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Abstract
This paper describes an algorithm for generating compact 3D models of indoor environments with mobile
robots. Our algorithm employs the expectation maximization algorithm to fit a low-complexity planar model
to 3D data collected by range finders and a panoramic
camera. The complexity of the model is determined during model fitting, by incrementally adding and removing
surfaces. In a final post-processing step, measurements
are converted into polygons and projected onto the surface model where possible. Empirical results obtained
with a mobile robot illustrate that high-resolution models can be acquired in reasonable time.
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Introduction

This paper addresses the problem of acquiring volumetric 3D
models of indoor environments with mobile robots. A large
number of indoor mobile robots rely on environment maps for
navigation [12]. Almost all existing algorithms for acquiring
such maps operate in 2D—despite the fact that robot environments are three-dimensional. Two dimensions are commonly
assumed to be sufficient, since the robot is confined to a twodimensional plane. However, modeling an environment in
3D has two important advantages: First, 3D maps facilitate
the disambiguation of different places, since 3D models are
much richer than 2D models and hence possess fewer ambiguities. Second, they are of particular interest if the goal
of mapping goes beyond robot navigation. 3D models are
much better suited for remote users interested in the interior
of a building, such as architects, human rescue workers, or
fire fighters that would like to familiarize themselves with an
environment before entering it.
Moving from 2D to 3D is not just a trivial extension. The
most popular paradigm in 2D mapping to date are occupancy
grid maps [10; 15]. Occupancy grids represent environments
by fine-grained grids. While this is feasible in 2D, in 3D the
complexity of these representations pose serious scaling limitations [16].

This paper proposes an algorithm for recovering lowcomplexity 3D models from range and camera data, collected
by a mobile robot. In particular, our approach fits a probabilistic model that consists of flat surfaces to the data
collected by a robot. Such a representation has four advantages over previous non-object representations:
• The resulting maps are less complex, which removes some
of the scaling limitations of existing algorithms that are
particularly cumbersome in 3D.
• By moving to a low-complexity model, the noise in the
resulting maps is reduced—which is a side-effect of the
variance reduction by fitting low-complexity models.
• Our approach can utilize prior knowledge about the items
in the environment (e.g., number, size and location of
walls)
• Finally, an object representation appears to be necessary to
track changes in the environment, such as open/close doors
and chairs that move.
To identify low-complexity models, the approach presented
here uses a variant of the expectation maximization (EM)
algorithm [8]. Our algorithm simultaneously estimates the
number of surfaces and their location. Measurements not explained by any surface are retained, enabling us to model nonplanar artifacts in the environment as well—but without the
benefits of a low-complexity model. The result of the modeling is a low-complexity polygonal model of both structure
and texture. The model is represented in VRML, a common
virtual reality format.
Our approach rests on two key assumptions. First and foremost, we assume a good estimate of the robot pose is available. The issue of pose estimation (localization) in mapping
has been studied extensively in the robotics literature. In
all our experiments, we use a real-time algorithm described
in [19] to estimate pose; thus, our assumption is not unrealistic at all—but it lets us focus on the 3D modeling aspects
of our work. Second, we assume that the environment is
largely composed of flat surfaces. The flat surface assumption leads to a convenient close-form solution of the essential
steps of our EM algorithm. Flat surfaces are commonly found
in indoor environments (specifically in corridors), but such an

assumptions would inevitable fail in many outdoor environments (e.g., forests) or in planetary exploration. However, we
believe that the EM algorithm can be extended to other basic
shapes as well (eg, cylinders). We also notice that our algorithm retains measurements that cannot be mapped onto any
surface. Hence, the final model may contain non-flat areas.
We present results of mapping an indoor environment using the robot shown in Figure 1. This robot is equipped
with a forward-pointed laser range finder for localization during mapping, and an upward-pointed laser range finder and
panoramic camera for measuring the structure and texture of
the environment in 3D.
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Figure 1: Mobile robot, equipped with two 2D laser range finders and a panoramic camera. The camera uses a panoramic mirror
mounted only a few centimeters away from the optical axis of the
laser range finder.

