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Abstract. We presentan algorithmfor the multi-robot simultaneousocalizationand map-
ping (SLAM) problem.Our algorithm enablesteamsof robotsto build joint maps,even
if their relative startinglocationsare unknovn and landmarksare ambiguous—whichis
presentlyanopenproblemin robotics.It achievesthis capabilitythrougha sparsénformation
Iter techniquewhich representsnapsandrobotposesy GaussiarMarkov random elds.
Thealignmentof local mapsinto a singleglobalmapsis achiezed by a tree-based@lgorithm
for searchingsimilar-looking local landmarkcon gurations, pairedwith a hill climbing al-
gorithmthatmaximizestheoveralllikelihoodby searchin the spaceof correspondencegVe

reportfavorableresultsobtainedwith areal-world benchmarldataset.

1 Intr oduction

Simultaneoudocalizationand mapping,or SLAM, addresseshe problemof ac-
quiring an ervironmentmap with one or more moving vehicles[3]. In statistical
terms,SLAM is ahigh-dimensiona¢stimationproblemcharacterizethy two major
sourcesof uncertainty pertainingto the noisein sensingandin motion. Whereas
SLAM hasmostly beenaddressedbr singlerobotsystemsthe problemis particu-
larly challengingfor multiple robotsthat seekto cooperatevhenacquiringa map.
For single-robotSLAM, the “classical” solutionis basedon the extendedKalman
®lter, or EKF [14]. EKFs are relatively slov when estimatinghigh-dimensional
maps.Recentresearchhasled to a urry of more capablealgorithms,introduc-
ing conceptssuchas hierarchicalmaps|1,4,16], particle ®lters [7,9], information
®lters[18], andjunctiontrees[11] into the SLAM literature.

This paperaddressethe topic of multi-robot SLAM, wheremultiple vehicles
seekto build ajoint map.Theproblemis notnew: A numberof papersaaddressethe
problemunderthe constrainthattheinitial poseof all robotsrelative to eachother
is known exactly [2,10,13]or in approximatior{5,17]. All of thosepaperssidestep
animportantdataassociatiomuestionif two robotsdiscover similarmaps arethey
actuallyin thesameervironment,or arethesetwo differentpartsof theernvironment
thatlook alike? Clearly, this questionis trivially answeredf the robotsstartat the
samelocation.If theirinitial locationis unknovn—whichis the caseaddresseih
this paper—it createsa challengingdataassociatiorproblem. This problemwas
addresseds a recentpaper[15]: theideahereis thatrobotscontinuouslyattempt
to localize themselesin eachother's mapsusing particle ®lters. While this is a
highly promisingapproachit is computationallysomevhat expensve, dueto the
high costsof runningK 2 particle®ltersfor K robots.
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Figure 1. The effect of measurementsn theinformationmatrix andthe associatesetwork
of landmarksia) Observingy: resultsin amodi cation of theinformationmatrix elements
Hyx, .. (b) Observingy, affectsHy, .y ,.

In this paper we addressthe multi-robot SLAM problem from a geomet-
ric/Bayesiarperspectie. Ourapproachs orthogonato theonin [15]: Insteadof lo-
calizingrobotsin eachother's mapswe compardocal mapsacquiredoy therobots.
To accommodaté¢he uncertaintiesn thesemaps,our approachbuilds on an algo-
rithm thatrepresentsobotsmapsby sparseGaussiarMarkov random®elds (GM-
RFs)[18,19]. We de®nefasttree-basednatchingalgorithmsfor mapsin GMRF
representationyhich answerguestiondik e: Whatis the probability that two maps
overlap?andwhatis the mostlikely overlap?We de®nea multi-robot SLAM algo-
rithm thatenableseamsof robotsto identify mapoverlap,andgraduallyconstruct
a singlelarge map even undertotal ignorancewith regardsto their relative initial
location.Experimentatesultsshav thatour approactworkswell in large-scaleen-
vironments.

2 The Multi-Robot SLAM Problem

We aregivenK mobilerobotsequippedwith ervironmentsensorsThe robotsop-
eratein anervironmentpopulatecby N stationarylandmarksvhoseCartesiario-
cationaredenotedY = y; :::yn . Eachrobot's pose(i.e.,its coordinatesndorien-
tation)is afunctionof time andwill bedenotedkk; heret is thetime index, andk is
theindex of therobot.We will collectively denotethe setof all robotposevariables
attimet by X = x¢:::xf.

