
Finding ApproximatePOMDP SolutionsThr oughBelief Compression

NicholasRoy NICKROY@MIT.EDU

MassachusettsInstituteof Technology, ComputerScienceandArti�cial IntelligenceLaboratory
77MassachusettsAve., 33-315
Cambridge, MA 02139USA

GeoffreyGordon GGORDON@CS.CMU.EDU

CarnegieMellonUniversity, Schoolof ComputerScience
5000ForbesAve.
Pittsburgh,PA 15213USA

SebastianThrun THRUN@STANFORD.EDU

Stanford University, ComputerScienceDepartment
353Serra Mall, GatesBuilding154
Stanford, CA94305-9010

Abstract
Standardvaluefunction approachesto �nding policiesfor Partially ObservableMarkov De-

cision Processes(POMDPs)aregenerallyconsideredto be intractablefor large models. The in-
tractabilityof thesealgorithmsis to a largeextenta consequenceof computinganexact,optimal
policy over theentirebelief space.However, in real-world POMDPproblems,computingtheop-
timal policy for thefull belief spaceis oftenunnecessaryfor goodcontrolevenfor problemswith
complicatedpolicy classes.The beliefsexperiencedby the controlleroften lie neara structured,
low-dimensionalsubspaceembeddedin thehigh-dimensionalbeliefspace.Findingagoodapprox-
imationto theoptimalvaluefunctionfor only thissubspacecanbemucheasierthancomputingthe
full valuefunction.

We introducea new methodfor solving large-scalePOMDPsby reducingthedimensionality
of thebeliefspace.WeuseExponentialfamily PrincipalComponentsAnalysis(Collins,Dasgupta,
& Schapire,2002)to representsparse,high-dimensionalbelief spacesusingsmall setsof learned
featuresof thebelief state.We thenplanonly in termsof thelow-dimensionalbelief features.By
planningin this low-dimensionalspace,wecan�nd policiesfor POMDPmodelsthatareordersof
magnitudelargerthanmodelsthatcanbehandledby conventionaltechniques.

We demonstratetheuseof this algorithmon a syntheticproblemandon mobilerobotnaviga-
tion tasks.

1. Intr oduction

Decisionmakingis oneof thecentralproblemsof arti®cial intelligenceandrobotics.Most robots
aredeployed into the world to accomplishspeci®ctasks,but the real world is a dif®cult placein
which to act—actionscanhave seriousconsequences.Figure1(a) depictsa mobile robot, Pearl,
designedto operatein the environmentshown in ®gure1(b), the Longwood retirementfacility in
Pittsburgh. Realworld environmentssuchasLongwoodarecharacterizedby uncertainty;sensors
suchascamerasandrange®ndersarenoisyandtheentireworld is not alwaysobservable.A large
numberof stateestimationtechniquesexplicitly recognizetheimpossibilityof correctlyidentifying
the true stateof the world (Gutmann,Burgard, Fox, & Konolige,1998; Olson, 2000; Gutmann
& Fox, 2002; Kanazawa, Koller, & Russell,1995; Isard & Blake, 1998) by using probabilistic
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techniquesto trackthelocationof therobot.SuchstateestimatorsastheKalman®lter (Leonard&
Durrant-Whyte,1991)or Markov localization(Fox, Burgard,& Thrun,1999;Thrun,Fox, Burgard,
& Dellaert,2000)provide a (possiblyfactored,Boyen & Koller, 1998)distribution over possible
statesof theworld insteadof asingle(possiblyincorrect)stateestimate.

(a) (b)

Figure1: A plannerfor the mobile robot Pearl,shown in (a), mustbe ableto navigatereliably in
suchreal environmentsas the Longwood at Oakmontretirementfacility, shown in (b).
Thewhiteareasof themaparefreespace,theblackpixelsareobstacles,andthegrey areas
again areregionsof mapuncertainty. Noticethelargeopenspaces,andmany symmetries
that can lead to ambiguity in the robot's position. The map is 53:6m � 37:9m, with a
resolutionof 0:1m � 0:1m perpixel.

In contrast,controllerssuchasmotionplanners,dialoguesystems,etc. rarelymodelthesame
notionsof uncertainty. If the stateestimateis a full probability distribution, then the controller
often usesa heuristic to extract a single “best” state,suchas the distribution's meanor mode.
Someplannerscompensatefor theinevitableestimationerrorsthroughrobustcontrol(Chen,2000;
Bagnell& Schneider, 2001),but few deployedsystemsincorporateafull probabilisticstateestimate
into planning.Althoughthemost-likely-statemethodis simpleandhasbeenusedsuccessfullyby
somereal applications(Nourbakhsh,Powers,& Birch®eld, 1995), substantialcontrol errorscan
resultwhen the distribution over possiblestatesis very uncertain. If the singlestateestimateis
wrong,theplanneris likely to chooseanunreasonableaction.

Figure2 illustratesthedifferencebetweenconventionalcontrollersandthosethatmodeluncer-
tainty. In this ®gure,the robotmustnavigatefrom thebottomright cornerto the top left, but has
limited rangesensing(up to 2m) andnoisy deadreckoning.1 The impoverishedsensordatacan
causethe robot's stateestimateto becomequite uncertainif it straystoo far from environmental
structuresthat it canuseto localizeitself. On the left (®gure2(a)) is an exampletrajectoryfrom

1. For the purposesof this examplethe sensinganddeadreckoning werearti®cially poor, but the samephenomenon
wouldoccurnaturallyin larger-scaleenvironments.
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a motionplannerthathasno knowledgeof theuncertaintyin thestateestimateandno mechanism
for takingthis uncertaintyinto account.Therobot's trajectorydivergesfrom thedesiredpath,and
therobot incorrectlybelievesit hasarrivedat thegoal. Not shown herearethestateestimatesthat
re�ect thehigh uncertaintyin therobotposition.On theright (®gure2(b)) is anexampletrajectory
from acontrollerthatcanmodelthepositionaluncertainty, takeactionto keeptheuncertaintysmall
by following thewalls,andarrive reliablyat thegoal.

Start

True Path

Measured Path

Goal

(a)Conventionalcontroller

Start

Measured Path

True Path

Goal

(b) Robustcontroller

Figure2: Two possibletrajectoriesfor navigation in theLongwoodat Oakmontenvironment. The
robothaslimited rangesensing(up to 2m) andpoordead-reckoning from odometry. (a)
The trajectoryfrom a conventionalmotion plannerthat usesa singlestateestimate,and
minimizestravel distance.(b) Thetrajectoryfrom amorerobustcontrollerthatmodelsthe
stateuncertaintyto minimizetravel distanceanduncertainty.

The controllerin ®gure2(b) wasderived from a representationcalledthe partially observable
Markov decisionprocess(POMDP).POMDPsareatechniquefor makingdecisionsbasedonprob-
abilistic estimatesof thestateof theworld, ratherthanon absoluteknowledgeof the truestate.A
POMDPusesana priori modelof theworld togetherwith thehistoryof actionstakenandobser-
vationsreceived, in orderto infer a probabilitydistribution, or “belief”, over thepossiblestatesof
theworld. Thecontrollerchoosesactions,baseduponthecurrentbelief, to maximizetherewardit
expectsto receiveover time.

Theadvantageto usingPOMDPsfor decisionmakingis that the resultingpolicieshandleun-
certaintywell. ThePOMDPplanningprocesscantake advantageof actionsthat implicitly reduce
uncertainty, evenif theproblemspeci®cation(e.g.,therewardfunction)doesnot explicitly reward
suchactions.Thedisadvantageto POMDPsis that®ndingtheoptimalpolicy is computationallyin-
tractable.Existingtechniquesfor ®ndingexactoptimalplansfor POMDPstypically cannothandle
problemswith morethana few hundredstates(Hauskrecht,2000;Zhang& Zhang,2001). Most
planningproblemsinvolving real, physical systemscannotbe expressedso compactly;we would
like to deploy robotsthatplanover thousandsof possiblestatesof theworld (e.g.,mapgrid cells),
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with thousandsof possibleobservations(e.g.,laserrangemeasurements)andactions(e.g.,veloci-
ties).

In this paper, we will describean algorithm for ®nding approximatesolutionsto real-world
POMDPs.Thealgorithmarisesfrom theinsightthatexactPOMDPpoliciesuseunnecessarilycom-
plex, high-dimensionalrepresentationsof thebeliefsthatthecontrollercanexpectto experience.By
®ndinglow-dimensionalrepresentations,theplanningprocessbecomesmuchmoretractable.

We will ®rst describehow to ®nd low-dimensionalrepresentationsof beliefs for real-world
POMDPs;we will usea variantof a commondimensionality-reductiontechniquecalledPrincipal
ComponentsAnalysis.Theparticularvariantwe usemodi®esthelossfunctionof PCA in orderto
bettermodelthedataasprobabilitydistributions.Usingtheselow-dimensionalrepresentations,we
will describehow to planin thelow-dimensionalspace,andconcludewith experimentalresultson
robotcontroltasks.

2. Partially ObservableMark ov DecisionProcesses

A partiallyobservableMarkov decisionprocess(POMDP)is amodelfor decidinghow to actin “an
accessible,stochasticenvironmentwith aknown transitionmodel” (RussellandNorvig (1995),pg.
500).A POMDPis describedby thefollowing:

� asetof statesS = f s1; s2; : : : sjS jg
� asetof actionsA = f a1; a2; : : : ; ajAj g
� asetof observationsZ = f z1; z2; : : : ; zjZ jg
� asetof transitionprobabilitiesT(si ; a; sj ) = p(sj jsi ; a)
� asetof observationprobabilitiesO(zi ; a; sj ) = p(zi jsj ; a)
� asetof rewardsR : S � A 7! R
� adiscountfactor
 2 [0; 1]
� aninitial beliefp0(s)

The transitionprobabilitiesdescribehow thestateevolveswith actions,andalsorepresentthe
Markov assumption:thenext statedependsonly on thecurrent(unobservable)stateandactionand
is independentof thepreceding(unobserved)statesandactions.Therewardfunctiondescribesthe
objective of thecontrol,andthediscountfactoris usedto ensurereasonablebehaviour in the face
of unlimitedtime. An optimalpolicy is known to alwaysexist in thediscounted(
 < 1) casewith
boundedimmediatereward(Howard,1960).