Models of 3D Environments

2.1 Flat Surface Model
Our assumed model is a finite collection of flat surfaces (walls
doors, ceilings). We denote the model by θ, the number of
surfaces in the model by J, and each individual surface by
θj . Hence, we have:
θ

=

{θ1 , . . . , θJ }

(1)

Each surface θj is a two-dimensional linear manifold in 3D.
Following textbook geometry, we describe θj by a tuple
θj

=

hαj , βj i ∈ <3 × <

(2)

where αj is the surface normal vector and βj is the distance
of the surface to the origin of the global coordinate system.
The surface normal αj is a vector perpendicular to the surface
with unit length, that is, αj · αj = 1.
The surface normal representation facilitates the calculation of distances. Let z be a point in 3D. Then the distance of
this point to the surface θ − j is given by
|αj · z − βj |

(3)

where “·” denotes the scalar product of the vectors α and z.
The points z on the surface are those for which the following
equality holds:
αj · z

=

βj

(4)

The reader should notice that our model of surfaces corresponds to planes in 3D, hence they are unbounded in size.
In practice, however, all objects have a finite size, and their
size and location in 3D is essential component of any model.
The advantage of not making size a component of the model
is two-fold: First, it leanifies the mathematical derivation of
EM, leading to a more efficient algorithm. Second, it enables
us to model non-contiguous flat surfaces such as walls separated by doors. It turns out that the size of the surfaces will
be obtained almost effortlessly, by mapping sensor measurements onto planes. Hence, we will be content with a model
of environments based on 2D planes in 3D.

2.2 Measurements
Our approach assumes that measurements correspond to point
obstacles in 3D space. That is, each measurement
zi

∈

<3

(5)

is a 3D coordinate of a point detected by a range measurement. Such point obstacles are easily recovered from range
measurements, such as the laser ranger finders used in the
experiments below, subject to knowledge of the robot’s location. All our results rely on the 2D concurrent mapping
and localization algorithm described in [19], which are sufficiently accurate. We denote the set of all measurements by
Z

= {zi }i

(6)

The measurement model ties together the world model and the
measurements Z. The measurement model is a probabilistic
generative model of the measurements given the world:
p(zi |θ)

(7)

In our approach, we assume Gaussian measurement noise. In
particular, let j be the index of the surface nearest to the measurement zi . Then the error distribution is given by the following normal distribution with variance parameter σ
p(zi |θj )

:=

√

1

2
1 (αj ·zi −βj )
σ2

e− 2

(8)
2πσ 2
Notice that the log likelihood of this normal distribution is
proportional to the squared distance between the measurement zi and the surface θj .
The normal distributed noise is a good model if a range
finder succeeds in detecting a flat surface. Sometimes, however, range finders fail to detect the nearest object altogether,
or the object detected by a range finder does not correspond
to a flat surface. In our approach, we will denote model such
events using a uniform distribution over the entire measurement range.

1/zmax if 0 ≤ zi ≤ zmax
(9)
p(zi |θ∗ ) :=
0
otherwise

This formula assumes that all J + 1 correspondences are
equally likely in the absence of measurements; hence the term
J + 1 in the denominator.
Assuming independence in measurement noise, the likelihood of all measurements Z and their correspondences C :=
{Ci } is then given by

Here θ∗ denotes a ‘phantom’ component of the model θ,
which accounts for all measurements not caused by any of
the surfaces in θ. The interval [0; zmax ] denotes the measurement range of the range finder.
For convenience, we will use the following notation for
this uniform distribution, which is reminiscent to a normal
distribution (but note the constant exponent!). This notation
assumes zi ∈ [0; zmax ], which is naturally the case for range
sensors:
2
zmax
1
1
(10)
e− 2 ln 2πσ2
p(zi |θ∗ ) = √
2πσ 2
The reader should quickly verify that for values in [0; zmax ],
(9) and (10) are indeed identical. To summarize, we employ two distinct measurement models: a Gaussian model if
a measurement is caused by a planar surface, and a uniform
model for all other measurements.
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p(Z, C|θ)
=

Y
i

− 12
1
√
e
(J+1) 2πσ 2

−

Our derivation of the model estimation algorithm begins with
the definition of the likelihood function that is being optimized. What follow is the description of EM for this likelihood function, which is tailored towards the mixture perceptual model that combines a Gaussian and a uniform component.