At eachpoint in time, eachrobot executesa motion command,denotedu,
which subsequentlyltersits pose This posetransitionis governedby a functiong®

Xty = g(xt5 ) + N (0:GY) (1)
whereN (0; G¥) denotesa zero-mearGaussiamoisevariablewith covarianceGY .
Eachrobotcanalsosenseelative informationto nearbylandmarkge.g.,rangeand

bearing).The k-th robot's measurementectorat time t will be denotedzf. Mea-
surementsaregovernedthroughthe functionhk

z¢ = h(x5;Y) + N (0; QF) 2)

whereQ¥ is the covarianceof the measurementoise. The objective of multi-robot
SLAM is to estimatea posteriorp(X¢;Y j Z;U) over all robot posesX; andall
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landmarkocationsY from all availabledata,Z andU. HereZ is thesetof all mea-
surementsicquiredby all robotsfrom time 0 to timet; U is thesetof all controls.

3 SparseExtendedInformation Filters for Multi-Robot
Systems

The classical solution to the SLAM problem is the extended Kalman ®lter
(EKF) [8,14]. The EKF approximateghe posteriorp(X;Y j Z;U) by a multi-
variate Gaussianwith meanvector ; andcovariance ;. Updatingthis Gaussian
is achieved by linearizingg andh at , andapplyingthe standardKalman ®Iter
equationsUnfortunately even a single vehicle measuremenwill generallyaffect
all parametersf the GaussianTherefore updatesequiretime quadratian N + K,
whichis prohibitively slow whenappliedin ervironmentswith mary landmarkgor
features)Moreover, the EKF is not easilydecomposeébr decentralizeaxecution
on multiple vehicles,asdiscussedhn [10].

In arecentworkshoppape18], we have proposednef®cientSLAM algorithm
called spaise extendedinformation lter, or SEIF SEIFsrepresentshe posterior
p(X;Y j Z;U) by asparseGaussiaMarkov random®eld (GMRF), which makes
it possibleto (1) representhe entire SLAM posteriorin O(N + K) memory and
(2) incorporatenen sensomeasuremenitandcontrolsin constantime perupdate,
independenof thesizeof themapN or the numberof robotsK . SEIFswereorig-
inally proposedor single-robotSLAM; herewe shawv thatthey canbe extendedto
multi-robot SLAM.

A key ideain SEIFsis to representhe SLAM posteriolin thenaturalparameters
of multivariateGaussiansThe naturalparametergonsistof aninformationmatrix
H: andan informationvector by, which are de®nedasfollows: H; = L and
bhh = [ 1. Asoneeasilyshavs, bothrepresentationsf Gaussians—moments
andnaturalparameters—ammathematicallyequivalent(up to a constanfactorthat
is easilyrecovered):

NG ¢ o/ exp 3¢ OF (t(x o)
I exp IxT Hix + bx (3)

The mostimportantinsightin SEIFsis thatin SLAM problems,the covariance

¢ is fully populatedwhereaghe informationmatrix H; is dominatedby a small
numberof elementsThis insighthasopenedhedoorto the developmentof update
rulesthatmaintaina sparsenformationmatrix H; [18]; for thoseeachupdatestep
manipulate®nly asmallnumberof elementsFurthermoreall updatesareadditive,
which facilitatestheir distributed(anddecentralizedimplementation.

3.1 MeasurementUpdate

LetH; andh denotethe®lter statebefore themeasuremenipdateTheparameters
H; andb areobtainedfrom H; andh, by virtue of the following additive update
equations:

Hy = Hy + G Qy lctT (4)
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Figure 2. Theeffectof motionontheinformationmatrix andtheassociatedetwork of land-

marks:(a) beforemotion,and(b) aftermotion.Motion updatesntroducenew links (or rein-

force existing links) betweenary two active landmarkswhile wealeningthe links between
therobotandthoselandmarksThis stepintroducedinks betweerpairsof landmarks.