POMDPpoliciesareoften computedusinga valuefunction over the belief space.The value
functionV� (b) for a givenpolicy � is de®nedasthe long-termexpectedrewardthecontrollerwill
receivestartingatbeliefbandexecutingthepolicy � upto somehorizontime,whichmaybein®nite.
TheoptimalPOMDPpolicy maximizesthisvaluefunction.Thevaluefunctionfor aPOMDPpolicy
undera ®nite horizoncanbedescribedusinga piece-wiselinearfunctionover thespaceof beliefs.
Many algorithmscomputethe valuefunction iteratively, evaluatingandre®ningthe currentvalue
functionestimateuntil no further re®nementscanimprove theexpectedrewardof thepolicy from
any belief. Figure3(a) shows the belief spacefor a three-stateproblem. The belief spaceis the
two-dimensional,shadedsimplex. Eachpoint on thesimplex correspondsto a particularbelief (a
three-dimensionalvector),andthecornersof thesimplex representbeliefswherethestateis known
with 100%certainty. Thevaluefunctionshown in ®gure3(b) givesthelong-termexpectedreward
of apolicy, startingatany belief in thesimplex.
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Figure3: (a) Thebelief spacefor a three-stateproblemis thetwo-dimensional,shadedsimplex. (b)
A valuefunctionde®nedover thebelief space.For thepurposesof visualization,theset
of beliefsthat constitutesthe belief spaceshown in (a) hasbeenprojectedonto the X Y
planein (b); thevaluefunctionthenrisesalongthepositiveZ axis.Eachpoint in thebelief
spacecorrespondsto a speci®cdistribution, andthevaluefunctionat thatpoint givesthe
expectedreward of the policy startingfrom this belief. The belief space(andtherefore
the valuefunction) will have onefewer dimensionthanthe total numberof statesin the
problem.

Theprocessof evaluatingandre®ningthevaluefunctionis at thecoreof why solvingPOMDPs
is consideredto be intractable. The valuefunction is de®nedover the spaceof beliefs,which is
continuousandhigh-dimensional;thebelief spacewill have onefewer dimensionthanthenumber
of statesin themodel.For anavigationproblemin amapof thousandsof possiblestates,computing
the value function is an optimizationproblemover a continuousspacewith many thousandsof
dimensions,which is not feasiblewith existingalgorithms.

However, carefulconsiderationof somereal-world problemssuggestsa possibleapproachfor
®nding approximatevalue functions. If we examinethe beliefs that a navigating mobile robot
encounters,thesebeliefssharecommonattributes.Thebeliefstypically have a very smallnumber
of modes,and the particularshapeof the modesis fairly generic. The modesmove aboutand
changein variance,but thewaysin which themodeschangeis relatively constrained.In fact,even
for realworld navigationproblemswith very largebelief spaces,thebeliefshave very few degrees
of freedom.

Figure4(a) illustratesthis idea: it shows a typical belief thata mobile robotmight experience
while navigating in thenursinghomeenvironmentof ®gure1(b). To visualizethedistribution we
samplea setof poses(alsocalledparticles)accordingto the distribution andplot the particleson
the map. The distribution is unimodalandthe probabilitymassis mostly concentratedin a small
area.Figure4(b) shows a verydifferentkind of belief: probabilitymassis spreadover a widearea,
therearemultiple modes,andthelocationsof particlesbearlittle relationshipto themap.It would
bedif®cult to ®nd asequenceof actionsandobservationsthatwould resultin suchabelief.

If real-world beliefshave few degreesof freedom,thenthey shouldbeconcentratedneara low-
dimensionalsubsetof the high-dimensionalbelief space—thatis, the beliefsexperiencedby the
controllershouldlie neara structured,low-dimensionalsurfaceembeddedin the belief space.If
we can®nd this surface,we will have a representationof thebelief statein termsof a smallsetof
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Most particles
are here

(a)A commonbelief (b) An unlikely belief

Figure4: Two exampleprobabilitydistributionsover robotpose.Thesmallblackdotsareparticles
drawn from thedistributionoverdiscretegrid positions.On theleft is adistributionwhere
therobot's locationis relatively certain;thiskind of compact,unimodaldistributionis very
commonin robotnavigation.Ontheright is averydifferent,implausibledistribution. The
right handdistribution is suf®cientlyunlikely thatwecanafford to ignoreit; evenif weare
unableto distinguishthis belief from someotherbelief andasa resultfail to identify its
optimalaction,thequalityof ourcontrollerwill beunaffected.

basesor features.Onebene®tof sucha representationis thatwe will needto planonly in termsof
thesmallsetof features:®ndingvaluefunctionsin low-dimensionalspacesis typically easierthan
®ndingvaluefunctionsin high-dimensionalspaces.

Therearetwo potentialdisadvantagesto this sortof representation.The®rst is that it contains
anapproximation:we areno longer®ndingthecomplete,optimalPOMDPpolicy. Instead(assug-
gestedin Figure5) wearetrying to ®nd representationsof thebeliefwhicharerich enoughto allow
goodcontrolbut which arealsosuf®ciently parsimoniousto make theplanningproblemtractable.
Theseconddisadvantageis a technicalone: becausewe aremakinga nonlineartransformationof
thebeliefspace,POMDPplanningalgorithmswhichassumeaconvex valuefunctionwill no longer
work. Wediscussthisproblemin moredetail in Section6.

3. Dimensionality Reduction

In orderto ®nd a low-dimensionalrepresentationof our beliefs,we will usestatisticaldimension-
ality reductionalgorithms(Cox & Cox, 1994). Thesealgorithmssearchfor a projectionfrom our
originalhigh-dimensionalrepresentationof ourbeliefsto a lower-dimensionalcompactrepresenta-
tion. That is, they searchfor a low-dimensionalsurface,embeddedin thehigh-dimensionalbelief
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POMDPPath Planner
Conventional

Tractable
Not Robust

Intractable
Robust

Figure5: Themostusefulplannerlies somewhereona continuumbetweentheMDP-styleapproxi-
mationsandthefull POMDPsolution.

space,which passesnearall of the samplebeliefs. If we considerthe evolution of beliefs from
a POMDPasa trajectoryinsidethebelief space,thenour assumptionis that trajectoriesfor most
large, realworld POMDPslie neara low-dimensionalsurfaceembeddedin thebelief space.Fig-
ure6 depictsanexamplelow-dimensionalsurfaceembeddedin thebelief spaceof the three-state
POMDPdescribedin theprevioussection.
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Figure6: A one-dimensionalsurface(blackline) embeddedin a two-dimensionalbelief space(gray
triangle).Eachblackdot representsa singlebelief probabilitydistribution experiencedby
thecontroller. Thebeliefsall lie nearthelow-dimensionalsurface.

Ideally, dimensionalityreductioninvolvesno informationloss—allaspectsof the datacanbe
recoveredequallywell from thelow-dimensionalrepresentationasfrom thehigh-dimensionalone.
In practice,though,we will seethat we canuselossyrepresentationsof the belief (that is, repre-
sentationsthatmaynotallow theoriginaldataor beliefsto berecoveredwithouterror)andstill get
goodcontrol.But, wewill alsoseethat®ndingsuchrepresentationsof probabilitydistributionswill
requirea careful trade-off betweenpreservingimportantaspectsof the distributionsandusingas
few dimensionsaspossible.We canmeasurethequalityof our representationby penalizingrecon-
structionerrorswith a lossfunction(Collins et al., 2002).Thelossfunctionprovidesa quantitative
way to measureerrorsin representingthedata,anddifferentlossfunctionswill resultin different
low-dimensionalrepresentations.

Principal ComponentsAnalysis

One of the most commonforms of dimensionalityreductionis Principal ComponentsAnalysis
(Joliffe, 1986). Given a setof data,PCA ®ndsthe linear lower-dimensionalrepresentationof the
datasuchthat the varianceof the reconstructeddatais preserved. Intuitively, PCA ®nds a low-
dimensionalhyperplanesuchthat,whenwe projectour dataonto the hyperplane,the varianceof
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our datais changedaslittle aspossible.A transformationthatpreservesvarianceseemsappealing
becauseit will maximally preserve our ability to distinguishbetweenbeliefs that arefar apartin
Euclideannorm. As we will seebelow, however, Euclideannormis not themostappropriateway
to measuredistancebetweenbeliefswhenourgoalis to preserve theability to choosegoodactions.

We ®rst assumewe have a dataset of n beliefs f b1; : : : ; bng 2 B, whereeachbelief bi is
in B, the high-dimensionalbelief space. We write thesebeliefs as column vectorsin a matrix
B = [b1j : : : jbn ], whereB 2 RjS j� n . WeusePCAto computea low-dimensionalrepresentationof
thebeliefsby factoringB into thematricesU and ~B ,

B = U ~B T : (1)

In equation(1), U 2 RjS j� l correspondsto amatrixof basesthatspanthelow-dimensionalspaceof
l < jSj dimensions.~B 2 Rn� l representsthedatain thelow-dimensionalspace.2 Fromageometric
perspective,U comprisesasetof basesthatspanahyperplane~B in thehigh-dimensionalspaceof B;
~B aretheco-ordinatesof thedataonthathyperplane.If nohyperplaneof dimensionalityl existsthat
containsthedataexactly, PCA will ®nd thesurfaceof thegivendimensionalitythatbestpreserves
the varianceof the data,after projectingthe dataonto that hyperplaneandthenreconstructingit.
Minimizing the changein variancebetweenthe original dataB and its reconstructionU ~B T is
equivalentto minimizing thesumof squarederrorloss:

L (B ; U; ~B ) = kB � U ~B T k2
F : (2)

PCA Performance

Figure 7 shows a toy problemthat we can useto evaluatethe successof PCA at ®nding low-
dimensionalrepresentations.Theabstractmodelhasa two-dimensionalstatespace:onedimension
of positionalongoneof two circularcorridors,andonebinaryvariablethatdetermineswhichcorri-
dor we arein. Statess1 : : : s100 inclusive correspondto onecorridor, andstatess101 : : : s200 corre-
spondto theother. Therewardis ataknown positionthatis differentin eachcorridor;therefore,the
agentneedsto discoverits corridor, moveto theappropriateposition,anddeclareit hasarrivedatthe
goal.Whenthegoalis declaredthesystemresets(regardlessof whethertheagentis actuallyat the
goal). Theagenthas4 actions:left , right , sense_corridor , anddeclare_goal . The
observationandtransitionprobabilitiesaregivenby discretizedvon Misesdistributions(Mardia&
Jupp,2000;Shatkay& Kaelbling,2002),anexponentialfamily distribution de®nedover [� � : � ).
ThevonMisesdistribution is a“wrapped”analogof aGaussian;it accountsfor thefactthatthetwo
endsof thecorridorareconnected.Becausethesumof two vonMisesvariatesis anothervonMises
variate,andbecausetheproductof two von Miseslikelihoodsis a scaledvon Miseslikelihood,we
canguaranteethatthetruebelief distribution is alwaysa von Misesdistribution over eachcorridor
aftereachactionandobservation.

Thisinstanceof theproblemconsistsof 200states,with 4 actionsand102observations.Actions
1 and2 move the controller left and right (with somevon Mises noise)andaction3 returnsan
observationthatuniquelyandcorrectlyidenti®eswhichhalf of themazetheagentis in (thetophalf
or the bottomhalf). Observationsreturnedafteractions1 and2 identify the currentstatemodulo

2. Many descriptionsof PCA arebasedon a factorizationUSV T , with U andV column-orthonormalandS diagonal.
We could enforcea similar constraintby identifying ~B = V S; in this casethe columnsof U would have to be
orthonormalwhile thoseof ~B wouldhave to beorthogonal.

8



100: theprobabilityof eachobservationis avonMisesdistributionwith meanequalto thetruestate
(modulo100).Thatis, theseobservationsindicateapproximatelywheretheagentis horizontally.

Max Prob.

Obs. = #1

1007654321

Max Prob.

Obs. = #5

Max Prob.