To define the likelihood function, we have to introduce a new
set of random variables. These random variables are the correspondence, denoted cij and ci∗ . Each correspondence variable is a binary random variable. The variable cij is 1 if and
only if the i-th measurement zi corresponds to the j-th surface in the model, θj . Likewise, the correspondence ci∗ is 1
if and only if the i-th measurement was not caused by any of
the surfaces in the model. The correspondence vector of the
i-th measurement is given by
{ci∗ , ci1 , ci2 , . . . , ciJ }

(11)

By definition, the correspondences in Ci sum to 1 for all i,
since each measurement is caused by exactly one component
of the model θ.
If we know the correspondences Ci , we can express the
measurement model p(zi |θ) as follows
h
i
P
(α ·z −β )2
z2
− 21 ci∗ ln max
+
cij j i 2 j
1
2πσ 2
σ
j
e
(12)
p(zi |Ci , θ) = √
2πσ 2
This obviously generalizes our definition in the previous section, since for every measurement zi only a single correspondence will be 1; all other c-variables will be zero.
Making the correspondence explicit in the measurement
model enables us to compute the joint probability of a measurement zi along with its correspondence variables Ci :
i
h
P
2
(αj ·zi −βj )2
zmax
1
p(zi , Ci |θ) =

−2
1
√
e
2
(J+1) 2πσ

ci∗ ln

2πσ 2

+

j

cij

σ2

+

P

j

cij

(14)
i
2

(αj ·zi −βj )
σ2

1 X (αj · zi − βj )2
(15)
cij
2 j
σ2

The log-likelihood is more convenient for optimization, since
it contains a sum where the likelihood contains a product.
Maximizing the log-likelihood is equivalent to maximizing
the likelihood, since the logarithm is strictly monotonic.
Finally, while the formulas above all compute a joint over
model parameters and correspondence, all we are actually interested in are the model parameters. The correspondences
are only interesting insofar as they help us determining the
most likely model θ. Therefore, the goal of estimation is to
maximize the expectation of the log likelihood (15), where
the expectation is taken over all correspondences C. This
value, denoted EC [ln p(Z, C|θ)], is the expected log likelihood of the data given the model (with the correspondences
integrated out!). It is obtained directly from Equation (15):

3.1 Log-Likelihood Function

=

ci∗ ln

2
zmax
2πσ 2

This equation is simply the product of (13) over all measurements zi .
It is common practice to maximize the log-likelihood instead of the likelihood (14), which is given by
X
z2
1
1
√
ln p(Z, C|θ) =
− ci∗ ln max2
ln
2
2πσ
(J+1) 2πσ 2
i

Expectation Maximization

Ci

h

EC [ln p(Z, C|θ)]
"
X
= EC
ln

z2
1
1
√
− ci∗ ln max2
2
2πσ
(J+1) 2πσ 2
i

1 X (αj · zi − βj )2 
(16)
−
cij
2 j
σ2

Exploiting the linearity of the expectation, we can rewrite
(16) as follows:
X
1
z2
1
√
=
− E[ci∗ ] ln max2
ln
2
2πσ
(J+1) 2πσ 2
i
1X
(αj · zi − βj )2
(17)
−
E[cij ]
2 j
σ2

Notice that this equation factors in the expectation of the individual correspondences E[cij ] and E[ci∗ ], to calculate the
expected log likelihood of the measurements. This equation
is the basis for the EM algorithm for maximizing the log(13)
likelihood described in turn.
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Expectation Maximization

The problem addressed in the remainder of this section is the
maximization of the expected data log-likelihood, as specified in (17). The EM algorithm is a popular method for hill
climbing in likelihood space [8] that is directly applicable to
this problem.
In essence, EM generates a sequence of models,
θ[0] , θ[1] , θ[2] , . . .. Each model improves the log-likelihood
of the data over the previous model, until convergence. EM
starts with a random model θ [0] . Each new model is obtained
by executing two steps: an E-step, where the expectations of
the unknown correspondences E[cij ] and E[ci∗ ] are calculated for the n-th model θ [n] , and an M-step, where a new
maximum likelihood model θ [n+1] is computed under these
expectations. An important result is that for our planar model
with uniform slack, both of these steps can be solved in closed
form.