=h+(z Zi+Cl )’z 'cf ()

HereQ; is thejoint covarianceof themulti-robotmeasuremergrror Q; is agener
alized diagonalmatrix composedf the individual measuremergrror covariances

;0 QKL Cy = 1 x, v h( ) is the Jacobeamf the joint measuremerfunction
h at t. This Jacobearis naturallysparseit only involvesthe robot posesandthe
obsered landmarks 2, is the predictedjoint measuremenfor all robots.Notice
thattheupdateg4) and(5) areadditive; they areeasilydecomposethto individual-
robotupdatesmakingit amenabléo a decentralizedmplementation.

Figure 1 illustratesthe measurementpdateandits effect H; for a simple ex-
ampleinvolving two robots(andassumingnown dataassociation)Hererobot 1
sensesandmarksy; andy,, androbot2 senseys. Thematrix C; is zeroexceptfor
the statevariablesthat in uence thesemeasurement€onsequentlythe measure-
mentupdatemanipulateshe off- diagonalelementsHX w1 Hxtyss andH . X2; , and
its symmetricakounterpartsi . xiHy, 1 andH,,. Xz andthecorrespondm@l—
ementson the main dlagonal Graphlcally theseupdatesare equialentto adding
links in the GMRF betweerx! andy, x? andyy, andx? andys, asillustrated.

To implementthis motion updateon actualrobots,it is necessaryo determine
the identity of obsened landmarks.This dataassociationdecisionis commonly
madeon a maximumlikelihood basis[3], allowing for the provision that an ob-
sened landmarkhasnever beenseenbefore. The calculationof the likelihood of
a measuremenindera dataassociatiorhypothesisis achiezed by computingthe
maiginal distribution p(x¥; y, j Z; U) of therobotposex¥ andthelandmarkyX in
question.This maginal is approximatedy thefollowing Gaussian:

t;n—STk ( xky Y+H Sxky Y ) Xk;yn
t:n = tsxk;yn (6)

HereS,«.,, is aprojectionmatrix thatextractsfrom the statevectorthe k-th robot
poseandthe coordinatef the n-th landmark.This expressioncanbe tightly ap-
proximatedin constanttime for eachlandmarkunderconsiderationregardlessof
thesizeof themapN andthe numberof robotsk .
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Figure 3. Sparsi cation: A landmarkis deactvatedby eliminatingits link to the robot. To
compensatéor this changein informationstate links betweenactive landmarksand/orthe
robotarealsoupdated.

3.2 Motion Update
Motion updatesmanipulatethe information in less obvious ways, but they are
still additive andlocal. The equationdor the generalcaseare somavhat involved
(se€[18] for afull derivation).HereSy is again a projectionmatrix, which extracts
all robotposevariablesX = x*:::xK formthefull statevector

Ho=H’: H .

b=h i1 {1(H +H 1 Heo)+ TH (7)

with HY 3= (He1 o

= H{ 1Sk [Ur T+ Sk HY 1Sx] 'Sk HY 4
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This updatereliesonceagain on linearizationusing Taylor seriesexpansionwhere
A¢ = 1 x g(ug; ). As before,this updateis additive, andit is easilydecomposed
into individual additive updatedor eachrobot, hencecanbe executeddecentrally
In [18], we prove that eachrobot can performthis updatein constanttime if Hy
is sparseregardlessof the numberof landmarksN . This proof generalizedo the
multi-robotcase.

Graphicallythemotionupdateds shavn in Figure2. As therobotsmove, theup-
dateequationseducehestrengttof all elementsn theH; matrixin therow/column
of the robot posevector In the GMRF representatiorthis amountsto wealening
all links directly connectedo the poseof a moving robot, by shifting weightto the
between-landmarlnks of landmarkdinkedto therobot,assketchedn Figure2h.
From this diagram.,it is easyto seethat motion updatescan be decomposedhto
individual-robotupdateshencecanberun decentrally

3.3 Sparsi cation

Regularinformation®Ilters asdescribedsofar generatalenselypopulatednforma-
tion matrices,despitethe fact that thosematricesare dominatedby a linear num-
berof element418]. To enforcesparsenessyhich is necessaryor the mulit-robot
decompositionSEIFsinclude an approximationstepcalled spassi cation, which
removeselementsn the H -matrix betweena robotanda landmarkwithout intro-
ducingnew links. This stepis reminiscenbf thearc remaal techniqueknown from
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Bayesnetworks[12], with thetime requiredfor removing anarcbeingindependent
of the size of the GMRFE The sparsi®cationis graphicallyillustratedin Figure 3.
By removing arcsbetweernthe robotandspeci®clandmarksthe fan-inandfan-out
of every nodein the GMRF canbe controlled,andtheresultingmatrix H; remains
sparse.

