Insteadof generatingan entirenew tree,only a single
pathis created)eadingto the Gaussiam; = 3. This pathis anincompletetree. Thetreeis completed
by copying the missingpointersfrom the tree of the generatingparticle. Thus,brancheghatleave the
pathwill pointto the same(unmodi®ed)subtreeasthatof the generatingree. Clearly, generatinghis
treetakesonly time logarithmicin N . Moreover, accessing Gaussiaralsotakestime logarithmicin
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Figure 10: The utility car usedfor collecting outdoordatais equippedwith a SICK laserrangeand bearingsensor linear
variabledifferentialtransformeisensofrfor the steeringandbackwheelvelocity encoder This imageshaws the vehiclein the
Victoria Park ervironment.

N, sincethe numberof stepsrequiredto navigateto aleaf of thetreeis equivalentto the lengthof the
path(whichis by de®nitionlogarithmic). Thus,bothgeneratingandaccessing partialtreecanbe done
in time O(log N ). Sincein eachupdatingstepM new particlesare createdan entire updaterequires
timein O(M logN). Theinsightof usingtreesfor ef®cientmappingcanbefoundin [45]; asimilartree
representatiosanbefoundin [21].

Organizingparticlesin treesraiseshe questiorasto whento deallocatenemory Memorydealloca-
tion canequallybeimplementedn amortizedogarithmictime. Theideais to assigna variableto each
node—internabr leaf—thatcountsthe numberof pointerspointingto it. The counterof anewly created
nodewill beinitialized by 1. It will be incrementedas pointersto a nodeare createdin other parti-
cles.Decrementsccurwhenpointersareremoved(e.g.,pointersof poseparticlesthatfail to survive the
resamplingprocess)Whenacounterreachegzero,its children's countersaaredecrementedndthemem-
ory of the correspondingnodeis deallocatedThe processes thenappliedrecursvely to all childrenof
the nodewhosecountermay have reachedzero. This recursve processwill requireO(M logN) time
on average.Furthermorejt canbe shavn to be anoptimal deallocationalgorithmin thatall unneeded
memorywill befreedinstantaneously

To obtainlogarithmic time compleity for FastSLAM with unknavn dataassociatiorfurther as-
sumptionsareneededIn particulay thenumberfeaturesn therobot's sensorangemustbeindependent
of N; otherwisesimple operationssuchas keepingtrack of the existenceposteriors rﬁm] may require
morethanlogarithmictime. Furthermorea DAS samplemmustbe restrictedto featuresin the robot's
vicinity to avoid calculatingthe likelihood(63) for all N features.Finally, the numberof rejectedfea-
turesshouldbe small (e.g., within a constantfactor of all acceptednes). All theseassumptionsare
plausiblewhenapplyingFastSLAMto real-world SLAM problems.Undertheseassumptionsyariants
of kd-trees[6, 48] canguarantedogarithmic time searchfor high likelihood features,andfeaturesin
therobot's measurememange.Incrementatechniquedor constructingbalancedd-treesaredescribed
in [39, 59]. For example,the bkd-treeproposedn [59] maintainsa sequencef treesof growing com-
plexity. By carefullyshifting itemsacrosghosetrees,alogarithmictime recallcanbe guaranteedinder
amortizedogarithmictime for insertingnew featuresn themap.In thisway, all necessargperationsn
FastSLAMcanbe carriedoutin logarithmictime on average.
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9 Experimental Results: FastSLAM 1.0

A numberof experimentalcomparisonsvere carriedout, comparingboth FastSLAM algorithmswith
eachotherandto the popularEKF solutionto the SLAM problem. The goal of theseexperimentswere
to investicate the scalingpropertiesof eachalgorithm, especiallyin relationto a classicalsolutionto
the SLAM problem. The experimentswere carriedout usinga benchmarkdatasein the SLAM ®eld
known asthe“Victoria Park Dataset]25]; supplementagxperimentsvereobtainedusinga secondeal-
world datasetobtainedn aparkinglot, andthroughrobotsimulation.Furtherexperimentscanbefound
in [43],

In thissectionwe will describeourexperimentdor FastSLAM1.0,illustratingthateventhis simple-
to-implementalgorithmyields excellentresults. The next sectioncharacterizeshe adwvantagesf the
morecomplex FastSLAM 2.0 algorithmover FastSLAM1.0.

9.1 Victoria Park

The benchmarkSLAM dataset usedin most of our experimentswas provided by researchergérom

the University of Sydne [25]. An instrumentedvehicle, shavn in Figure 10, equippedwith a laser
range®nder was repeatedlydriven throughVictoria Park, in Sydney, Australia. Victoria Park is an
idealsettingfor testingfeature-base@LAM algorithmsbecausehe park's treesaredistinctive features
in the vehicles laserscans. Encoderaneasuredhe vehicle's velocity and steeringangle. Rangeand
bearingmeasurement® nearbytreeswereextractedfrom the laserdatausinga local minimadetector
The vehicle wasdriven aroundfor approximately30 minutes,covering a distanceof over 4 km. The

vehicleis alsoequippedwith GPSin orderto capturegroundtruth data. Due to occlusionby foliage
and buildings, groundtruth datais only available for part of the overall traverse. While groundtruth

is availablefor the vehicle's path,no groundtruth datais availablefor the locationsof the landmarks.
Noneof the GPSdatawasusedfor mapping;the solefunctionof this datais to provide groundtruth for

evaluatingtheaccuray of the®lter.