4.1 The E-Step

p(cij |θ[n] , zi )

=

p(zi |θ[n] , cij )p(cij |θ[n] )
p(zi |θ[n] )

=

e

=
e
Similarly, we obtain

− 21 ln

− 12

2
zmax
2πσ 2

+

(αj ·zi −βj )2
σ2

P
1

k

e

− 12

(αk ·zi −βk )2
σ2

(18)

2
zmax

e− 2 ln 2πσ2
(19)
E[ci∗ ] =
2
2
zmax
P
1 (αk ·zi −βk )
1
σ2
e− 2 ln 2πσ2 + k e− 2
Thus, to summarize, in the E-step the expectation that the
i-th measurement corresponds to the j-th surface is proportional to the Mahalanobis distance between the surface and
the point, with a slack variable in the denominator that accounts for phantom measurements. The probability of a phantom measurement is calculated accordingly.

4.2 The M-Step
In the M-step, we are given the expectations E[cij ] and seek
to calculate a model θ [n+1] that maximizes the expected loglikelihood of the measurements, as given by Equation (17). In
other words, we seek surface parameters hαj , βj i that maximize the expected log likelihood of the model.
Obviously, many of the terms in (17) do not depend on the
model parameters. This allows us to simplify this expression
and instead minimize
XX
E[cij ](αj · zi − βj )2
(20)
i

j

i

j

j

Obviously, for each minimum of L, it must be the case that
∂L
∂L
∂αj = 0 and ∂βj = 0. This leads to the linear system of
equalities:
X
E[cij ](αj · zi − βj )zi − λj αj = 0
(22)
i

X
i

In the E-step, we are given a model θ [n] for which we seek
to determine the expectations E[cij ] and E[ci∗ ] for all i, j.
Bayes rule, applied to the sensor model, gives us a way to calculate the desired expectations (assuming uniform prior over
correspondences):
E[cij ]

The reader should quickly verify that minimizing (20) is indeed equivalent to maximizing (17). The minimization of
(20) is subject to the normality constraint αj · αj = 1; since
otherwise αj would not be a surface normal. Hence, the Mstep is a quadratic optimization problem under equality constraints for some of the variables.
To solve this problem, let us introduce the Lagrange multipliers λj for j = 1, . . . , J, and define
XX
X
L :=
E[cij ](αj · zi − βj )2 +
λj αj · αj (21)

E[cij ](αj · zi − βj ) = 0

αj · α j = 1

(23)
(24)

The values of βj can be calculated from Equations (22) and
(23):
P
E[ckj ]αj · zk
kP
(25)
βj =
k E[ckj ]

which, substituted back into (22) gives us
P


X
E[ckj ]αj · zk
E[cij ] αj · zi − kP
zi − λ j α j
k E[ckj ]
i

=

0

(26)

This is a set of linear equations of the type
Aj · αj

=

λ j αj

(27)

where each Aj is a 3×3 matrix whose elements are as follows:
P
P
X
]zit k E[ckj ]zks
i E[cij
P
E[cij ]zis zit −
ast =
(28)
k E[ckj ]
i

for s, t ∈ {1, 2, 3}.
The solution to our problem of calculating the values of αj
is now the eigenvector of (27) with the smallest eigenvalue.
Why the smallest? It is easy to see that each solution of (27)
must be an eigenvector of Aj . The two eigenvectors with the
largest eigenvalues describe the desired surface. The third
eigenvector, which is a normal and orthogonal to the first two
eigenvectors, is therefore the desired surface normal. Thus,
we now have a solution to the problem of calculating the maximum likelihood model θ [n+1] under the expectations E[cij ].
This completes the derivation of the EM algorithm.

4.3 Starting and Terminating Model Components
The EM algorithm assumes knowledge of the number of surfaces J. In practice, however, J is unknown and has to be

estimated as well. The number of surfaces J depends on the
environment and vary drastically from environment to environment.
Our approach uses an incremental strategy for introducing
new surfaces (increasing J) and terminating other, unneeded
surfaces (decreasing J). This step is an outer loop to EM:
Every time the model complexity J is changed, EM is run
for a certain number of time steps (e.g., 20) to find the most
likely model given J. As usual in EM, the results of likelihood maximization is sensitive to the initialization of a new
model component, which determines the quality of the local
maximum found by EM.
Introducing New Surfaces: New surfaces are introduced
as follows: Select a random measurement zi . Select the two
nearest measurements to zi , where nearness is measured by
Euclidean distance in 3D. These three measurements together
define a surface, which is added to the model. Notice that our
approach of generating new surfaces does not consider how
well a measurement zi is already ‘explained’ by the existing model—an alternative for starting new model components
might be to give preference to measurements zi distant to all
of the surface θj in the model. We found our approach to be
superior in environments with several nearby surfaces, such
as the corridor environment described below, where the wall
surface and the door surface are a merely 7 centimeters apart.
Terminating Unsupported Surfaces: A surface is considered “unsupported” if after convergence of EM, it fails to
meet any of the following criteria:
• Insufficient number of measurements: The total expectation for surface θj is smaller than a threshold Emin :
X
E[cij ] < Emin
(29)
i