The updateequationsare also someavhat involved, andtheir derivation canbe
foundin [18]. As before we denotearobotposeby x¥. All landmarksconnectedo
this robotarecollectively calledY * . Y © is thelandmarkwhoselink to therobotis
beingremovedin the sparsi®catiorstep,andY refersto all otherlandmarksThe
outcomeof this stepis givenby H; andfy.

He= H, HL?
B=h HLSoSTo+ ({Hi B)Siky- Sty ®)
with H10= Sxk;Y+;YoSIk;y+;YoHthk;w;YDSka;Y*;YO
B = hsxk;Y*;YOS;(rk;Y*;YO
LY = [Syk(SfkHiSk) Sl + Syo(SyoH(Syo) 'S
Sxk;YO(SIk;YOHisX":YO) lsIk:YO]HtO ©)

Thisupdatds alsoadditive andlocal. It leavesthevaluesof all poseof robotsother
thanx, andall landmarksy untouched.

We notethattheoriginal SEIFalgorithmalsoutilizesanamortizedGauss-Seidel
algorithmfor recavering the mode ; from the information state[18]. This mode
is neededat various placesof the SEIF update,e.g., for the linearizationof the
measuremerdndmotionequations.

4 Multi-Robot SLAM

The two key propertiesthat makes SEIF amenableto decentralizedmulti-robot
mappingare additivity andlocality. Additivity enablesmultiple robotsto integrate
their information by addingincrementsadditionis commutatve and associatie,

hencetheresultingupdateschemegancopewith network latencieqsee[10] for a
relatedpaperthatexploits additivity in multi-robotSLAM). Locality ensureshatall

updateperformedoy arobotarecon®nedo its own poseandlandmarkspreviously
detectedy thisrobot(whichis notthe casefor themuchmorepopularEKF!). As a
result,in multi-robot SEIF, eachrobotcanmaintainits own local mapandposterior
estimate.

However, the fusion of local mapsis tricky becauseof two dif®culties: ®rst,
eachrobotmaintaingts own local coordinatesystemAs a result,transformatiorof
onerobot's coordinatesysteminto anotherarenon-linear, whichis atoddswith the
linear SEIFrepresentatiofin particular it is invalid to simply addthelocal maps!).
Seconda comples dataassociatiomproblemhasto be solved when fusing maps,
namelythatof establishingcorrespondenceetweenandmarksn therobots'local
maps Priorwork [10] side-stepshis issueby assumindgknowledgeof (1) theinitial
posesand(2) uniquelandmarksignaturepnderthesehighly restrictve assumptions,
additionis aviableway to fusemaps.Neitherof theseassumptionaremadehere.
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(a) dataacquisitionvehicle (b) raw odometrypath

Figure 4. The dataacquisitionvehicle: An outdoorvehicle by the University of Sydney,
Australia.

4.1 Fusing Maps Acquired by Multiple Robots

Let hH}; i andhH] ;i two local estimategmapsand vehicle poses)acquired
by two differentvehicles,k andj . To fusethesemaps,we needtwo piecesof in-
formation:arelative coordinatedransformatiorbetweerthesewo maps(translation
and rotation), and a correspondenchst, thatis, a list of pairs of landmarksthat
correspondo eachotherin thedifferentmaps.