Sincethevehicleis driving over uneventerrain,the measureaontrolsarefairly noisy. Figurel1 (a)
shawvsthe pathof thevehicleobtainedoy integratingthe estimatedontrols.After 30 minutesof driving,
the estimatedposition of the vehicleis well over 100 metersaway from its true position measuredy
GPS.Thelaserdata,on the otherhand,is a very accuratemeasureof rangeandbearing.However, not
all objectsin thevehicle’s ®eld of view aretrees,or evenstaticobjects.As aresult,the featuredetector
producedelatively accurateobsenationsof trees but alsogeneratedrequentoutliers.

Dataassociatiorfor this experimentwas performedusing perparticle ML dataassociation.Since
theaccurag of the obsenrationsis high relative to the averagedensityof landmarksdataassociationn
the Victoria Park datasetis a relatively straightforvard problem. In a later experiment,more dif®cult
dataassociatioproblemswill besimulatedby addingextra controlnoise.

The outputof FastSLAM 1.0is shawvn in Figure11 b&c. The GPSpathis shavn asa dashedine,
andthe outputof FastSLAM 1.0 is shavn asa solid line. The RMS error of the resultingpathis just
over 4 metersover the 4 km traverse. This experimentwasrun with M = 100 particles. This erroris
indistinguishabldrom the errorof otherstate-of-the-ar6LAM algorithmg[25, 38].

9.2 PerformanceWithout Odometry

FastSLAM 1.0 wasalsorun on the Victoria Park datasetwithout usingthe odometrydata. The poseof
thevehiclein eachparticlewassupplementesith translationalelocity v; androtationalvelocity w.

SIM™ = e synis St Swi NG 10 161000 NGt Nt (79)

A Brownianmotionmodelwasusedto predictthe poseof thevehicleattimet + 1 giventheposeattime
t. Thismodelassumeghatthevelocity attimet + 1 is equalto thevelocity attimet plussomerandom
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(a) Raw VehiclePath (b) FastSLAM1.0(solid) andGPSpath(dashed)

liteimage

Figure 11: (a) Vehicle path predictedby the odometry;(b) True path (dashedine) andFastSLAM 1.0 path(solid line); (c)
Victoria Park resultsoverlayedon aerialimagerywith the GPSpathin blue (dashed)averageFastSLAM 1.0 pathin yellow
(solid), andestimatedandmarksasyellow circles.(d) Victoria Park Map createdvithout odometryinformation.

perturbation.
Vi = v o1+ N(v;0; 2)
Wi = w1+ N(w;0; 3) (80)

After drawing a perturbedvelocity, thevehicle's positionis updatedaccordingly

Xt = Xt 1+ Vg cos(t 1) t
Yo = Yt 1t wvesin(gog) t
t = ta1tw t (81)

Thespeci®cvaluesof 1 and » dependonthe maximumtranslationabndrotationalaccelerationshat
thevehicleis capableof executing. The mapcreatedvithoutusingthe odometryis shavnin Figurelld.
The averageerror of the mapis equialentto the resultsobtainedwith odometry To our knowledge,
no previous techniquehasbeencapableof generatingconsistenmapsfrom this datasetwithout using
odometryinformation.
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(a) Map without featureelimination (b) Map with featureelimination

Figure 12 FastSLAM 1.0 (a) withoutand(b) with featureeliminationbasedon negative information.

9.3 Negative Information

In the Victoria Park dataset,obsenationscorrespondingo non-pointobjectsor non-staticobjectsresult
in a large numberof spuriouslandmarksbeingaddedto every FastSLAM 1.0 particle. Whennegative
informationis usedo estimateheexistenceof eachlandmarkasdescribedn Section6.4, mary of these
spuriouslandmarkscanbe removed. In the caseof Victoria Park, useof negative informationresultsin
44map.While the correct numberof landmarkds not available,visualinspectionof the mapssuggests
that mary of the spuriousfeatureshave beeneliminated. Figure 12 shavs the Victoria Park map built
with andwithout consideringnegative evidence. The numberof landmarksn areashatshouldbe free
of landmarkgtheroadway, highlightedwith a boxin the®gure)hasbeensigni®cantlyreduced.

9.4 Comparisonof FastSLAM 1.0and the EKF
9.5 Accuracy

We comparedheaccurag of FastSLAM1.0with thatof the EKF onasimulateddatasetwith 100land-
marks. The RMS vehicle poseerrorwascomputedor FastSLAM 1.0 for variousnumbersof particles
from 1 to 5000. Eachexperimentwasrun 10 times. Theresultsareshavn in Figure13. Theerrorof the
EKF is shavn asadashechorizontalline.

In thisexperimenttheaccurag of FastSLAM1.0approachetheaccurag of theEKF asthenumber
of particlesis increasedMostnotably theerrorof FastSLAM1.0becomestatisticallyindistinguishable
from that of the EKF pastapproximatelylO particles. This is interestingbecausd-astSLAM 1.0 with
10 particlesand 100 landmarksequiresan orderof magnitudefewer parametershanthe EKF in order
to achiere thislevel of accurag. Clearly, the speci®cvalueof thisthresholdof performancewill depend
onboththe parametersf themotionandmeasuremenhodelandthevehicle's controlpolicy. However,
this experimentsuggestshatin normalcircumstancesrelatvely smallnumberof particlesmaysuf®ce
to achieve high estimationaccurag.

9.6 ScalingPerformance

The scalingperformanceof FastSLAM 1.0 was also evaluatedon simulateddata. Simulatedmapsof
constantandmarkdensitywerecreatedvith varyingnumberof landmarks Constantandmarkdensity
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Accuracy of FastSLAM vs. the EKF on Simulated Data
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Figure 13: A comparisorof theaccuray of FastSLAM1.0andthe EKF on simulateddata

ensureshatthe simulatedvehicleobseneda constannhumberof landmarkson averageacrossall trials.