Obs. = #3

Observation "bottom" after
action #3 has prob. 1

Observation "top" after
action #3 has prob. 1...

...Reward

Reward

101 102 103 104 105 106 107 200

Max Prob.

Obs. = #100

Figure7: Thetoy mazeof 200states.

This mazeis interestingbecauseit is relatively large by POMDP standards(200 states)and
containsa particularkind of uncertainty—theagentmustuseaction3 at somepoint to uniquely
identify which half of the mazeit is in; the remainingactionsresult in observationsthat contain
no informationaboutwhich corridor the agentis in. This problemis too large to be solved by
conventionalPOMDPvalueiteration,but structuredsuchthat heuristicpolicieswill alsoperform
poorly.
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Figure8: Samplebeliefsfor thetoy problem,from asamplesetof 500,atdifferent(non-contiguous)
pointsin time. Theleft-mostbelief is theinitial belief state.

We collecteda datasetof 500 beliefsandassessedthe performanceof PCA on beliefs from
thisproblem.Thedatawerecollectedusingahand-codedcontroller, alternatingat randombetween
explorationactionsandtheMDP solution,takingasthecurrentstatethemaximum-likelihoodstate
of thebelief. Figure8 shows4 samplebeliefsfrom thisdataset.Noticethateachof thesebeliefsis
essentiallytwo discretizedvon Misesdistributionswith differentweights,onefor eachhalf of the
maze.Thestartingbelief stateis theleft-mostdistribution in ®gure8: equalprobabilityon thetop
andbottomcorridors,andpositionalongthecorridorfollowing adiscretizedvonMisesdistribution
with concentrationparameter1.0(meaningthatp(state) falls to 1=eof its maximumvaluewhenwe
move1=4 of thewayaroundthecorridorfrom themostlikely state).

Figure9 examinestheperformanceof PCA on representingthebeliefsin this datasetby com-
putingtheaverageerrorbetweentheoriginalbeliefsB andtheirreconstructionsU ~B .3 In ®gure9(a)
weseetheaveragesquarederror(squaredL 2) comparedto thenumberof bases,andin ®gure9(b),
we seetheaverageKullbach-Leibler(KL) divergence.TheKL divergencebetweena belief b and

3. Weuseapopularimplementationof PCAbasedontheGolub-Reinschealgorithm(Golub& Reinsch,1970)available
throughtheGNU Scienti®cLibrary (Galassi,Davies,Theiler, Gough,Jungman,Booth,& Rossi,2002).
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its reconstructionr = U~bfrom thelow-dimensionalrepresentation~b is givenby

K L(bk r ) =
jS jX

i =1

b(si ) ln
�

b(si )
r (si )

�
(3)

Minimizing thesquaredL 2 error is theexplicit objective of PCA,but theKL divergenceis a more
appropriatemeasureof how muchtwo probabilitydistributionsdiffer. 4
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Figure9: The averageerror betweenthe original sampleset B and the reconstructionsU ~B . (a)
SquaredL 2 error, explicitly minimizedby PCA,and(b) theKL divergence.Theerrorbars
representthestandarddeviation from themeanof theerrorover the500beliefs.

Unfortunately, PCA performspoorly at representingprobabilitydistributions. Despitethe fact
that probability distributionsin the collecteddatasethave only 3 degreesof freedom,the recon-
structionerror remainsrelatively high until somewherebetween10 and15 basisfunctions. If we
examinethereconstructionof a samplebelief, we canseethekindsof errorsthatPCA is making.
Figure10 shows a samplebelief (thesolid line) andits reconstruction(thedottedline). Noticethat
thereconstructedbelief hassomestrangeartifacts:it containsringing (multiple smallmodes),and
alsois negative in someregions.PCAis apurelygeometricprocess;it hasnonotionof theoriginal
dataasprobability distributions,andis thereforefree to generatereconstructionsof the datathat
containnegativenumbersor donotsumto 1.

NoticealsothatthePCAprocessis makingits mostsigni®canterrorsin thelow-probabilityre-
gionsof thebelief. This is particularlyunfortunatebecausereal-world probabilitydistributionstend
to be characterizedby compactmassesof probability, surroundedby large regionsof zeroproba-
bility (e.g.,®gure4(a)).Whatwe thereforeneedto do is modify PCA to ensurethereconstructions
areprobabilitydistributions,andimprove the representationof sparseprobabilitydistributionsby
reducingtheerrorsmadeon low-probabilityevents.

Thequestionto beansweredis what lossfunctionsareavailableinsteadof thesumof squared
errors,asin equation(2). We would like a lossfunction that betterre�ects the needto represent
probabilitydistributions.

4. NotethatbeforecomputingtheKL divergencebetweenthereconstructionandtheoriginalbelief,weshift therecon-
structionto benon-negative,andrescaleit to sumto 1.
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Figure10: An examplebeliefandits reconstruction,using10bases.

4. Exponential Family PCA

Theconventionalview of PCA is a geometricone,®ndinga low-dimensionalprojectionthatmini-
mizesthesquared-errorloss.An alternateview is aprobabilisticone:if thedataconsistof samples
drawn from a probabilitydistribution, thenPCA is an algorithmfor ®nding the parametersof the
generative distribution that maximizethe likelihoodof the data. The squared-errorloss function
correspondsto anassumptionthatthedatais generatedfrom a Gaussiandistribution. Collins et al.
(2002)demonstratedthatPCAcanbegeneralizedto a rangeof lossfunctionsby modelingthedata
with differentexponentialfamiliesof probabilitydistributionssuchasGaussian,binomial,or Pois-
son.Eachsuchexponentialfamily distributioncorrespondsto adifferentlossfunctionfor avariant
of PCA,andCollins et al. (2002)referto thegeneralizationof PCA to arbitraryexponentialfamily
data-likelihoodmodelsas“Exponentialfamily PCA” or E-PCA.

An E-PCAmodelrepresentsthereconstructeddatausinga low-dimensionalweightvector~b, a
basismatrixU, anda link functionf :

b � f (U~b) (4)

EachE-PCA modelusesa different link function, which canbe derived from its datalikelihood
model(andits correspondingerrordistribution andlossfunction). The link function is a mapping
from thedataspaceto anotherspacein which thedatacanbelinearly represented.

Thelink functionf is themechanismthroughwhich E-PCAgeneralizesdimensionalityreduc-
tion to non-linearmodels.For example,the identity link functioncorrespondsto Gaussianerrors
andreducesE-PCA to regular PCA, while the sigmoidlink function correspondsto Bernoulli er-
rors and producesa kind of “logistic PCA” for 0-1 valueddata. Other nonlinearlink functions
correspondto othernon-Gaussianexponentialfamiliesof distributions.

We can®nd the parametersof an E-PCA modelby maximizingthe log-likelihoodof the data
underthe model, which hasbeenshown (Collins et al., 2002) to be equivalent to minimizing a
generalizedBregmandivergence

BF � (bk U~b) = F (U~b) � b� U~b+ F � (b) (5)

betweenthelow-dimensionalandhigh-dimensionalrepresentations,whichwecansolveusingcon-
vex optimizationtechniques.(HereF is a convex functionwhosederivative is f , while F � is the
convex dual of F . We can ignoreF � for the purposeof minimizing equation5 sincethe value
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of b is ®xed.) TherelationshipbetweenPCA andE-PCAthroughlink functionsis reminiscentof
the relationshipbetweenlinear regressionandGeneralizedLinear Models(McCullagh& Nelder,
1983).

To apply E-PCA to belief compression,we needto choosea link function which accurately
re�ects thefactthatourbeliefsareprobabilitydistributions.If wechoosethelink function

f (U~b) = eU~b (6)

thenit is nothardto verify thatF (U~b) =
P

eU~b andF � (b) = b� ln b�
P

b. So,equation5 becomes

BF � (bk U~b) =
X

eU~b � b� U~b+ b� ln b�
X

b (7)

If wewrite b̂ = f (U~b), thenequation7 becomes

BF � (bk U~b) = b� ln b� b� ln b̂+
X

b̂�
X

b = UK L(bk b̂)

whereUK L is theunnormalizedKL divergence.Thus,choosingtheexponentiallink function(6)
correspondsto minimizing the unnormalizedKL divergencebetweenthe original belief and its
reconstruction.This loss function is an intuitively reasonablechoicefor measuringthe error in
reconstructinga probabilitydistribution.5 Theexponentiallink functioncorrespondsto a Poisson
errormodelfor eachcomponentof thereconstructedbelief.

Our choiceof lossandlink functionshastwo advantages:®rst, the exponentiallink function
constrainsour low-dimensionalrepresentationeU~b to bepositive. Second,our errormodelpredicts
that thevarianceof eachbelief componentis proportionalto its expectedvalue.SincePCA makes
signi®canterrorscloseto 0, we wish to increasethe penaltyfor errorsin small probabilities,and
thiserrormodelaccomplishesthat.

If wecomputethelossfor all bi , ignoringtermsthatdependonly on thedatab, then6

L(B ; U; ~B ) =
jB jX

i =1

�
eU~bi � bi � U~bi

�
: (8)

Theintroductionof thelink functionraisesaquestion:insteadof usingthecomplex machinery
of E-PCA,couldwe just choosesomenon-linearfunctionto projectthedatainto a spacewhereit
is linear, andthenuseconventionalPCA?Thedif®culty with this approachis of courseidentifying
thatfunction;in general,goodlink functionsfor E-PCAarenot relatedto goodnonlinearfunctions

5. If we hadchosenthe link functioneU ~b=
P

eU ~b we would have arrived at the normalizedKL divergence,which is
perhapsanevenmoreintuitively reasonablewayto measuretheerrorin reconstructingaprobabilitydistribution. This
more-complicatedlink functionwould have madeit moredif®cult to derive theNewton equationsin the following
pages,but not impossible;wehaveexperimentedwith theresultingalgorithmandfoundthatit producesqualitatively
similar resultsto the algorithmdescribedhere. Using the normalizedKL divergencedoeshave oneadvantage:it
canallow usto getaway with onefewer basisfunctionduringplanning,sincefor unnormalizedKL divergencethe
E-PCAoptimizationmustlearnabasiswhichcanexplicitly representthenormalizationconstant.

6. E-PCA is relatedto Lee and Seung's (1999) non-negative matrix factorization. One of the NMF loss functions
presentedby LeeandSeung(1999)penalizestheKL-divergencebetweena matrix andits reconstruction,aswe do
in equation8; but, theNMF lossdoesnot incorporatea link functionandsois notanE-PCAloss.AnotherNMF loss
functionpresentedby LeeandSeung(1999)penalizessquarederrorbut constrainsthefactorsto benonnegative; the
resultingmodelis anexampleof a (GL)2M, ageneralizationof E-PCAdescribedby Gordon(2003).
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to applybeforeperformingregularPCA. So,while it mightappearreasonableto usePCA to ®nd a
low-dimensionalrepresentationof the log beliefs,ratherthanuseE-PCAwith anexponentiallink
function to ®nd a representationof thebeliefsdirectly, this approachperformspoorly becausethe
surfaceis only locally well-approximatedby a log projection.E-PCAcanbeviewedasminimizing
a weightedleast-squaresthatchoosesthedistancemetric to beappropriatelylocal. Usingconven-
tional PCA over log beliefsalsoperformspoorly in situationswherethebeliefscontainextremely
smallor zeroprobabilityentries.