Supposeave aregiventhetranslationd andtherotationmatrixr thatspecifythe
coordinateransformatiorfrom the j -th to the k-th robot's coordinatesystem—we
will discussour approachto ®nding d andr further belowv. Coordinatesy in the
j -th robot's coordinatesystemare mappednto the k-th coordinatesystemvia the

linearequationy® J = ry + d. Thistransformatioris easilyextendedto the ®lter
variablesH{ ; i i
H¢ 1= RTH!R (10)

b '=(+H D)RT (12)
whereR andD arematriceghatextendr andd to thefull dimensiorof theposterior
maintainedoy thej -th robot:

O10 01 0 1
Or 0 d

R:%_,. § and D = %§ (12)
00 d

Noticethespecialprovisionfor therobot's headingdirection,whichis thevery ®rst
elementn the statevector The headingsimply changedy the angleof therotation
betweerbothmaps,denoted in (12). o

To seethe correctnes®f (10) and(11), we recall thatthe parameter$H Lgi
de®nea Gaussiarover thej -th robotposeansmapx, = (x; Y )T. Thisgivesus
thefollowing deriation:

p(x} jz';uh)
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Figure 5. Eightlocal mapsobtainedby splitting the datainto eightdisjoint sequences.

/exp 3(Rx; D D' "'(Rxy D 1)
I exp ixPTRT P 'Rxt (1+D)T [ IRT X
=exp LXITRTH/ Rx} (4 +H! DR x| (13)

Thekey obsenrationsherearethatthealignmentakestime linearin the statevector
(andnot cubicaswould be the casefor EKFs). More importantly the sparseness
presered by this updatestep.The readermay also notice that the transformation
canbe appliedto subsetf features(e.g.,a local map),thanksto the sparseness
of H{. In sucha case,onehasto includethe Markov blanket of the variablesof
interest.

After the alignmentstep,both mapsare expressedn the samecoordinatesys-
tem.Thejoint informationstateis obtainedby concatenatingpothinformationma-
tricesandbothinformationstatesThe correspondendést is thenincorporatednto
this joint mapby collapsingthe correspondingows and columnsof the resulting
information matrix andvector The following exampleillustratesthe operationof
collapsingfeature2 and4 in the®Iter, which would occurwhenour correspondence
list stateghatlandmark2 and4 areidentical:

0 1
h11 hiz hiz hyg 0 hyy hio+ hig his :
EZI 222 223 224 I @hyy+hyy hoot hapt hog+ hag gzt hag A (14)
31 N32 N33 N34 hsy hso+ haa ha3

h41 h42 h43 h44

by O 1!
BRE | 0n @

b bs

Collapsingtheinformationstateexploits the additvity of theinformationstate The
viability of a datafusionhypothesids ®nally assesselly computingthelikelihood
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(a) bestsingle-\ehiclemap (b) mapsfusedfrom 8 local maps

Figure 6. (a) The vehicle; (b) 8 local mapsobtainedby splitting the datainto 8 disjoint
sequenceqg) the rav odometry;(d) the pathandmaprecoreredby single-\ehicle SLAM,;
(e) themulti-robotresult,obtainedusingthe algorithmdescribedn this paper

of the dataafterfusingtwo maps.This is achiezed by pluggingthe fusedmapinto

the original two Gaussiansle®ningeachvehicles'local maps,andby multiply the
resultingprobabilities.This calculationplaysan importantrole in our algorithm’s

decisionto accepior rejectafusionhypothesisTechnically this operationnvolves
a recovery of the state,andthe evaluationof two Gaussiangone per robot). The

mathematic$or doingsoarestraightforvardandomittedfor brevity.

4.2 Finding Good Alignments

The previous sectionprovided a methodfor evaluatingthe goodnes®f a mapfu-
sion candidateput left openhow suchcandidatesre found. Finding good candi-
datesfor fusing mapsis essentiallya hybrid searchproblem,involving continuous
(alignment)anddiscrete(correspondencejariables.

Our approachperformsthis searchin two states.First, it searchedor corre-
spondingpairs of local landmarkcon®gurationsn different maps.In particular
our approachdenti®esfor eachlandmarkin eachmapall triplets of threeadjacent
landmarkghatfall within a smallradius(a similar groupingwasusedin [16]). The
relative distancesindanglesin thesetriplets arethenmemorizedn an SR-tree to
facilitate ef®cient retrieval. Using theseSR-treessimilar local con®gurationsare
easilyidenti®edin differentmapsby searchinghetree.Correspondencdsundin
this searchsene asa startinghypothesegor the fusion processthey arealsoused
to recoverthealignmentparametergherotationr andtheshift d (usingtheobvious
geometridaws).