The performancef the lineartime andlogarithmictime versionsof the FastSLAM 1.0 algorithmwere

compared.Thelineartime algorithmwastestedwith up to 10,000landmarksandthelogarithmictime

algorithmwastestedwith upto 1,000,00dandmarks.Thetime requiredto compute500sensoupdates
with all landmarksncorporatednto themapwasevaluatedover 10 differentruns. All experimentsvere
donewith 100patrticles.

Theresultsof the experimentareshavn in Figure14. The performanceof thelog(N ) algorithmis
plottedon alogarithmic scale.Theresultsvalidatethe scalingperformancef thetree-basedlgorithm,
anddemonstrat¢he substantiaberformancéncreasesnabledy sharingandmarkireesacrosgarticles.

Sharingsubtreess notonly computationallyef®cient; it alsodecreasethe overall memoryrequired
by thealgorithm. The memoryrequiredby bothversionsof the FastSLAM 1.0 algorithmscaledinearly
with the numberof landmarks.Overall, the FastSLAM 1.0 algorithmmustmaintainM N landmark
®lters. With 100 particlesand1,000,000andmarksthis canaddup to a substantiahmountof memory
(hundredsof megabytes)just to representhe map. In very large maps,landmarksthat have not been
visited for a long period of time will be sharedn subtreedetweenall of the particlesof the log(N)
algorithm.If only afractionof thetotal landmarksareobseredat every time step,this memorysharing
mayresultin asigni®cantsavingsin memaoryconsumptionA plot of thememoryconsumedby thelinear
andlogarithmic FastSLAM 1.0 algorithmsfor varying numbersof landmarkds shown in Figure15. In
thisexperimentthetree-basedepresentatioresultedn overanorderof-magnitudedecreasé memory
consumptiorover thebasicFastSLAM1.0algorithm.

9.7 Ambiguous Data Association

Theperformancef FastSLAM1.0givenunknavn dataassociationvasevaluatedagainstthatof the Ex-
tendedKalmanFilter usingthe Victoria Park dataset. Undernormalconditions the levels of odometric
andmeasurememoisepresenin the Victoria Park datasetdo not causea signi®cantdataassociation
problem. The error of the vehicle's laseris quite low comparedo the averagedistancebetweentrees
in the park. In orderto testperformancegiven dataassociatiorambiguity additionalodometricnoise
wasaddedto the vehiclecontrols. Additional control noiseresultsin high motionambiguityin the data
associationsf new obsenations.

Prototypicaloutputsof the EKF andFastSLAM 1.0givenlow andhighlevelsof odometricnoiseare
shavn in Figure16. While both algorithmsgenerateaccuratanapswhencontrol noiseis low, the EKF
fails catastrophicallyvith high error The mapgeneratedy FastSLAM 1.0 underhigh odometricerror
is notdegradedin quality. The RMS errorof the vehiclepositionwascomputedor FastSLAM 1.0 and
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Figure 14: Timing resultsfor FastSLAM1.0in simulatedervironments.
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Figure 15: Memoryrequirementsor linearandlog(N ) versionof FastSLAM1.0in simulatedenvironments.

the EKF over 20 differentrunswith four differentlevels of odometricnoise. Theresultsareshovn in
Figurel7. As controlnoiseincreaseshereis nomeasurablecreasen theRMS errorof FastSLAM1.0,
while the errorof the vehiclepathemittedby the EKF goesup substantiallyMore telling is thevariance
in the error of the EKF mapsacrossmultiple runs,indicatedby the con®dencebars. This suggestshat
for high levelsof controlnoise the EKF is diverging.

9.8 Resultsfor Parking Lot Database:

The next seriesof experimentswas conductedusing data collectedon the top level of the car park
building atthe University of Sydneg. Thetestingsitewaschoserto maximizethe numberof satellitesn
view to obtainhigh quality GPSinformation. A kinematicGPSsystemof 2 cm CEPaccurag wasused
to measurehe vehiclelocationfor evaluation. In this experiment,arti®cial landmarkswere usedthat
consistedf 60 mm steelpolescoveredwith re ective tape. With this, the featureextractionbecomes
trivial andthe landmarkobsenation modelaccurate Sincethetrue positionof thelandmarksverealso
obtainedwith GPS,atrue navigationmapis alsoavailablefor comparisorpurposes.

In our ®rst seriesof experimentsthe correspondencdsetweenthe obsenation andthe landmarks
wereassumedo beknown. Insteadof providing thisinformationmanually we useda highly tunedEKF
to provide thecorrectdataassociatiorfor eachmeasuremenilhe EKF algorithmwasrunwith thesame
dataset,droppingall measurementhatwerenotassociateavith ary landmark.As aresult,FastSLAM
1.0 only receved measurementsorrespondingo actuallandmarksin the ervironment. Figure 18a
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ExtendedKalman Filter

(a) Low odometricnoise

FastSLAM 1.0
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Figure 16: Performancef EKF andFastSLAM1.0onthe Victoria Park datasetwith varyinglevelsof odometricnoise.
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Figure 17: Positionerrorof vehicleundervariouslevels of odometricnoise.