Finding the E-PCA Parameters

Algorithmsfor conventionalPCAareguaranteedto convergeto auniqueanswerindependentof ini-
tialization. In general,E-PCAdoesnot have this property:thelossfunction(8) mayhave multiple
distinctlocalminima.However, theproblemof ®ndingthebest~B givenB andU is convex; convex
optimizationproblemsarewell studiedandhave uniqueglobalsolutions(Rockafellar, 1970).Sim-
ilarly, theproblemof ®ndingthebestU givenB and~B is convex. So,thepossiblelocal minimain
thejoint spaceof U and ~B arehighly constrained,and®ndingU and~B doesnot requiresolvinga
generalnon-convex optimizationproblem.

Gordon(2003) describesa fast, Newton's Method approachfor computingU and ~B which
we summarizehere. This algorithmis relatedto Iteratively ReweightedLeastSquares,a popular
algorithmfor generalizedlinearregression(McCullagh& Nelder, 1983). In orderto useNewton's
Methodto minimizeequation(8), weneedits derivativewith respectto U and ~B :

@
@U

L(B ; U; ~B ) =
@

@U
e(U ~B ) �

@
@U

B � U ~B (9)

= e(U ~B ) ~B T � B ~B T (10)

= (e(U ~B ) � B ) ~B T (11)

and

@

@~B
L(B ; U; ~B ) =

@

@~B
e(U ~B ) �

@

@~B
B � U ~B (12)

= UT e(U ~B ) � UT B (13)

= UT (e(U ~B ) � B ): (14)

If we setthe right handsideof equation(14) to zero,we caniteratively compute ~B �j , the j th

columnof ~B , by Newton'smethod.Let ussetq( ~B �j ) = UT (e(U ~B � j ) � B �j ), andlinearizeabout ~B �j

to ®nd rootsof q() . Thisgives

~B new
�j = ~B �j �

q( ~B �j )

q0( ~B �j )
(15)

~B new
�j � ~B �j = �

UT (e(U ~B � j ) � B �j )

q0( ~B �j )
(16)

Notethatequation15 is a formulationof Newton's methodfor ®ndingrootsof q, typically written
as

xn+1 = xn �
f (xn )
f 0(xn )

: (17)
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Weneedanexpressionfor q0:

@q

@~B �j
=

@

@~B �j
UT (e(U ~B � j ) � B �j ) (18)

=
@

@~B �j
UT e(U ~B � j ) (19)

= UT D j U (20)

Wede®neDj in termsof thediag operatorthatreturnsadiagonalmatrix:

D j = diag (eU ~B � j ); (21)

where

diag (b) =

2

6
4

b(s0) : : : 0
...

...
...

0 : : : b(sjS j )

3

7
5 : (22)

Combiningequation(15)andequation(20),weget

(UT D j U)( ~B new
�j � ~B �j ) = UT (B �j � eU ~B � j ) (23)

UT D j U ~B new
�j = (UT D j U) ~B �j + UT D j D � 1

j (B �j � eU ~B � j ) (24)

= UT D j (U ~B �j + D � 1
j (B �j � eU ~B � j ); (25)

which is a weightedleast-squaresproblemthat canbe solved with standardlinear algebratech-
niques. In order to ensurethat the solution is numericallywell-conditioned,we typically add a
regularizerto thedivisor, asin

~B new
�j =

UT D j (U ~B �j + D � 1
j (B �j � eU ~B � j )

(UT D j U + 10� 5I l )
: (26)

whereI l is thel � l identity matrix. Similarly, we cancomputea new U by computingUi �, thei th

row of U, as

Unew
i � =

(Ui � ~B + (B i � � eUi � ~B )D � 1
i )D i ~B T

( ~B D i ~B T + 10� 5I l )
: (27)

The E-PCA Algorithm

We now have analgorithmfor automatically®nding a goodlow-dimensionalrepresentation~B for
the high-dimensionalbelief setB. This algorithmis given in table1; the optimizationis iterated
until someterminationcondition is reached,suchasa ®nite numberof iterations,or whensome
minimumerror� is achieved.

Thesteps7 and9 raiseoneissue.Althoughsolving for eachrow of U or columnof ~B sepa-
ratelyis aconvex optimizationproblem,solvingfor thetwo matricessimultaneouslyis not. Weare
thereforesubjectto potentiallocalminima;in ourexperimentswedid not®nd this to beaproblem,
but weexpectthatwewill needto ®ndwaysto addressthelocalminimumproblemin orderto scale
to evenmorecomplicateddomains.
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1. Collectasetof samplebeliefsfrom thehigh-dimensionalbelief space

2. Assemblethesamplesinto thedatamatrixB = [b1j : : : jbjB j ]

3. Chooseanappropriatelossfunction,L (B ; U; ~B )

4. Fix aninitial estimatefor ~B andU randomly

5. do

6. For eachcolumn ~B �j 2 ~B ,

7. Compute~B new
�j usingcurrentU estimatefrom equation(26)

8. For eachrow Ui � 2 U,

9. ComputeUnew
i � usingnew ~B estimatefrom equation(27)

10. while L (B ; U; ~B ) > �

Table1: TheE-PCAAlgorithm for ®ndingalow-dimensionalrepresentationof aPOMDP, including
Gordon'sNewton'smethod(2003).

OncethebasesU arefound,®nding thelow-dimensionalrepresentationof a high-dimensional
belief is aconvex problem;wecancomputethebestanswerby iteratingequation(26). Recovering
a full-dimensionalbeliefb from thelow-dimensionalrepresentation~b is alsoverystraightforward:

x = eU~b: (28)

Ourde®nitionof PCAdoesnotexplicitly factorthedatainto U, S and~B asmany presentations
do. In this three-partrepresentationof PCA, S containsthesingularvaluesof thedecomposition,
andU and ~B areorthonormal.We usethetwo-partrepresentationB � f (U ~B ) becausethereis no
quantityin theE-PCAdecompositionwhichcorrespondsto thesingularvaluesin PCA.As aresult,
U and ~B will not in generalbeorthonormal.If desired,though,it is possibleto orthonormalizeU
asanadditionalstepafteroptimizationusingconventionalPCAandadjust ~B accordingly.

5. E-PCA Performance

Using the loss function from equation(8) with the iterative optimizationproceduredescribedby
equation(26) andequation(27) to ®nd thelow-dimensionalfactorization,we canlook at how well
thisdimensionality-reductionprocedureperformsonsomePOMDPexamples.

Toy Problem

Recallfrom ®gure9 thatwewereunableto ®nd goodrepresentationsof thedatawith fewer than10
or 15 bases,even thoughour domainknowledgeindicatedthat thedatahad3 degreesof freedom
(horizontalpositionof themodealongthecorridor, concentrationaboutthemode,andprobability
of beingin the top or bottomcorridor). Examiningoneof thesamplebeliefsin ®gure10, we saw
that the representationwasworst in the low-probability regions. We cannow take the samedata
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set from the toy example,useE-PCA to ®nd a low-dimensionalrepresentationandcomparethe
performanceof PCA andE-PCA. Figure11(a)shows thatE-PCAis substantiallymoreef®cientat
representingthedata,asweseetheKL divergencefalling verycloseto 0 after4 bases.Additionally,
thesquaredL 2 errorat 4 basesis 4:64 � 10� 4. (We need4 basesfor perfectreconstruction,rather
than3, sincewe mustincludea constantbasisfunction. Thesmallamountof reconstructionerror
with 4 basesremainsbecausewestoppedtheoptimizationprocedurebeforeit fully converged.)

Figure11(b)shows theE-PCAreconstructionof thesameexamplebelief asin ®gure10. We
seethatmany of theartifactspresentin thePCA reconstructionareabsent.Usingonly 3 bases,we
seethattheE-PCAreconstructionis alreadysubstantiallybetterthanPCAusing10bases,although
therearesomesmallerrorsatthepeaksof thetwo modes.(Using4 bases,theE-PCAreconstruction
is indistinguishableto thenakedeye from theoriginal belief.) This kind of accuracy for both3 and
4 basesis typical for thisdataset.

Robot Beliefs

Although the performanceof E-PCA on ®nding good representationsof the abstractproblemis
compelling,we would ideally like to be able to usethis algorithmon real-world problems,such
asthe robot navigation problemin ®gure2. Figures12 and13 show resultsfrom two suchrobot
navigation problems,performedusinga physically-realisticsimulation(althoughwith arti®cially
limited sensinganddead-reckoning).We collecteda samplesetof 500beliefsby moving therobot
aroundtheenvironmentusingaheuristiccontroller, andcomputedthelow-dimensionalbeliefspace
~B accordingto the algorithm in table1. The full statespaceis 47:7m � 17m, discretizedto a
resolutionof 1m � 1m per pixel, for a total of 799 states. Figure12(a)shows a samplebelief,
and®gure 12(b) the reconstructionusing5 bases.On the right of ®gure 12 we seethe average
reconstructionperformanceof theE-PCAapproach,measuredasaverageKL-divergencebetween
thesamplebeliefandits reconstruction.For comparison,theperformanceof bothPCAandE-PCA
are plotted. The E-PCA error falls to 0:02 at 5 bases,suggestingthat 5 basesare suf®cient for
goodreconstruction.This is averysubstantialreduction,allowing usto representthebeliefsin this
problemusingonly 5 parameters,ratherthan799parameters.Noticethatmany of thestateslie in
regionsthatare“outside” themap;that is, statesthatcannever receive probabilitymasswerenot
removed. While removing thesestateswould bea trivial operation,theE-PCAis correctlyableto
dosoautomatically.

In ®gure13,similar resultsareshown for a differentenvironment.A samplesetof 500beliefs
wasagain collectedusinga heuristiccontroller, andthelow-dimensionalbelief space~B wascom-
putedusingthe E-PCA.The full statespaceis 53:6m � 37:9m, with a resolutionof :5m � :5m
perpixel. An examplebelief is shown in ®gure13(a),andits reconstructionusing6 basesis shown
®gure13(b). Thereconstructionperformanceasmeasuredby theaverageKL divergenceis shown
in ®gure13(c);theerrorfalls verycloseto 0 around6 bases,with minimal improvementthereafter.