Whenanappropriateandidatdasbeenidenti®ed thespaceof possibledataas-
sociationsis searchedecursvely, by assumingandun-assumingorrespondences
betweenlandmarksin the differentmaps.The searchis guidedby two opposing
principles: The reductionof the overall map likelihood that comesfrom equating
two landmarksandtheincreasen likelihoodthatresultsfrom thefactthatif there
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werereally two separatéandmarkspoth robotsshouldhave detectedoth of them
(andnotjustone).To calculatethelatter, we employ a sensomodelthatcharacter
izes"negative” information(not seeingalandmark).

In generalthe searchfor the optimal correspondencis NP-hard.However, in
all our experimentswith real-world datawe found hill climbing to be successful
in every singleinstanceHill climbing is extremelyef®cient; we suspecit to bein
O(N logN) for mapsof sizeN . In essencet associatesearbylandmarksf, asa
result,the overall likelihoodincreasesOncethe searchhasterminateda fusionis
®nally acceptedf theresultingreductionof the overall likelihood (in logarithmic
form) is offsetby the numberof collapsedandmarkstimesa constantthis effec-
tively implementsa BayesianMAP estimatorwith an exponentialprior over the
numberof landmarksn theworld.

5 Experimental Results

Systematiexperimentswere conductedusinga real-world dataset. This data[3],
which is generallyrecognizedasa primary benchmarldatasetin the SLAM com-
munity [6], wasacquiredby a singlevehicleoperatingn a parkin Victoria Parkin
Sydng. Figuredashavsthevehicle,alongwith its raw odometryin Figure4b, illus-
tratingthatodometryaloneis extremelyerroneouskeaturesn this mapcorrespond
to treestemsextractedfrom the vehicle's laserrange®nder SEIF, whenappliedto
thesingle-\ehicleSLAM problem,generatethepathshavnin Figure6a.This map
matcheotherpublishedresultsin accurag [3,7].

To performamulti-robotexperimentwe simply cutthedataintoK = 8disjoint
sequencegachemulatinghedatacollectedby adifferentrobot.Figure5 shavsthe
resultinglocal mapsfor eachrobot. Our new multi-robot SLAM algorithmresults
in themapshavn in Figure6b. The exacterrorof this mapis unknavn, becaus¢he
exact location of the treesin Victoria Park environmentare not known. However,
it appearghatthe error of our approachs approximatelytwice that of the single
vehicleapproachijn the worst case.This doesnot surprise,asthe datais cut into
very small chunks,makingit moredif®cult to recover a joint map. The important
®ndinghereis thatourapproachndeedss ableto identify thecorrectalignmentde-
tweenthedifferentlocal maps,whichis a challengingproblemgiventhe smallsize
of thelocal maps(Figure5). To our knowledge,this is the ®rst time an algorithm
succeededh fusing local mapsinto a single global map, without relative knowl-
edgeof therobots' posesandidenti®ablelandmarkgnot eventhe approachin [15]
generateasinglemap).

6 Conclusion

We have proposeda new Bayesianapproachto the multi-robot simultaneoudo-
calizationandmappingproblem,which enableseamsof robotsto acquirea single
ervironmentmap.Ourapproachextendswork onsingle-robotSLAM by techniques
for establishingorrespondendeetweermapsgatheredy multiple robots. Empiri-
cally, we ®nd our approactio behighly reliablein its ability to identify overlapping
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mapsand fusing theminto a single map. We conjecturethat our approachs un-
precedentedh its ability to build a single map from dataacquiredwith multiple
platforms, without initial knowledge of the relative poseof eachrobot and with
landmarkambiguity

Ourapproaclgeneralizesheworkin [10] to the SLAM problemwith unknovn
relative locationsand with non-uniquelandmarks.t also goesbeyond the work
in [15] in thatmapscanchangeshapein the mapfusion processthanksto a rep-
resentatiorof a full posteriorover maps(insteadof the maximumlikelihood map
only). However, we believe thatfusingideasin [15] andthe presenpapemwill ulti-
matelysolve multi-robot mappingproblemsthat are presentlybeyond the state-of-
the-art.
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