shaws the path and beacongosition estimationfor the car park experimentalrun usingthe algorithm
FastSLAM 1.0. This ®gure shawvs the particlesaveragefor the vehicletrajectoryandthe averageof all
the Gaussiammeansfor the landmarkslocations. Figure 18b shavs similar resultsobtainedwith the
EKF basedalgorithm. Figure 19 presentghe vehicle position error for the EKF and FastSLAM 1.0
®lter respectiely. It canbe appreciatedhatthe erroris very smallandsimilarin magnitudeandshape
whencomparedvith the GPSgroundtruth. This is importantto verify the consisteng of the algorithm
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Figure 18 Estimatedbathandlandmarkswith (a) FastSLAM1.0and(b). The'-' isthepathestimatedthe™" arethebeacons
positionestimatedthe'." is the GPSpathreferenceandthe'o’ arethebeacongositiongivenby the GPS.
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Figure 19: SLAM error (a) FastSLAM 1.0 positionerror respecto the GPSposition. -' indicatesthe errorin the Eastand
"-."in North (b) EKF positionerrorrespecto the GPSposition.'-' indicatesheerrorin Eastand'-." in North.
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Figure 20: EstimatedPathandLandmarkswith unknavn dataassociationThe'-' is thepathestimatedihe™" arethebeacons
positionestimatedthe'.’ is the GPSpathreferenceandthe'o’ arethebeacongositiongivenby the GPS.
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Accuracy of FastSLAM Algorithms On Simulated Data
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Figure21: FastSLAM1.0and2.0with varyinglevelsof measurememntoise:As to beexpectedFastSLAM2.0is uniformly su-
periorto FastSLAM1.0. Thedifferenceis particularlyolbviousfor smallparticlesets wheretheimprovedproposabdistribution
focuseghe particlesmuchbetter

FastSLAM1.0. Figure20 shavsthecorrespondingesultsfor arunwith unknavn dataassociationThe
accurag of theresultingmapis comparabldo our resultswith known dataassociationillustratingthat
FastSLAM 1.0succeed# solvingthe dataassociatiorproblemin thisinstance.

10 Experimental Results: FastSLAM 2.0

10.1 Comparisonof FastSLAM 2.0and 1.0

In generalFastSLAMZ2.0is superiorto FastSLAM 1.0, but the performancef FastSLAM2.0will often
be similar to the performancef FastSLAM 1.0. However, in situationswherethe measuremerdrroris
signi®cantlysmallcomparedo the motionerror, FastSLAM2.0will outperformthe original algorithm.
In thefollowing experimentthe performancef thetwo algorithmsis comparedn simulateddatawhile
varying the level of measurementoise. All experimentswererun with 100 particlesandknown data
associationTherangeandbearingerrorparametersverescaledequally

Theresultsof this experimentareshovn in Figure21. As themeasuremergrrorgetsvery large,the
errorsof bothFastSLAM1.0and2.0beggin to increaseslowly, asexpected.n thisrange theperformance
of thetwo algorithmsis roughlyequal.For very low valuesof measuremerdrror, FastSLAM1.0clearly
beginsto diverge, while the error of FastSLAM 2.0 continuesto shrink. By addingmore particles,the
thresholdbelonv which FastSLAM 1.0 divergescanbe decreased-dowever, FastSLAM 2.0 canproduce
accuratemapsin thesesituationswithoutincreasinghe numberof particles.

The performanceof the two algorithmscanalso be comparedoy keepingthe measuremenmnodel
constanfaindvaryingthenumberof particles.FastSLAM2.0will requirefewer particlesthanFastSLAM
1.0in orderto achiese a given level of accuray, especiallywhen measuremengrroris low. In the
limit, FastSLAM 2.0 canproducereasonablenapswith justa singleparticle,while FastSLAM 1.0 will
diverge. Figure 22 shaws the resultsof an experimentcomparingthe performanceof FastSLAM 1.0
and?2.0givendifferentnumbersof particles.Thetwo algorithmswererun repeatedlyon simulateddata
andthe Victoria Park dataset. On the simulateddata,the accurag of the two algorithmsis similar with
morethan®ve particles.Below ®ve particles,FastSLAM 1.0 beginsto diverge andthe performanceof
FastSLAM 2.0 staysapproximatelyconstant.
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Accuracy of FastSLAM Algorithms On Simulated Data
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Figure 22 Performancef FastSLAMalgorithmswith differentnumbersof particles.

Figure 23: Map of Victoria Park by FastSLAM2.0with M = 1 particle.

On the Victoria Park datasethe differencebetweenthe two algorithmsis even more pronounced

Below 50 particles,FastSLAM 1.0 startsto diverge. Again, this is becausédhe vehicle's controlsare
noisyrelative to the sensomobsenrations.

10.2 OneParticle FastSLAM 2.0

Thedataassociationfn theVictoria Park datasetarerelatively unambiguoussotheoneparticleversion
of FastSLAM 2.0 canbe used. With only a single particle,dataassociatiorin FastSLAM 2.0 is equiv-
alentto the maximumlik elihood dataassociatioralgorithmof the EKF. Figure 23 shavs the outputof

FastSLAMwith a singleparticle. Thealgorithmis ableto produceresultson parwith thoseof the EKF
andFastSLAM1.0withoutstoringary correlationdetweendandmarks.