6. Computing POMDP policies

The Exponential-family Principal ComponentsAnalysis model gives us a way to ®nd a low-di-
mensionalrepresentationof the beliefs that occur in any particularproblem. For the two real-
world navigationproblemswe have tried, thealgorithmprovedto beeffective at ®ndingvery low-
dimensionalrepresentations,showing reductionsfrom � 800statesand� 2; 000statesdown to 5
or 6 bases.A 5 or 6 dimensionalbelief spacewill allow muchmoretractablecomputationof the
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Figure11: (a) TheaverageKL divergencebetweentheoriginal samplesetandthereconstructions.
TheKL divergenceis 0:018after4 bases.Theerrorbarsrepresentthestandarddeviation
from themeanover the500beliefs. (b) Thesameexamplebelief from ®gure10 andits
reconstructionusing3 bases.Thereconstructionshows smallerrorsat thepeakof each
mode.Not shown is thereconstructionusing4 bases,in which theoriginal belief andits
reconstructionareindistinguishableto thenakedeye. (c) and(d) show ®ne detailof the
original belief andthereconstructionin two partsof thestatespace.Althoughtherecon-
structionis notperfect,in thelow-probabilityarea,weseethattheerroris approximately
2 � 10� 9.

valuefunction,andso we will be ableto solve muchlarger POMDPsthanwe could have solved
previously.
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Figure12: (a) A samplebelief for the robot navigation task. (b) The reconstructionof this belief
from the learnedE-PCA representationusing5 bases.(c) The averageKL divergence
betweenthe samplebeliefsandtheir reconstructionsagainst the numberof basesused.
Notice that theE-PCAerror falls closeto 0 for 5 bases,whereasconventionalPCA has
muchworsereconstructionerrorevenfor 9 bases,andis not improving rapidly.
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Figure13: (a) A samplebelief for the navigation problemin Longwood, cf. ®gure2. (b) The re-
constructionfrom the learnedE-PCArepresentationusing6 bases.(c) TheaverageKL
divergencebetweenthe samplebeliefsandtheir reconstructionsagainst the numberof
basesused.

Unfortunately, we canno longeruseconventionalPOMDPvalueiterationto ®nd the optimal
policy given the low-dimensionalsetof belief spacefeatures.POMDPvalueiterationdependson
the fact that the value function is convex over the belief space. Whenwe computea non-linear
transformationof our beliefs to recover their coordinateson the low-dimensionalbelief surface,
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we lose the convexity of the value function (compare®gure 3 and ®gure 6 to seewhy). As a
result, the value function cannotbe expressedas the supremumof a setof hyperplanesover the
low-dimensionalbelief space.

So, insteadof usingPOMDPvalue iteration,we will build a low-dimensionaldiscretebelief
spaceMDP anduseMDP valueiteration.Sincewedonotknow theform of thevaluefunction,we
will turnto functionapproximation.Gordon(1995)provedthatthe�tted valueiterationalgorithmis
guaranteedto ®nd abounded-errorapproximationto a(possiblydiscounted)MDP'svaluefunction,
so long aswe useit in combinationwith a function approximatorthat is an averager. Averagers
arefunctionapproximatorswhich arenon-expansionsin max-norm;thatis, they do not exaggerate
errorsin their training data. In our experimentsbelow we useregular grids aswell as irregular,
variable-resolutiongrids basedon 1-nearest-neighbordiscretization,representedby a setof low-
dimensionalbeliefs ~B � ,

~B � = f ~b�
1; ~b�

2; : : : ; ~b�
j ~B � j

g: (29)

Bothof theseapproximationsareaveragers;otheraveragersincludelinearinterpolation,k-nearest-
neighbors,andlocal weightedaveraging.We will not focusin detail on the exact mechanismfor
discretizingthe low-dimensionalspace,asthis is outsidethe scopeof this paper. The resolution
of theregulargrid in all caseswaschosenempirically; in section7 we describea speci®cvariable
resolutiondiscretizationschemethatworkedwell empirically. ThereadercanconsultMunosand
Moore(2002)or ZhouandHansen(2001)for moresophisticatedrepresentations.

The®ttedvalueiterationalgorithmusesthefollowing updateruleto computeat-steplookahead
valuefunctionV t from a(t � 1)-steplookaheadvaluefunctionV t � 1:

V t (~b�
i ) = max

a

0

@~R� (~b�
i ; a) + 


j ~B � jX

j =1

~T � (~b�
i ; a;~b�

j ) � V t � 1(~b�
j )

1

A (30)

Here ~R� and ~T � areapproximatereward and transitionfunctionsbasedon the dynamicsof our
POMDP, the result of our E-PCA, and the ®nite set of low-dimensionalbelief samples~B � that
we areusingasour function approximator. Note that in all problemsdescribedin this paper, the
problemdid not requirediscounting(
 = 1). Thefollowing sectionsdescribehow to computethe
modelparameters~R� and ~T � .

Computing the Reward Function

Theoriginal rewardfunctionR(s;a) representstheimmediaterewardof takingactiona at states.
We cannotknow, given eithera low-dimensionalor high-dimensionalbelief, what the immediate
rewardwill be,but we cancomputetheexpectedreward. We thereforerepresenttherewardasthe
expectedvalueof theimmediaterewardof thefull model,underthecurrentbelief:

~R� (~b� ; a) = Eb� (R(s;a)) (31)

=
jS jX

i =1

R(si ; a)b(si ): (32)

Equation(32) requiresusto recover thehigh-dimensionalbelief b from thelow-dimensionalrepre-
sentation~b� , asshown in equation(28).
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For many problems,the reward function ~R� will have the effect of giving a low immediate
reward for belief stateswith high entropy. That is, for many problemsthe plannerwill be driven
towardsbeliefsthat arecentredon high-reward statesandhave low uncertainty. This propertyis
intuitively desirable: in suchbeliefs the robot doesnot have to worry aboutan immediatebad
outcome.

Computing the Transition Function

Computingthelow-dimensionaltransitionfunction ~T � = p(~b�
j ja;~b�

i ) is notassimpleascomputing
the low-dimensionalreward function ~R� : we needto considerpairsof low-dimensionalbeliefs,
~b�

i and~b�
j . In the original high-dimensionalbelief space,the transitionfrom a prior belief bi to a

posteriorbeliefbj is describedby theBayes®lter equation:

bj (s) = � O(s;a; z)
jS jX

k=1

T(sk ; a; s)bi (sk ) (33)

Herea is theactionweselectedandz is theobservationwesaw; T is theoriginalPOMDPtransition
probabilitydistribution,andO is theoriginalPOMDPobservationprobabilitydistribution.

Equation(33) describesa deterministictransitionconditionedupon a prior belief, an action
and an observation. The transitionto the posteriorbj is stochasticwhen the observation is not
known; that is, the transitionfrom bi to bj occursonly when a speci®cz is generated,and the
probabilityof this transitionis theprobabilityof generatingobservationz. So,we canseparatethe
full transitionprocessinto adeterministictransitionto ba, thebeliefafteractingbut beforesensing,
andastochastictransitionto bj , thefull posterior:

ba(s) =
jS jX

j =1

T(sj ; a; s)bi (sj ) (34)

bj (s) = � O(s;a; z)ba(s): (35)

Equations34 and35 describethe transitionsof the high-dimensionalbeliefs for the original
POMDP.Basedon thesehigh-dimensionaltransitions,we cancomputethetransitionsin our low-
dimensionalapproximatebeliefspaceMDP. Figure14depictstheprocess.As the®gureshows,we

* *

Low�dimensional

High�dimensional
observation

z
action

a

bi
~

ba

bj
~

b'

~
b'

b

Figure14: Theprocessof computingasingletransitionprobability.

startwith alow-dimensionalbelief~b�
i . From~b�

i wereconstructahigh-dimensionalbeliefbaccording
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to equation(28). Thenweapplyanactiona andanobservationz asdescribedin equation(34)and
equation(35) to ®nd thenew belief b0. Oncewe have b0 we cancompressit to a low-dimensional
representation~b0 by iteratingequation(26). Finally, since~b0 may not be a memberof our sample
~B � of low-dimensionalbelief states,we map~b0 to a nearby~b�

j 2 ~B � accordingto our function
approximator.

If our functionapproximatoris a grid, the laststepabove meansreplacing~b0 by a prototypical
~b�

j which sharesits grid cell. More generally, our function approximatormay represent~b0 as a
combinationof severalstates,puttingweightw(~b�

j ; ~b0) oneach~b�
j . (Forexample,if ourapproximator

is k-nearest-neighbor, w(~b�
j ; ~b0) = 1

k for eachof theclosestk samplesin ~B � .) In thiscasewereplace

thetransitionfrom~b�
i to~b0with severaltransitions,eachfrom~b�

i to some~b�
j , andscaletheprobability

of eachoneby w(~b�
j ; ~b0).

For eachtransition~b�
i ! b ! ba ! b0 ! ~b0 ! ~b�

j wecanassignaprobability

p(z; j ji; a) = p(zjba) w(~b�
j ; ~b0) = w(~b�

j ; ~b0)
jS jX

l=1

p(zjsl )ba(sl ) (36)

Thetotal transitionprobability ~T � (~b�
i ; a;~b�

j ) is thesum,overall observationsz, of p(z; j ji; a). Step

3 in table2 performsthis computation,but shareswork betweenthecomputationof ~T � (~b�
i ; a;~b�

j )

for differentposteriorbeliefs~bj whicharereachablefrom thesameprior belief~bi underactiona.

Computing the ValueFunction

With therewardandtransitionfunctionscomputedin theprevioussections,wecanusevalueitera-
tion to computethevaluefunctionfor ourbelief spaceMDP. Thefull algorithmis givenin table2.

7. SolvingLar gePOMDPs

Toy problem

We ®rst testedtheE-PCAbelief featuresusinga regulargrid representationon a versionof thetoy
problemdescribedearlier. To ensurethatweonly neededasmallsetof belief samples~b�

i , wemade
thegoalregion larger. We alsouseda coarserdiscretizationof theunderlyingstatespace(40 states
insteadof 200)to allow usto computethelow-dimensionalmodelmorequickly.

Figure15 shows a comparisonof thepoliciesfrom thedifferentalgorithms.TheE-PCAdoes
approximatelytwice aswell astheMaximum-Likelihoodheuristic;this heuristicguessesits corri-
dor, andis correctonly abouthalf the time. The “AMDP Heuristic” algorithmis the Augmented
MDP algorithmreportedby Roy andThrun(1999).This controllerattemptsto ®nd thepolicy that
will result in the lowest-entropy belief in reachingthe goal. This controllerdoesvery poorly be-
causeit is unableto distinguishbetweenaunimodalbelief thatknowswhichcorridorit is in but not
its positionwithin thecorridor, anda bimodalbelief thatknows its positionbut not which corridor.
Theresultsin ®gure15areaveragedover10000trials.

It shouldbenotedthatthisproblemis suf®cientlysmallthatconventionalPCAfaresreasonably
well. In thenext sections,wewill seeproblemswherethePCArepresentationdoespoorlycompared
to E-PCA.
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1. Generatethediscretelow-dimensionalbelief space~B � usingE-PCA(cf. table1)

2. Computethelow-dimensionalrewardfunction ~R� :

For each~b� 2 ~B � ; a 2 A

(a) Recoverb from ~b�

(b) Compute~R� (~b;a) =
P jS j

i =1 R(si ; a)b(si ).

3. Computethelow-dimensionaltransitionfunction ~T � :

For each~b�
i 2 ~B � ; a 2 A

(a) For each~b�
j : ~T � (~b�

i ; a;~b�
j ) = 0

(b) Recoverbi from ~b�
i

(c) For eachobservationz

(d) Computebj from theBayes'®lter equation(33)andb.

(e) Compute~b0 from bj by iteratingequation(26).