• Insufficient density: Let us define as Zj (θ) the set of measurement who select the surface θj as their most probable
surface:
Zj

:=

{j : argmax E[cij 0 ]}

(30)

j0

Then our approach rejects each surface j for which the average distance between measurements in Zj and their nearest neighbor in Zj is larger than a threshold xmax
1 X
min |z 0 − z| < xmax
(31)
z 0 ∈ZJ :z 0 6=z
|Zj |
z∈Zj

This criterion can be interpreted as a minimum density criterion, and leads to the elimination of surfaces whose supporting points are spread out to far.
Fusing Surfaces: Finally, pairs nearby surfaces are fused
into one new surface if they are too close together. This is
necessary to eliminate surfaces that compete for the same set
of measurements. Our approach fuses surfaces whose angle
is smaller than a threshold, and whose distance smaller than
a threshold at each of the supporting points.

Figure 2: Polygonal model generated from raw data, not using EM.
The display without texture shows the level of noise involved, which
makes it difficult to separate the door from the nearby wall.
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Post-Processing

5.1 Smoothing
In a final step, the result is post-processed by a smoothing
step. This step brings to bear knowledge that nearby measurements are likely to belong to the same surface. The final
assignment of points to surfaces, thus, is based on a mixture
of the assignments of the neighbors. In particular, if three
or more of the nearest neighbors of a measurement zi are
matched to surface j (as most likely assignment), zi is also
assigned to surface j.
The final smoothing improves the quality of the matching
in the presence of nearby surfaces. In the testing example
described below, the wall and the door surface are only 7
cm apart, whereas the (cumulative) measurement error of the
laser range finder is 10 cm. Without the final smoothing step,
a number of points on the door would be associated to the
wall surface, and vice versa.
We note that there are two possible ways to smooth the assignments: As a prior for the model likelihood, or as a postsmoothing step. In the former case, one would have to augment the log-likelihood function, which, unfortunately, implies that the E-step cannot be solved in closed form.

5.2 3D Reconstruction
In a final, mechanical reconstruction process, the measurements zi are mapped into polygons and the exact size of
the surfaces is determined. Our approach exploits the fact
that measurements are taken in a sequence. If in two timeadjacent range scans, four measurements are ‘nearby’ (within
50 cm range) they are mapped into a polygon, and the texture
data recorded along the way is superimposed to this polygon.
The exact size and shape of a surface is then obtained by projecting the measurements (and hence the polygons) onto the
surface model θ.

(a) Polygonal models generated from raw data

(b) Low-complexity multi-surface model

Figure 3: 3D Model generated (a) from raw sensor data, and (b) using our algorithm, in which 94.6% of all measurements are explained by
7 surfaces. Notice that the model in (b) is much smoother and appears more accurate.
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Results

Our approach has been evaluated in the context of the DARPA
Tactical Mobile Robotics Project (TMR). The specific data
set has been acquired inside a university building, using the
robot shown in Figure 1. It consists of 168,120 individual
range measurements and 3,270 camera images, of which our
software in a pre-alignment phase extracts 3,220,950 pixels
that correspond to range measurements. The data was collected in less than two minutes. Figure 3a shows two rendered views of a 3D model generated without EM. Here the
3D reconstruction step has been applied to the raw data, as
described in Section 5.2. The resulting model is extremely
rugged due to the noise in the sensor measurements. Figure 2
shows a detail of this scene without the texture superimposed,
to illustrate the level of noise in the raw model.
Figure 3b depicts the resulting low-complexity model, consisting of J = 7 surfaces that account for an 94.6% of all
measurements. Clearly, this model is smoother, which makes
various details visible. Notice that the left view shows a trash-