10.3 ScalingPerformance

Theexperimentn Sectionl0.1demonstratethatFastSLAM2.0requiredewer particleshanFastSLAM
1.0in orderto achieve a given level of estimationaccurag. Fewer particles,in turn, resultsin faster
sensoupdatesHowever, the constructiorof theimproved proposadistribution requiresextratime over
the FastSLAM 1.0 proposal.As the numberof landmarksin the mapincreasesthe sensomupdategake
asmallerfractionof theoverallruntime relative to theimportanceresamplingln largermaps thelarge
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Figure 24: Comparisorof FastSLAM 1.0andFastSLAM2.0timing.

savings gainedasa resultof needingfewer particlesoverwhelmsthe additionalcompleity of draving
from the proposaldistribution. The actualsavings will dependon the parameter®f the motion and
measuremenmnodels. Figure 24 shaws the run time for the linear andlog(N ) versionsof FastSLAM
1.0 and 2.0 all with 100 particles. In very small maps(i.e. 100 landmarks),FastSLAM 2.0 requires
approximately3 timeslongerto performa sensomupdate. However, in larger mapsthe sensomupdates
only require10-20%moretime. The constandifferencebetweenFastSLAM 1.0 and2.0 with anequal
numberof particlesdependprimarily ontheaveragenumberof obsenationsincorporategertime step.

10.4 Loop Closing

In FastSLAM,theability to closeloopseffectively depend®nthenumberof particlesM . Theminimum
numberof particlesis dif®cult to quantify, becauséat dependson a numberof factors,including the
parameter®f the motion and measuremenmnodelsand the densityof landmarksin the ervironment.
FastSLAM2.0'simproved proposalistribution insurethat fewer particlesareeliminatedin resampling
comparedo FastSLAM1.0. Betterdiversityin the samplesetresultsin betterloop closingperformance,
becaus@ewn obserationscanaffectthe poseof the vehiclefurtherbackin the past.

Examplesof loop closingwith FastSLAM 1.0 and FastSLAM 2.0 areshawn in Figure 25a&b, re-
spectvely. Thehistoriesof all M particlesaredravn for bothalgorithms.In Figure25a,the FastSLAM
1.0 particlessharea commonhistory partof the way aroundthe loop. New obsenrationscannot affect
the positionsof landmarksobsened beforethis threshold.In this caseof FastSLAM 2.0, the algorithm
is ableto maintaindiversity that extendsbackto the beginning of theloop. This is crucial for reliable
loop closingandfastcorvergence.

Figure26ashavstheresultof anexperimentcomparingtheloop closingperformancef FastSLAM
1.0and2.0. Asthesizeof theloopincreasegheerrorof bothalgorithmsncreasesHowever, FastSLAM
2.0 consistentlyoutperformsastSLAM 1.0. Alternately this resultcanrephrasedn termsof particles.
FastSLAM2.0requiresfewer particlesto closea givenloop thanFastSLAM1.0.

10.5 ConvergenceSpeed

By pruningaway improbabletrajectoriesof the vehicle,resamplingeventually causesall of the Fast-
SLAM particlesto shareacommonhistoryatsomepointin the past.New obserationscannotaffectthe
positionsof landmarksobsered prior to this point. This commonhistory point canbe pushedbackin
time by increasinghe numberof particlesM . This procesof throwing away correlationdataover time
enablegrastSLAM's ef®cient sensompdates.This ef®ciengy comesat the costof slower corvergence
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Particles share common history here

Figure 25 FastSLAM2.0cancloselargerloopsthanFastSLAM 1.0 givena constanhumberof particles.

speed.Throwing away correlationinformationmeanghatmoreobsenationswill berequiredto achieve
agivenlevel of accurag.

The trade-of of numberof particlesversuscorvergencespeedoccursin both FastSLAM 1.0 and
FastSLAM 2.0. However, FastSLAM 2.0 can operatewithout maintainingary cross-correlationbe-
tweenlandmarks,so the relationshipeffect of throwing away correlationdataon convergencespeed
is easierto study In particular this effect is mostprominentwhenclosinga large loop. Revisiting a
known landmarkshouldre®nethe positionsof all landmarksaroundthe loop. If correlationinforma-
tion is throwvn away, convergenceto thetrue mapwill be slower, andmoretrips aroundthe loop will be
necessaryo achieve the samdevel of accurag.

Figure26b shaws the resultsof an experimentcomparingthe corvergencespeedof FastSLAM 2.0
andthe EKF. FastSLAM 2.0 (with 1, 10,and100patrticles)andthe EKF wereeachrun 10timesaround
alargesimulatedoop of landmarkssimilar to theonesshovn in Figure26a&h Differentrandomseeds
wereusedfor eachrun, causingdifferentcontrolsandobserationsto be generatedor eachloop. The
RMS positionerrorin the mapat every time stepwasaveragedyverthe 10 runsfor eachalgorithm.

As the vehiclegoesaroundthe loop, error shouldgraduallybuild up in the map. Whenthe vehicle
closesthe loop at iteration 150, revisiting old landmarksshouldaffect the positionsof landmarksall
aroundthe loop, causingthe overall error in the mapto decrease.This clearly happensn the EKF.
FastSLAM 2.0 with a singleparticlehasno way to affect the positionsof pastlandmarkssothereis no
dropin the landmarkerror As more particlesare addedto FastSLAM 2.0, the ®lter is ableto apply
obsenationsto landmarkpositionsfurtherbackin time, graduallyapproachinghe corvergencespeedf
the EKF. Clearly the numberof particlesnecessaryo achieve corvergencetime closeto the EKF will
increasewith the sizeof theloop. It is unknavn at this time whetherthe numberof particlesnecessary
to achiese agivenaccuray is polynomialor exponentialin the sizeof theloop. Thelack of long-range
correlationsin the FastSLAM representatiotis arguably the mostimportantweaknesf FastSLAM
algorithmover previous EKF-styletechniques.