(f) For each~b�
j with w(~b�

j ; ~b0) > 0

(g) Add p(z; j ji; a) from equation(36) to ~T � (~b�
i ; a;~b�

j )

4. Computethevaluefunctionfor ~B �

(a) t = 0

(b) For each~b�
i 2 ~B � : V 0(~b�

i ) = 0

(c) do

(d) change= 0

(e) For each~b�
i 2 ~B � :

V t (~b�
i ) = maxa

�
~R� (~b�

i ; a) + 

P j ~B � j

j =1
~T � (~b�

i ; a;~b�
j ) � V t � 1(~b�

j )
�

change= change+ V t (~b�
i ) � V t � 1(~b�

i )

(f) while change> 0

Table2: ValueIterationfor anE-PCAPOMDP

Robot Navigation

We testedtheE-PCAPOMDPalgorithmon simulatedrobotnavigationproblemsin two example
environments,the WeanHall corridor shown in ®gure 16 and the Longwood retirementfacility
shown in ®gure1(b). Themodelparametersaregivenby robotnavigationmodels(seeFox et al.,
1999).

We evaluatedthe policy for the relatively simpleproblemdepictedin ®gure 16. We set the
robot's initial belief suchthat it may have beenat oneof two locationsin the corridor, with the
objective to get to within 0:1m of the goal state(eachgrid cell is 0:2m � 0:2m). The controller

22



-20000

0

20000

40000

60000

80000

100000

120000

1 2 3 4
A

ve
ra

ge
 R

ew
ar

d
Number of Bases

Average reward vs. Number of Bases

PCA
E-PCA

MDP Heuristic

AMDP Heuristic

Figure15: A comparisonof policy performanceusingdifferentnumbersof bases,for 10000trials,
with regulargrid discretization.Policy performancewasgivenby total rewardaccumu-
latedover trials.

receiveda rewardof +1000 for arriving at thegoalstateandtakinganat_goal action;a reward
of � 1000wasgivenfor (incorrectly)takingthis actionat a non-goalstate.Therewasa rewardof
� 1 for eachmotion. The statesusedfor planningin this examplewerethe 500 statesalongthe
corridor, andtheactionswereforwardandbackwardmotion.

Figure16showsasamplerobottrajectoryusingtheE-PCApolicy and5 basisfunctions.Notice
that therobotdrivespastthegoal to the lab door in orderto verify its orientationbeforereturning
to thegoal; therobotdoesnot know its trueposition,andcannotknow that it is in factpassingthe
goal. If the robot hadstartedat the otherendof the corridor, its orientationwould have become
apparenton its way to thegoal.

Goal State

True Start State

True Position

Goal Position
Final Estimated
Position

Start Position

Figure16: An examplerobottrajectory, usingthepolicy learnedusing5 basisfunctions.On theleft
arethestartconditionsandthegoal. On theright is therobot trajectory. Noticethat the
robotdrivespastthegoalto thelabdoorto localizeitself, beforereturningto thegoal.

Figure17shows theaveragepolicy performancefor threedifferenttechniques.TheMaximum-
Likelihood heuristiccould not distinguishorientations,and thereforeapproximately50% of the
timedeclaredthegoalin thewrongplace.Wealsoevaluatedapolicy learnedusingthebest5 bases
from conventionalPCA. This policy performedsubstantiallybetterthanthe maximum-likelihood
heuristic in that the controller did not incorrectly declarethat the robot had arrived at the goal.
However, this representationcouldnot detectwhentherobotwasat thegoal,andalsochosesub-
optimal(with respectto theE-PCApolicy) motionactionsregularly. TheE-PCAoutperformedthe
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othertechniquesin thisexamplebecauseit wasableto modelits beliefaccurately, in contrastto the
resultin ®gure15wherePCAhadsuf®cientrepresentationto performaswell or betterthanE-PCA.
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Figure17: A comparisonof policy performanceusingE-PCA,conventionalPCAandtheMaximum
Likelihoodheuristic,for 1,000trials.

Figure18(a)shows a secondexampleof navigationin simulation.Noticethat theinitial belief
for this problemis bi-modal; a good policy will take actionsto disambiguatethe modesbefore
proceedingto thegoal.Usinga samplesetof 500beliefs,we computedthelow-dimensionalbelief
space~B . Figure18(b) shows the averageKL divergencebetweenthe original andreconstructed
beliefs.Theimprovementin theKL divergenceerrormeasuresloweddown substantiallyaround6
bases;we thereforeused6 basesto representthebelief space.

Figure18(c)showsanexampleexecutionof thepolicy computedusingtheE-PCA.Thereward
parameterswerethesameasin thepreviousnavigationexample.Therobotparametersweremax-
imum laserrangeof 2m, andhigh motion modelvariance.The ®rst actionthe policy chosewas
to turn the robotaroundandmove it closerto thenearestwall. This hadtheeffect of eliminating
theseconddistributionmodeontheright. Therobotthenfollowedessentiallya“coastal”trajectory
up the left-handwall in orderto staylocalized,althoughtheuncertaintyin they directionbecame
relatively pronounced.We seethat as the uncertaintyeventually resolved itself at the top of the
image,therobotmovedto thegoal.

It is interestingto notethat this policy containsa similar “coastal” attribute assomeheuristic
policies((e.g., the Entropy heuristicandthe AMDP Cassandra,Kaelbling,& Kurien, 1996; Roy
& Thrun,1999).However, unlike theseheuristics,theE-PCArepresentationwasableto reachthe
goalmoreaccurately(that is, getcloserto thegoal). This representationwassuccessfulbecauseit
wasablemoreaccuratelyto representthebeliefsandtheeffectsof actionson thebeliefs.

Finding People

In additionto the syntheticproblemandthe robot navigation problemsdescribedin the previous
sections,we alsotestedour algorithmon a morecomplicatedPOMDPproblem,that of ®nding a
personor objectmoving aroundin anenvironment.This problemis motivatedfrom theNursebot
domain,whereresidentsexperiencingcognitivedeclinecansometimesbecomedisorientedandstart
to wander. In orderto make betteruseof the health-careproviders' time, we would like to usea
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Figure18: (a) The samplenavigation problemin Longwood, cf. ®gure 2. This probleminvolves
multi-modaldistributions. (c) The averageKL divergencebetweenthe samplebeliefs
andtheir reconstructionsagainst the numberof basesused,for 500 samplesbeliefsfor
a navigatingmobile robot in this environment. (d) A comparisonof policy performance
usingE-PCA,conventionalMDP andtheAMDP heuristic.

robot suchasPearl(®gure 1(a)) to ®nd the residentsquickly. We assumethat the personis not
adversarial.

The statespacein this problemis much larger than the previous robot navigation problems:
it is the cross-productof the person's positionandthe robot's position. However, we assumefor
simplicity that the robot's positionis known, andthereforethe belief distribution is only over the
person'sposition.Thetransitionsof thepersonstatefeaturearemodelledby Brownianmotionwith
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(a)OriginalBelief (b) Reconstructionwith PCA

(c) Reconstructionwith E-PCA

Figure19: Theperformanceof PCAandE-PCAonasamplebelief. Themapis 238� 85grid cells,
at a 0:2m resolution.(a) A samplebelief. (b) ThePCA reconstruction,using40 bases.
(c) TheE-PCAreconstruction,using6 bases.

a ®xed, known velocity, which modelsthe person's motion asrandom,independentof the robot
position. (If the personwasmoving to avoid being“captured”by the robot,a differenttransition
model would be required.) We assumethat the position of the personis unobservable until the
robot is closeenoughto seetheperson(whentherobothasline-of-sightto theperson,up to some
maximumrange,usually 3 metres);the observation model has1% falsenegatives and no false
positives.Therewardfunctionis maximalwhenthepersonandtherobotarein thesamelocation.

Figure19(a)showsanexampleprobabilitydistributionthatcanoccurin thisproblem(notshown
is therobot's position).Thegrey dotsareparticlesdrawn from thedistributionof wheretheperson
couldbein theenvironment.Thedistributionis initially uniformoverthereachableareas(insidethe
blackwalls). After the robot receivessensordata,theprobabilitymassis extinguishedwithin the
sensorrangeof therobot.As therobotmovesaround,moreof theprobabilitymassis extinguished,
focusingthedistributionontheremainingplacesthepersoncanbe.However, theprobabilitydistri-
bution startsto recover massin placestherobotvisits but thenleaves.In theparticle®lter, this can
bevisualizedasparticlesleakinginto areasthatwerepreviouslyemptiedout.

We collecteda setof 500belief samplesusinga heuristiccontrollergivenby driving therobot
to themaximumlikelihoodlocationof theperson,andusedE-PCAto ®nd agoodlow-dimensional
representationof the beliefs. Figure19(b) shows the reconstructionof the examplebelief in ®g-
ure 19(a),usingconventionalPCA and40 bases.This ®gureshouldreinforcethe ideathat PCA
performspoorly at representingprobability distributions. Figure 19(c) shows the reconstruction
usingE-PCAand6 bases,which is aqualitatively betterrepresentationof theoriginalbelief.
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Recallfrom section6 thatweuseafunctionapproximatorfor representingthevaluefunction.In
theprecedingexampleswe useda regulargrid over the low-dimensionalsurfacewhich performed
well for ®ndinggoodpolicies.However, theproblemof ®ndingpeopleempiricallyrequiresa ®ner
resolutionrepresentationthanwouldbecomputationallytractablewith a regulargrid. We therefore
turnto adifferentfunctionapproximator, the1-nearest-neighbourvariableresolutionrepresentation.
We addnew low-dimensionalbelief statesto themodelby periodicallyre-evaluatingthemodelat
eachgrid cell, andsplitting thegrid-cell into smallerdiscretecellswherea statisticpredictedfrom
themodeldisagreeswith thestatisticcomputedfrom experience.A numberof differentstatistics
havebeensuggestedfor testingthemodelagainstdatafrom therealworld (Munos& Moore,1999),
suchasreductionin reward variance,or valuefunction disagreement.We have optedinsteadfor
a simplercriterionof transitionprobabilitydisagreement.We examinethepolicy computedusing
a ®xedrepresentation,andalsothepolicy computedusinganincrementallyre®nedrepresentation.
Note that we have not fully exploredthe effect of differentvariableresolutionrepresentationsof
thevaluefunction,e.g.,usingk-nearest-neighbourinterpolationssuchasdescribedby Hauskrecht
(2000). Theseexperimentsarebeyondthescopeof this paper, asour focusis on theutility of the
E-PCAdecomposition.No variableresolutionrepresentationof avaluefunctionhasbeenshown to
scaleeffectively beyonda few tensof dimensionsatbest(Munos& Moore,2002).

This problemsharesmany attributeswith therobotnavigationproblem,but we seein ®gure19
and®gures20 and21 that this problemgeneratesspatialdistributionsof highercomplexity. It is
somewhatsurprisingthatE-PCAis ableto ®nd a goodrepresentationof thesebeliefsusingonly 6
bases,andindeedtheaverageKL divergenceis generallyhigherthanfor therobotnavigationtask.
Regardless,we areableto ®nd goodcontrollers,andthis is anexampleof a problemwherePCA
performsverypoorlyevenwith a largenumberof bases.