bin, which is not captured by the surface model (the corresponding measurements are not mapped to any of the surfaces
but instead correspond to the slack component in the sensor
model). Notice also that the wall surface is different from the
door surface. These two surfaces are only 7 cm apart, which
is small in comparison to the expected measurement noise in
range sensing (5 cm). Consequently, a small number of measurements in the door surface are accidentally assigned to the
wall surface. The poster-board in the second column is much
easier a case, since it actually is flat.
Figure 4 shows the number of surfaces J and the number
of measurements explained by these surfaces, as a function of
the iteration. Every 20 steps (in expectation), surfaces are terminated and restarted. After only 500 iterations of our algorithm, the number of surfaces settles around a mean (and variance) of 8.76±1.46, which explains a steady 95.5±0.006% of
all measurements. 2,000 iterations require approximately 20
minutes computation on a low-end PC.

(a) Model complexity (number of surfaces J)
Percentage measurements explained by model

(b) Percentage of measurements explained by model
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Figure 4: (a) number of surfaces J and (b) percentage of points explained by these surfaces as function of the iterator. A usable model is
available after 500 iterations.
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Related Work

Building 3D models from robot data has previously been proposed in [19], who describes an online algorithm for pose estimation during mapping using a forward-pointed laser range
finder. The 3D maps given there are (vast) collections of local polygons obtained directly from the raw data, without any
additional processing or modeling. In our implementation,
these algorithms are used for obtaining initial measurement
estimates for the approach proposed here. The present work,
thus, continues this line of investigation and yields a practical algorithm for finding low-complexity surface models from
those raw measurements.
The vast majority of robot modeling research has focused
on building maps in 2D. Our approach is reminiscent of an
early paper by Chatila and Laumont [6], who proposed to
reconstruct low-dimensional line models in 2D from sensor measurements but provided no practical algorithm. Our
work is also related to work on line extraction from laser
range scans [14]. However, these methods address the twodimensional case, where lines can be extracted from a single
scan. Another common approach to 2D mapping are occupancy grids, which decompose the environment using a finegrained grid. The resulting models are more complex than
the surface models generated here, for which reason occupancy grid maps are commonly only applied in 2D (see [16]
for an extension to 3D). Our approach is also related to [11],
which reconstructs planar models of indoor environments using stereo vision, using some manual guidance in the reconstruction process to account for the lack of visible structure
in typical indoor environments.
EM has been applied in the context of robot mapping [17;
20]. These approaches, however, address a different problem: The localization problem in mapping. In their work,
the hidden variables correspond to robot locations relative to
sensor measurements, and the resulting models are complex.
In contrast, the present approach uses EM to recover lowcomplexity models, where the hidden parameters are correspondence parameters between model components and measurements.

In the area of computer vision, 3D scene reconstruction
has been studied by several researchers. Approaches for 3D
modeling can be divided into two categories: Approaches
that assume knowledge of the pose of the sensors [1; 3; 5;
7; 18], and approaches that do not [9]. Our approach uses
mobile robots for data acquisition; hence our approach falls
into the second category due to the inherent noise in robot
odometry (even after pose estimation). However, unlike the
approaches in [9; 19] which generate highly complex models,
our focus is on generating low-complexity models that can be
rendered in real-time. The majority of existing systems also
requires human input in the 3D modeling process. Here we
are interested in fully automated modeling without any human interaction. Our approach is somewhat related to [11],
which reconstructs planar models of indoor environments using stereo vision, using some manual guidance in the reconstruction process to account for the lack of visible structure
in typical indoor environments. EM was previously proposed
for scene reconstruction in computer vision [2], but not using
robots. The idea of planar layers in the scene, reminiscent of
our planar surface model, can also be found in [4]—the latter two approaches require exact knowledge of a robot’s pose
and do not use range sensing.
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Conclusion

We have presented an algorithm for recovering 3D lowcomplexity object models from range and camera data collected by mobile robots. The approach combines an algorithm for fitting mixtures of planar surfaces to 3D data, with
an algorithm for modifying the complexity the model. In
a post-processing step, measurements are transformed into
polygons and projected onto the low-dimension model where
possible.
Our approach has been successfully applied to generating
a low-complexity 3D structural and texture model from robot
data in an indoor corridor environment. Future work includes
broadening our model to include non-planar objects—which
appears well possible within the statistical framework put forward in this paper.
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