11 Discussions

ThisarticledescribedrastSLAM,anew family of algorithmsfor the simultaneousocalizationandmap-
ping (SLAM) problem.Like mary previously publishedSLAM algorithms,FastSLAM calculateos-
terior probability distributionsover featuredmapsandrobotlocations.It doessorecursvely, thatis, the
currentestimatds calculatedrom the estimateonetime stepeatrlief usingthe dataaccruedn between.
FastSLAMis basedon a key propertyof the SLAM problem: the conditionalindependencef feature
estimategiventhevehiclepath. This conditionalindependencgivesriseto afactoredrepresentatioof
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(a) Accuracy of FastSLAM Algorithms vs. Loop Size (b) Convergence of FastSLAM and the EKF Closing a Large Loop
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Figure 26 (a) Accuray asa function of loop size: FastSLAM 2.0 cancloselarger loopsthan FastSLAM 1.0 given a ®xed
numberof particles.(b) Comparisorof the convergencespeedf FastSLAM 2.0 andthe EKF.

the posteriorthat canbe updatedmore ef®ciently thanunstructuredmonolithic posteriors.FastSLAM
representthis factoredposteriorusinga combinationof particle®ltersfor estimatingtherobotpathand
Kalman®ltersfor estimatingthe map. The useof particle®lters enabled-astSLAMto sampleover data
associatiorhypothesesn SLAM problemswith unknavn dataassociationsThis article describedwo
instantiationsof thisidea: The original FastSLAM algorithm,coinedhereFastSLAM 1.0, is a straight-
forward implementationof this idea. The more recentversionFastSLAM 2.0, also describedn this
article,offersanimproved proposadistribution thatyields superiorpracticalresults;however, it is more
dif®cult to implementthan FastSLAM 1.0, and the improvementpaysout only in someavhat extreme
circumstances.

The article presentedsereral results,in additionto statingandderiing the basicalgorithm. Con-
vergenceof the FastSLAM 2.0 algorithmwasprovenfor arestrictive family of linearGaussiarSLAM
problems. The theoreticalresultswere complementedvith extensive empirical evaluationsusingreal
world data. One of the experimentscomparedrastSLAM to the extendedKalman®lter (EKF), using
a sequencef problemswith increasinglyhard dataassociatiorproblems. While FastSLAM 1.0 per
formed equally well in all theseproblems,EKFs failed to generateconsistentmapsin an increasing
numberof problems. Amongotherthings,we attributethis®ndingto FastSLAM's ability to sampleover
dataassociations Furtherexperimentscharacterizedhe superiorperformanceof FastSLAM 2.0 over
1.0in regimeswith low sensomoiseand high motion noise. Finally, the article provided a tree-based
implementatiorthat malkesit possibleto updatethe ®lter in time logarithmicin the map,which makes
FastSLAM more ef®cient than mostother SLAM algorithmsthat are capableof maintainingglobally
consistenmaps.

The researctpresentechereraisesmary openquestionghat warrantfuture research.While con-
vergencehasbeenestablishedor arelatively simpleclassof problemsno formal resultsare presently
available for morerealistic SLAM problems. Furthermorelittle is known regarding the corvergence
speedf FastSLAM,bothin absolutedermsandin comparisorto the EKF approach.

Clearly, the ideaof samplingover dataassociationss more generalthanthe speci®csettinghere,
andit is highly relatedto previoustechniquedor trackingmultiple objects[5, 60]. Maintainingmulti-
ple hypothesess currently poorly exploredin the SLAM ®eld, despiteanimportantearly contrikution
to SLAM with known robot poses[12], and a recentapproachto apply mixturesof Gaussiango the
SLAM problem[20]. We conjecturehatthe samplingtechnigueover dataassociationgs not speci®cto
FastSLAM, but canbeappliedto awide rangeof SLAM algorithms.

FastSLAM, as presentedn this paper appliesto feature-basednapsonly. Much of the recent
researchn the ®eld hasfocusedon developing feature-lessyolumetric maps. Recently Hahneland
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colleagueddevelopeda highly ef®cient implementationof FastSLAM [27] that usesraw laserrange
measurement® represenmaps,insteadof isolatedlandmarks.By doing so, the approachmakesthe
dataassociatiorproblemmucheasier Similar technique$ave beenreportedn [21, 67], with similarly
encouragingesults.Resultsin [27] shav excellentresultswhenclosingloopsin suchdensemaps pre-
viously postulatedas one of the hardestproblemsin SLAM [9, 26]. A precursorto this work, which
canbe thoughtof asaninstantiationof the sameidea[65], hasextendedFastSLAM to a multi-robot
SLAM technique.To date,this work is oneof a handfulof techniquesapableof generatingnapswith
teamsof robots.Initial resultsin [55] illustratehigh promisefor FastSLAMin multi-robotSLAM prob-
lems. Murphy's paperapplieda techniquesimilar to FastSLAMto idealizedversionsof occupang grid
maps[52]. Finally, FastSLAM might alsoyield improved resultsin trackingmaoving features,a do-
mainin which similar decompositiontave recentlybeendevelopedusingsomeavhatdifferentposterior
representation, 47,52].

Possiblythe biggestlimitation of FastSLAM s thefactthatmaintainsdependenciein the estimates
of featurelocationsonly implicitly, throughthe diversity of its particleset. This disadwantagds alsothe
sourceof FastSLAM's ef®cieng/—a key advantageof FastSLAM over previoustechniques.However,
asthe experimentsn Section10.5suggestsin certainenvironmentsthis cannegatively affect the con-
vemgencespeedwhencomparedo the mathematicallynore cumbersomdEKF. SinceFastSLAM was
invented,several variantsof EKFs have beenproposedhat maintainsomeof theselong-rangedepen-
dencieswithout sacri®cingcomputationaéf®ciengy by morethana constanfactor[9, 70]. It shouldbe
straightforvardto combineFastSLAM's particle-approacto dataassociatiorwith thesenew techniques
for ef®cient Gaussiarestimation.