Figure 20 shows an exampletrajectoryfrom the heuristiccontrol strategy, driving the robot
to the maximumlikelihoodlocationof the personat eachtime step. The opencircle is the robot
position, startingat the far right. The solid black circle is the position of the person,which is
unobservableby therobotuntil within a3m range.Thepersonstartsin theroomabovethecorridor
(a), andthenmovesdown into thecorridoroncetherobothasmovedto thefar endof thecorridor
(b). As the robot returnsto searchinsidethe room(c) and(d), thepersonmovesunobserved into
thepreviously searchedcorridor(e). Althoughwe have deliberatelychosenanexamplewherethe
heuristicperformspoorly, the personis not following an unlikely or adversarialtrajectory: at all
times the solid black circle remainsin regionsof high probability. The robot's belief accurately
re�ects thepossibility that thepersonwill slip past,but theheuristiccontrolalgorithmhasno way
to take thispossibilityinto account.

Usingthepolicy foundfor the low-dimensionalbelief spaceasdescribedin previoussections,
we areable to ®nd a muchbettercontroller. A sampletrajectoryfor this controller is shown in
®gure21. Therobot travels from theright-mostpositionin thecorridor(a) to only part-way down
the corridor (b), and thenreturnsto explore the room (c) and(d). In this example,the person's
startingpositionwasdifferentfromtheonegivenin thepreviousexample—theE-PCApolicy would
®ndthepersonatthispoint,startingfrom thesameinitial conditionsasthepreviousexample).After
exploring theroomandeliminatingthepossibilitythatthepersonis insidetheroom(e), thepolicy
hasreducedthe possiblelocationsof the persondown to the left-handendof the corridor, andis
ableto ®nd thepersonreliablyat thatlocation.

Note that ®gures20 and 21 have the target personin the worst-casestart position for each
planner. If thepersonwerein thesamestartpositionin ®gure21 asin ®gure20, thepolicy would
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(a) (b)

(c) (d)

(e) (f)

Figure20: An exampleof asuboptimalperson®ndingpolicy. Thegrey particlesaredrawn from the
distributionof wherethepersonmightbe,initially uniformly distributedin (a). Theblack
dot is the true (unobservable)positionof the person.The opencircle is the observable
positionof the robot. Throughthe robot's poor actionselection,the personis able to
escapeinto previouslyexploredareas.

have foundthepersonby panel(d). Similarly, if thepersonhadstartedat theendof corridorasin
®gure21, thepolicy shown in ®gure20wouldhave foundthepersonby panel(b).

Figure22 shows a quantitative comparisonof theperformanceof theE-PCAagainsta number
of otherheuristiccontrollersin simulation,comparingtheaveragetime to ®nd thepersonfor these
differentcontrollers. The solid line depictsthe baselineperformance,usinga controller that has
accessto the true stateof the personat all times(i.e., a fully observablelower boundon the best
possibleperformance).Thetravel time in thiscaseis solelya functionof thedistanceto theperson;
no searchingis necessaryor performed.Of course,this is not a realizablecontrollerin reality. The
othercontrollersare:

� Closest:Therobotis drivento theneareststateof non-zeroprobability.
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(a) (b)

(c) (d)

(e) (f)

Figure21: Thepolicy computedusingtheE-PCArepresentation.Theinitial conditionsin panel(a)
arethesameasin ®gure20. Noticethat,unlike theprevious®gure,this strategy ensures
thattheprobabilitymassis locatedin oneplace,allowing therobotto ®ndthepersonwith
signi®cantlyhigherprobability.

� Densest:Therobotis drivento thelocationfrom which themostprobabilitymassis visible.

� MDP: Therobotis drivento themaximum-likelihoodstate.

� PCA: A controller found using the PCA representationand a ®xed discretizationof the low-
dimensionalsurface.

� E-PCA: The E-PCA controller using a ®xed discretizationof the low-dimensionalsurfaceto
computethevaluefunction.

� Re®nedE-PCA: The E-PCA controllerusingan incrementallyre®nedvariableresolutiondis-
cretizationof thesurfacefor computingthevaluefunction.

29



 0

 50

 100

 150

 200

 250

Closest Densest MDP PCA E-PCA Refined E-PCA
A

ve
ra

ge
 #

 o
f A

ct
io

ns
 to

 F
in

d 
P

er
so

n

Performance for Different Policies

Fully Observable Policy

Figure22: A comparisonof 6 policiesfor person®nding in a simpleenvironment. Thebaselineis
the fully-observable,i.e., cheating,solution(the solid line). The E-PCA policy is for a
®xed(variableresolution)discretization.TheRe®nedE-PCAis for adiscretizationwhere
additionalbelief sampleshave beenadded.ThePCA policy wasapproximately6 times
worsethanthebestE-PCApolicy.

The performanceof the bestE-PCA controlleris surprisinglycloseto the theoreticalbestperfor-
mance,in termsof time to ®nd the person,but this resultalsodemonstratesthe needfor careful
choiceof discretizationof the belief spacefor computingthe valuefunction. The initial variable
resolutionrepresentationprovedto beapoorfunctionapproximator, however, usingtheiteratively-
re®nedvariableresolutiondiscretization,weareableto improvetheperformancesubstantially. The
controllerusingtheconventionalPCArepresentationcasewascomputedovera®xeddiscretization
of the low-dimensionalrepresentationusing40 basesand500 grid points. The quality of belief
representationunderPCAwassopoorwedid not investigatemorecomplex policy approximators.

8. Discussion

Time Complexity

TheseexperimentsdemonstratethattheE-PCAalgorithmcanscaleto ®ndinglow-dimensionalsur-
facesembeddedin veryhigh-dimensionalspaces.Thealgorithmis iterativeandthereforenosimple
expressionfor thetotal runningtime is available.For adatasetof jB j samplesof dimensionalityn,
computingasurfaceof sizel , eachiterationof thealgorithmis O(jB jnl 2 + jB jl3 + nl 3). Eachstep
of theNewton's algorithmis dominatedby a setof matrix multipliesandthe®nal stepof inverting
an l � l matrix, which is O(l3). The U stepconsistsof jB j iterations,whereeachiterationhas
O(nl ) multipliesandtheO(l3) inversion.TheV stepconsistsof n iterations,whereeachiteration
hasO(jB jl ) multipliesandtheO(l3) inversion,leadingto thetotal complexity givenabove.

Figure23showsthetimeto computetheE-PCAbasesfor 500samplebeliefs,for 20,230states.
This implementationusedJava 1.4.0andColt 1.0.2,on a 1 GHz Athlon CPUwith 900M of RAM.
Also shown arethecomputationtimesfor conventionalPCA decomposition.For smallstatespace
problems,the E-PCA decompositioncanbe fasterthanPCA for a small numberof bases,if the
implementationof PCA alwayscomputesthe full decomposition(l = n, wherel is the reduced
dimensionalityandn is thefull dimensionality).

30



0

5000

10000

15000

20000

25000

30000

35000

0 2 4 6 8 10 12
T

im
e 

in
 s

ec
s

Number of Bases

Exponential Family PCA Running Time

Conventional PCA = 4151sec

Figure23: Thetime to computetheE-PCArepresentationsfor differentdiscretizationsof thestatespace.

By far thedominanttermin therunningtimeof ouralgorithmis thetimeto computetheE-PCA
bases.Oncethe baseshave beenfound andthe low-dimensionalspacehasbeendiscretized,the
runningtimerequiredby valueiterationto convergeto apolicy for theproblemswehavedescribed
wason theorderof 50 to 100ms.

SampleBelief Collection

In all exampleproblemswe have addressed,we have useda standardsamplesizeof 500 sample
beliefs. Additionally, we have usedhand-codedheuristiccontrollersto samplebeliefs from the
model.In practice,wefound500samplebeliefscollectedusingasemi-randomcontrollersuf®cient
for our exampleproblems.However, we may be ableto improve the overall performanceof our
algorithmonfutureproblemsby iteratingbetweenphasesof building thebeliefspacerepresentation
(i.e., collectingbeliefsandgeneratingthe low-dimensionalrepresentation)andcomputinga good
controller. Oncean initial set of beliefs have beencollectedand usedto build an initial set of
basesanda correspondingpolicy, we cancontinueto evaluatetheerrorof therepresentation(e.g.,
K-L divergencebetweenthe currentbelief and its low-dimensionalrepresentation).If the initial
representationhasbeenlearnedwith toofew beliefs,thentherepresentationmayover-®t thebeliefs;
we candetectthis situationby noticingthatour representationdoesa poorjob at representingnew
beliefs. Validation techniquessuchas cross-validation may also be useful in determiningwhen
enoughbeliefshavebeenacquired.

Model Selection

Oneof the openquestionswe have not addressedso far is that of choosingthe appropriatenum-
berof basesfor our representation.Unlesswe have problem-speci®cinformation,suchasthetrue
numberof degreesof freedomin the belief space(asin the toy exampleof section3), it is dif®-
cult to identify theappropriatedimensionalityof theunderlyingsurfacefor control. Onecommon
approachis to examinethe eigenvaluesof the decomposition,which canbe recoveredusing the
orthonormalizationstepof the algorithmin table1. (This assumesour particularlink function is
capableof expressingthe surfacethat our datalies on.) The eigenvaluesfrom conventionalPCA
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areoftenusedto determinetheappropriatedimensionalityof theunderlyingsurface;certainlythe
reconstructionwill belosslessif weuseasmany basesastherearenon-zeroeigenvalues.

Unfortunately, recall from the descriptionof E-PCA in section4 that we do not generatea
setof singularvalues,or eigenvalues. The non-linearprojectionintroducedby the link function
causesthe eigenvaluesof the U matrix to be uninformative aboutthe contribution of eachbasis
to the representation.Insteadof usingeigenvaluesto choosethe appropriatesurfacedimension-
ality, we usereconstructionquality, as in ®gure11. Using reconstructionquality to estimatethe
appropriatedimensionalityis a commonchoicefor both PCA andotherdimensionalityreduction
techniques(Tenenbaum,de Silva, & Langford,2000). Onealternatechoicewould be to evaluate
therewardfor policiescomputedfor differentdimensionalitiesandchoosethemostcompactrepre-
sentationthatachievesthehighestreward,essentiallyusingcontrolerrorratherthanreconstruction
quality to determinedimensionality.

Recallfrom our discussionin section2 thatwe areusingdimensionalityreductionto represent
beliefsfrom POMDPswith aspeci®ckind of structure.In particular, theE-PCArepresentationwill
bemostusefulin representingbeliefsthatarerelativelysparseandhaveasmallnumberof degreesof
freedom.However, E-PCAwill beunableto®ndgoodlow-dimensionalrepresentationsfor POMDP
modelsthatdonotexhibit thiskind of structure– thatis, if thebeliefscannotberepresentedaslying
on low-dimensionalhyperplanelinked to the full belief spacevia the appropriatelink function.
Oneadditionalproblemthen is how to know a priori whetheror not a speci®cPOMDPhasthe
appropriatestructure.It is unlikely thatthereis ageneraltechniquethatcandeterminetheusefulness
of E-PCA,but we cantake advantageof modelselectiontechniquesalsoto determinewhetheror
notE-PCAwill ®ndausefullylow dimensionalrepresentationfor aspeci®cPOMDP.For example,
if theKL divergencebetweena setof samplebeliefsandtheir reconstructionsis largeevenusinga
largenumberof bases,thentheproblemmaynothave theright structure.