Despitetheseopenresearchopics, the algorithm FastSLAM hasbeenshovn unprecedentedcal-
ability to SLAM problemswith harddataassociatiorproblemsandlarge numberof features.Further
FastSLAM 1.0 tendsto be easierto implementthanmost,if notall, publishedSLAM algorithms. We
believe theinsightsandtechniguegpresentedh this papertranscendo alargenumberof existing SLAM
techniquesandwill ultimately deeperour understandingsto how to build detailed,accuratemapsin
situationswith high degreesof ambiguity
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Appendix A: Derivation of the EKF Update Equations

The derivation of measurementipdateequationg53) through (55) will be essentiafor our proof of
convergence.We begin by notingthatthe exponentof (52) is a function quadraticin the targetvariable
n, - Denotingthe (negative) exponentby J;, we obtainthefollowing derivatives:

Jo= 3z 2™ G(a M ORYz 2™ G(n )
1
+%( Nt Ln:]t 1)T E\T]t 1( nt LT]t 1)
@ 1
@ = GTRt Yz 2t[m] G (n Ln:]t 1)+ LT;]t 10 ne Ln:]t 1)
t
J
g; = G'RG + it (82)
Nt

Thenew covariance H‘:;]t givenby inverseof seconddervative

1
M= G'R/G + MY 83)

Aswewill shaw furtherbelaw, thisexpressioris equivalentto (55). Thenev mean L":]t isthemaximum

of the quadratidunction,which canbe obtainedby settingthe ®rst derivative to zero:

@
@n, |, = ]

Nt~ ngst

= 0 (84)
Themaximumis thusattainedat
1
GTRt ! Zt 2t[m] G ( Ln:]t Ln:]t 1) = H?]t 1( HT:]t H?]t 1) (85)

Reorderinghetermsgivesus

1
C'RMa 2™ = (M i+STRIGIm w0 (86)
[m] 1
nt;t
andhence
Ln:]t 1 = E\T]t l+ | Ln:;]tGZTRt :}L(Zt 2\t[m]) (87)
K ™I

To shaw thatthisis equivalentto (54),all we have to shaw is thattheK ™ = "1 GTR, is equialent

to theexpressionn (53). This follows from a straightforvard setof algebraidransformations:

Kt[m] = Ln:;]tGTRt !
= Ln:;]tGTRt ' G LT;]t GT+Re G Ln:]t 1GT + Ry
= LT]t G'R, 'G LT;]t GT+GT G Lr?]t 1GT + Ry
= M GRIMG+ Mt MG 6 I GTHR '
= Ln:]t H?]t ! LT;]I 1GT G H?]t 1G" + Ry
= M.6" 6 .G +R ' (88)
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This establisheshe correctnessf (54). To shav (55), we restatethe covariance(83) in its incremental
form. In particular we applythe matrix inversionlemma

1
(ct'+BAaBT) ! = Cc cB A'+B'CB B'C (89)
to the expression(83)
1 1
Ln:]t = GTRt 1G + Lr?]t 1

1
Lr?]t 1 LT;]t G G Lr?]t 1GT + Ry G Lr?]t 1

1
=1 M™Me e MG+rR 6 M

nt;t ngit 1

L okiMe I, (90)

This shavs thecorrectnessf (55).

Appendix B: Convergence

The proof of corvergenceis carriedout througha seriesof lemmas. For that, it will be corvenientto
formulateelementof the FastSLAM 2.0 algorithmfor LG-SLAM, exploiting the speci®cde®nitionsof
thefunctionsg andh in Equationg77) and(78). In particular we have

& = neMiw = s O

A™ = gt pe™ = M M= M 8w (92)

G = n‘g( nei St) s=g") = HT]t 1 = (93)

Gs = IsO(n;Sdigogm. _m = | (94)
t 0 Nt ngt 1

M= R+ M 6T = R+ M, (95)

Thesesquationgollow directly from themoregenerabde®nitionsin thealgorithmFastSLAM2.0(Equa-
tions (36) through(39) and(42)). FastSLAM 2.0's samplingrule for thet-th pose,statedin its general
formin (40) and(41),is now corvenientlywritten asfollows:

M= eI Yz M)+ oM
= MR+ M) Yz [?:?;]t p+ s U+ s g (96)
1 1
[srrn] = Gl Em] le+ P, ! = (Re+ H?]t 1) 1y P, ! (97)

Similarly, the meanupdatefor the obsered feature,which in FastSLAM 2.0 s attainedvia Equations
(53)and(54), canbe written asfollows for LG-SLAM:

Ln:]t = Ln:]t 1t LT;]t 1(Re + H?]t ) Mz Ln:;]t 1t S{m]l-'- Ut) (98)

For our proof of the Theorem|jt will beusefulto introduceerrorvariablesfor the estimate®f therobot
poseandthefeaturelocations respectiely.

Moo Mg (99)

oo (100)
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Therevariablesmeasuréhe absolutesrrorof aparticle’s estimate®f therobot's poseandthefeaturesn
themap.We will referto theknown featureasandoring featue. The®rstresultcharacterizethe effect
of maperrors ontheposetheposeerror :

Lemma 1. If theerror r[wT]t of theobseredfeaturez; attimet is smallerin magnitudethantherobot

poseerror ™, ™ shrinksin expectatiorasaresultof this measuremenConversely if ,ET]t is larger

thanthe poseerror {ml, thelattermayincreaseput in expectatiorwill notexceed H:‘]t

Proof of Lemma 1. Theexpectederrorof therobotposesampleattimet is givenby

E[ ™ = E[E™ s] = EE™] Els] (101)

The ®rst term obtainedvia the samplingdistribution (96), andthe secondtermis obtainedfrom linear

motionmodel(78):
[m] h [m] 1 [m] [m] [m] !
E[{] = E MR+ iy 1) M@ mp 2t STatU)F ST U E[urt st o]

MR+ M ) YE@R] M+ ™+ u)+ ls["” St (102)

[m]
t1

The lasttransformatiorexploited the linearity of the expectation.We notethatin LG-SLAM (77) and
(78),theexpectationE[z;] = n, E[st]= n, Ut St 1. With that,the expressionn the braclets
becomes

E[z] H?]t LFSTIR U S n U Sta Ln:]t LF ST Uy
= ng] St 1t n H?]t 1
I (103)

Pluggingthis backinto (102) andsubsequentlgubstituting LT] accordingo (97) givesus:

E[M = M+ h““](Rt D X H:“l M
= M R+ M) lep 1(R g My [m]
- t 1 t t t neit 1 negt 1 t 1
_  [m] h 1. m] [m]
- t 1t I+ (Rt+ ntt 1)Pt ( net 1 t 1) (104)

SinceRy, L"l‘]t 1, andP, ! areall positive semide®nitethe inverseof | + (R + mt )P tisa

contractionmatrix. This obseration effectively provesLemmal. In particular the expectedposeerror

M shrinksin magnltude|f Im) is smallerin magnitudethan ™. Converselyif ™} is smaller

in magnltudethan n t, Equation(104) thensuggestghat { I will increasen expectation,but by a

valuethatis proportionalto this difference. This ensureghat {m] will not exceedthe error ,[]T]t in

expectation. ged.

Of particularinterestis the resultof observingthe anchoringfeature.Without lossof generality we
assumehatthis featureis 1.

Lemma 2. If therobotobseresthe anchoringfeature,its poseerrorwill shrinkin expectation.
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Proof of Lemma 2. For theanchoringfeature 1, we canexploit thefactthat [1":] = [m] = 0. The

lemmanow follows dlrectlyfrom Equatlon(104)

1
E[ M = M+ |+(Rt+0)Pt o M

1
m i ReP b M (105)

Thus,wheneer the robot seesits anchoringfeatureits positionerror Emll is expectedto shrink. The

only exceptionariseswhentheerroris alreadyzero,in which caseit remainszeroin expectation. ged.

Finally, alemmasimilarto Lemmal canbe statedon the effect of poseerrors onmaperrors

Lemma 3. If the poseerror {m]l is smallerthanthe error nT]t of the obsered featurez; in mag-

nitude,observingzt shrinksthe featureerror ,[1m]t in expectation.Conversely if £ 1 Is largerthanthe

featureerror | n t, thelattermayincreaseput in expectationwill notexceed [m]

Proof of Lemma 3. This proofis analogoudo that of Lemmal. From (98) it follows thatthe ex-
pectedieatureerrorafterupdatingis:

EfM = g = LI i
= E bt omaRer ) Yz mhoarsMitu)

b+ MR M) YER] M M rw) n (106)

Equation(103)enablesisto rewrite this asfollows:

ELmT = miat neaRer T T TR
- o m Ree )
= Wt Co R MM MY (207)
As in theproofof Lemmal, HT:]I 11anth arebothpositive semide®nitetheinverseof H?]t 1Rt isa
contractiormatrix, whichimmediatelyprovesthelemma. ged.

TheTheoremnow follows from our threelemmasandthe speci®cequationsegardingthe evolution
of expectederrorsovertime.

Proof of Theorem.Let ", ]denote‘eatureerrorthatlsIarges'un magnitudeamongall featureerrors
attimet.

Alm]

v = argmax j ,Er;rt']j (108)
[m]

n;t

Lemma3 suggestshatthis errormay increasean expectationbut only if the absoluterobot poseerror

{m]l exceedshis errorin magnitude.However, in expectationthis will only be the casefor a limited

numberof iterations. In particular Lemmal guaranteeshat {m]l may only shrink in expectation.
Furthermore Lemma2 statesthat every time the anchoringfeatureis obsened, this error will shrink
by a ®nite amount,regardlessof the magnitudeof ’\t[m]. Hence, Emll will ultimatelybecomesmallerin

magnitude(andin expectation}thanthe largestfeatureerror. Oncethis hashappenedl.emma3 states

thatthe latterwill shrinkin expectationevery time the featureis obsened whoseerroris largest. It is

a7



now easyto seethatboth ’\t[m] and {m]l cornvemgeto zero: Observingthe anchoringfeatureinducesa

®nite reductionas statedin Equation(105). To increase Em]l to its old valuein expectation,the total

featureerrormustshrinkin expectationaccordingto Equation(107). Thisleadsto aneternalshrinkage
of thetotal featureerrordown to zero. Sincethis erroris anupperboundfor the expectedposeerror(see
Lemmal), we alsohave cornvergencein expectationfor therobotposeerror. ged.

Theoreml trivially impliesfollowing corollary which characterizethe corvergencefor morethan
oneparticle.

Corollary 1. FastSLAMZ2.0cornvergesin expectatiorfor LG-SLAM with if all featuresareobsened
in®nitely oftenandif thelocationof onefeatureis known in adwance.
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