9. RelatedWork

Many attemptshave beenmadeto usereachabilityanalysisto constrainthesetof beliefsfor plan-
ning (Washington,1997; Hauskrecht,2000; Zhou & Hansen,2001; Pineau,Gordon,& Thrun,
2003a).If thereachablesetof beliefsis relatively small,thenforwardsearchto ®nd thissetis aper-
fectly reasonableapproach.Thepolicy computedover thesebeliefsis of courseoptimal,althoughit
is relatively rarein realworld problemsto beableto enumeratethereachablebeliefs.Reachability
analysishasalsobeenusedwith somesuccessasa heuristicin guidingsearchmethods,especially
for focusingcomputationon®ndingfunctionapproximators(Washington,1997;Hansen,1998).In
thisapproach,theproblemstill remainsof how tocomputethelow-dimensionalrepresentationgiven
the®nite setof representative beliefs. Discretizationof thebelief spaceitself hasbeenexploreda
numberof times,bothregulargrid-baseddiscretization(Lovejoy, 1991),regularvariableresolution
approaches(Zhou& Hansen,2001)andnon-regularvariableresolutionrepresentations(Brafman,
1997;Hauskrecht,2000). In the samevein, stateabstraction(Boutilier & Poole,1996)hasbeen
exploredto take advantageof factoredstatespaces,andof particularinterestis the algorithmof
HansenandFeng(2000)whichcanperformstateabstractionin theabsenceof aprior factorization.
Sofar, however, all of theseapproacheshavefallenvictim to the“curseof dimensionality”andhave
failedto scaleto morethana few dozenstatesatmost.

The value-directedPOMDPcompressionalgorithmof PoupartandBoutilier (2002)is a dim-
ensionality-reductiontechniquethat is closerin spirit to ours,if not in technique.This algorithm
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computesa low-dimensionalrepresentationof a POMDPdirectly from the modelparametersR,
T, andO by ®nding the Krylov subspacefor the reward function underbelief propagation. The
Krylov subspacefor a vectoranda matrix is thesmallestsubspacethatcontainsthevectorandis
closedundermultiplicationby thematrix. For POMDPs,theauthorsusethesmallestsubspacethat
containsthe immediatereward vectorandis closedundera setof linear functionsde®nedby the
statetransitionsandobservationmodel. Themajoradvantageof this approachis that it optimizes
thecorrectcriterion: thevalue-directedcompressionwill only distinguishbetweenbeliefsthathave
differentvalue.Themajordisadvantageof this approachis thattheKrylov subspaceis constrained
to be linear. Using our algorithmwith PCA insteadof E-PCA,we canrealizemuchof the same
compressionasthePoupartandBoutilier (2002)method:we cantake advantageof regularitiesin
thesametransitionmatricesT a;z but not in therewardfunctionR. Unfortunately, aswehaveseen,
beliefsareunlikely to lie on a low-dimensionalhyperplane,andour resultsreportedin section3
indicatethatlinearcompressionwill not scaleto thesizeof problemswewish to address.

Possiblythemostpromisingapproachesfor ®ndingapproximatevalue-functionsarethepoint-
basedmethods,which insteadof optimizing thevaluefunctionover theentirebelief space,do so
only for speci®cbeliefs. Cheng(1988)describeda methodfor backingup the valuefunction at
speci®cbelief points in a procedurecalled“point-baseddynamicprogramming”(PB-DP).These
PB-DP stepsare interleaved with standardbackupsas in full value iteration. Zhangand Zhang
(2001)improvedthismethodby choosingtheWitnesspointsasthebackupbeliefpoints,iteratively
increasingthe numberof suchpoints. The essentialidea is that point-basedbackupsaresigni®-
cantlycheaperthanfull backupsteps.Indeed,thealgorithmdescribedby ZhangandZhang(2001)
out-performsHansen's exact policy-searchmethodby an orderof magnitudefor small problems.
However, theneedfor periodicbackupsacrossthe full belief spacestill limits theapplicabilityof
thesealgorithmsto smallabstractproblems.

More recently, Pineauet al. (2003a)have abandonedfull valuefunction backupsin favour of
only point-basedbackupsin the “point-basedvalue iteration” (PBVI) algorithm. By backingup
only at discretebelief points,thebackupoperatoris polynomialinsteadof exponential(asin value
iteration),and,evenmoreimportantly, thecomplexity of thevaluefunctionremainsconstant.PBVI
usesa fundamentallydifferentapproachto ®ndingPOMDPpolicies,andstill remainsconstrained
by the curseof dimensionalityin large statespaces.However, it hasbeenappliedsuccessfullyto
problemsat leastan order of magnitudelarger than its predecessors,and is anotherexampleof
algorithmsthatcanbeusedto make largePOMDPstractable.

E-PCA is not the only possibletechniquefor non-lineardimensionalityreduction;thereex-
istsa largebodyof work containingdifferenttechniquessuchasSelf-OrganizingMaps(Kohonen,
1982),Generative TopographicMapping(Bishop,Svenśen,& Williams, 1998),StochasticNeigh-
bourEmbedding(Hinton & Roweis,2003). Two of themostsuccessfulalgorithmsto emerge re-
centlyhave areIsomap(Tenenbaumet al., 2000)andLocally LinearEmbedding(Roweis& Saul,
2000). IsomapextendsPCA-like methodsto non-linearsurfacesusinggeodesicdistancesasthe
distancemetricbetweendatasamples,ratherthanEuclideandistances.Locally LinearEmbedding
(LLE) canbeconsidereda local alternative to theglobal reductionof Isomapin that it represents
eachpointastheweightedcombinationof its neighboursandoperatesin two phases:computingthe
weightsof the k nearestneighboursfor eachhigh-dimensionalpoint, andthenreconstructingthe
datain thelow-dimensionalco-ordinateframefrom theweights.However, thesealgorithmsdo not
containexplicit modelsof thekind of data(e.g.,probabilitydistributions)that they areattempting
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model.Oneinterestingline of research,however, maybeto extendthesealgorithmsusingdifferent
lossfunctionsin thesamemannerthatPCAwasextendedto E-PCA.

10. Conclusion

Partially ObservableMarkov DecisionProcesseshave beenconsideredintractablefor ®ndinggood
controllersin realworld domains.In particular, thebestalgorithmsto datefor ®ndinganapproxi-
matevaluefunctionover thefull belief spacehave not scaledbeyonda few hundredstates(Pineau
et al., 2003a). However, we have demonstratedthat real world POMDPscancontainstructured
belief spaces;by ®nding andusingthis structure,we have beenableto solve POMDPsan order
of magnitudelargerthanthosesolvedby conventionalvalueiterationtechniques.Additionally, we
wereableto solve differentkindsof POMDPs,from a simplehighly-structuredsyntheticproblem
to a robotnavigationproblemto a problemwith a factoredbelief spaceandrelatively complicated
probabilitydistributions.

Thealgorithmweusedto ®nd thisstructureis relatedto PrincipalComponentsAnalysiswith a
lossfunctionspeci®callychosenfor representingprobabilitydistributions.Therealworld POMDPs
we have beenableto solve arecharacterizedby sparsedistributions,andthe Exponentialfamily
PCA algorithmis particularlyeffective for compressingthis data. Theredo exist POMDPprob-
lemswhich do not have this structure,andfor which this dimensionalityreductiontechniquewill
not work well; however, it is a questionfor further investigation if other, relateddimensionality-
reductiontechniques(e.g.,Isomapor Locally-LinearEmbedding,Tenenbaumet al., 2000;Roweis,
Saul,& Hinton,2002)canbeapplied.

Therearea numberof interestingpossibilitiesfor extendingthis algorithmin orderto improve
its ef®ciency or increasethe domainof applicability. The lossfunction that we chosefor dimen-
sionalityreductionwasbasedon reconstructionerror, asin

L(B ; U; ~B ) = e(U ~B ) � B � U ~B ; (37)

(cf. equation8). Minimizing the reconstructionerror shouldallow near-optimal policies to be
learned.However, we would ideally like to ®nd the mostcompactrepresentationthat minimizes
controlerrors.This couldpossiblybebetterapproximatedby takingadvantageof transitionprob-
ability structure. For example,dimensionalityreductionthat minimizespredictionerrorswould
correspondto thelossfunction:

L (B ; U; ~B ; T) = e(U~b) � B � U~b+ k ~B �;2:::n � T ~B �;1:::n� 1k2 (38)

where ~B �;1:::n� 1 is the l � n � 1 matrix of the®rst n � 1 columnvectorsin ~B , and ~B �;2:::n is the
l � n � 1 matrix of then � 1 columnvectorsin V startingfrom thesecondvector. This hasthe
effect of ®ndinga representationthatallows~bt+1 to bepredictedfrom T~bt , with thecaveatthatthe
~B mustbearrangedall for thesameaction.Weplanto addressthis issuein futurework.

Anothershortcomingof theapproachdescribedin this work is that it containstheassumption
that all beliefs can be describedusing the samelow-dimensionalrepresentation.However, it is
relatively easyto constructanexampleproblemwhichgeneratesbeliefsthatlie ontwo distinctlow-
dimensionalsurfaces,which in thecurrentformulationwould make theapparentdimensionalityof
thebeliefsappearmuchhigherthanasetof beliefssampledfrom onesurfacealone.

While thiswork haslargelybeenmotivatedby ®ndingbetterrepresentationsof beliefs,it is not
the only approachto solving large POMDPs. Policy searchmethods(Meuleau,Peshkin,Kim, &
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Kaelbling,1999)andhierarchicalmethods(Pineau,Gordon,& Thrun,2003b)have alsobeenable
to solve largePOMDPs.It is interestingto notethatcontrollersbasedontheE-PCArepresentations
areoftenessentiallyindependentof policy complexity but stronglydependentonbeliefcomplexity,
whereasthe policy searchandhierarchicalmethodsarestronglydependenton policy complexity
but largely independentof belief spacecomplexity. It seemslikely that progressin solving large
POMDPsin generalwill lie in acombinationof bothapproaches.

TheE-PCAalgorithm®ndsa low-dimensionalrepresentation~B of thefull belief spaceB from
sampleddata.We demonstratedthat therelianceon sampleddatais not anobstaclefor somereal
world problems. Furthermore,using only sampledbeliefs could be an assetfor large problems
wheregeneratingandtrackingbeliefscanbeconsiderablyeasierthanplanning.It mayhowever be
preferableto try to computea low-dimensionalrepresentationdirectly from themodelparameters.
PoupartandBoutilier (2002)usethenotionof aKrylov subspaceto dothis. Thesubspacecomputed
by their algorithmmay correspondexactly with a conventionalPCA andwe have seeninstances
wherePCAdoesapoorjob of ®ndinglow-dimensionalrepresentations.Themostlikely explanation
is that real-world beliefsdo not lie on low-dimensionalplanesfor mostproblems,but insteadon
curved surfaces.An extremelyusefulalgorithmwould be onethat ®ndsa subsetof belief space
closedunderthetransitionandobservationfunction,butwhichisnotconstrainedto®ndonlyplanes.
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