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Abstract

Standardvalue function approacheso nding policiesfor Partially Obserable Markov De-
cision Processe$POMDPSs)are generallyconsideredo be intractablefor large models. The in-
tractability of thesealgorithmsis to a large extenta consequencef computingan exact, optimal
policy over the entirebelief space.However, in real-world POMDP problems computingthe op-
timal policy for thefull belief spaces oftenunnecessarfor goodcontrolevenfor problemswith
complicatedpolicy classes.The beliefsexperienceddy the controlleroftenlie neara structured,
low-dimensionakubspacembeddedh thehigh-dimensionabelief space Findinga goodapprox-
imationto theoptimalvaluefunctionfor only this subspaceanbe mucheasiethancomputingthe
full valuefunction.

We introducea new methodfor solving large-scalePOMDPsby reducingthe dimensionality
of thebelief space We useExponentiaFamily PrincipalComponenté&nalysis(Collins, Dasgupta,
& Schapire2002)to represensparsehigh-dimensionabelief spacesisingsmall setsof learned
featuresof the belief state.We thenplanonly in termsof the low-dimensionabelief features.By
planningin this low-dimensionakpacewe can nd policiesfor POMDPmodelsthatareordersof
magnituddargerthanmodelsthatcanbe handledby conventionaltechniques.

We demonstrate¢he useof this algorithmon a syntheticproblemandon mobile robot naviga-
tion tasks.

1. Intr oduction

Decisionmakingis oneof the centralproblemsof arti®cial intelligenceandrobotics. Most robots
aredeployed into the world to accomplishspeci®ctasks,but the real world is a dif®cult placein
which to act—actionscan have seriousconsequenceskigure 1(a) depictsa mobile robot, Pearl,
designedo operatein the environmentshavn in ®gure 1(b), the Longwood retirementfacility in
Pittshurgh. Realworld environmentssuchasLongwood arecharacterizedby uncertainty;sensors
suchascameragndrange®ndersarenoisy andthe entireworld is not alwaysobsenrable. A large
numberof stateestimationtechniquexplicitly recognizeheimpossibility of correctlyidentifying
the true stateof the world (Gutmann,Burgard, Fox, & Konolige, 1998; Olson, 2000; Gutmann
& Fox, 2002; Kanazava, Koller, & Russell,1995; Isard & Blake, 1998) by using probabilistic



techniquedo trackthelocationof therobot. Suchstateestimatorsasthe Kalman®lter (Leonard&
Durrant-Wiyte, 1991)or Markov localization(Fox, Burgard,& Thrun,1999;Thrun,Fox, Burgard,
& Dellaert,2000) provide a (possiblyfactored,Boyen & Koller, 1998)distribution over possible
statesof theworld insteadof a single(possiblyincorrect)stateestimate.

@ (b)

Figure1: A plannerfor the mobile robot Pearl,shavn in (a), mustbe ableto navigatereliably in
suchreal ervironmentsas the Longwood at Oakmontretirementfacility, shavn in (b).
Thewhite area®f themaparefreespacetheblackpixelsareobstaclesandthegrey areas
again areregionsof mapuncertainty Notice thelarge openspacesandmary symmetries
that canleadto ambiguityin the robot's position. The mapis 53.:6m  37:9m, with a
resolutionof 0:1m  0:1m perpixel.

In contrast,controllerssuchas motion plannersdialoguesystemsegtc. rarely modelthe same
notionsof uncertainty If the stateestimateis a full probability distribution, thenthe controller
often usesa heuristicto extract a single “best” state,suchas the distribution's meanor mode.
Someplannerscompensatéor theinevitable estimatiorerrorsthroughrobustcontrol (Chen,2000;
Bagnell& Schneider2001),but few deplogyedsystemsncorporateafull probabilisticstateestimate
into planning. Althoughthe most-likely-statemethodis simpleandhasbeenusedsuccessfullyby
somereal applications(Nourbakhsh Powers, & Birch®eld, 1995), substantiakcontrol errorscan
resultwhenthe distribution over possiblestatesis very uncertain. If the single stateestimateis
wrong,theplanneris likely to chooseanunreasonablaction.

Figure2 illustratesthe differencebetweercorventionalcontrollersandthosethatmodeluncer
tainty. In this ®gure, the robot mustnavigate from the bottomright cornerto the top left, but has
limited rangesensing(up to 2m) and noisy deadreckoning! The impoverishedsensordatacan
causethe robot's stateestimateto becomequite uncertainif it straystoo far from ervironmental
structureghatit canuseto localizeitself. On theleft (®gure 2(a)) is an exampletrajectoryfrom

1. For the purposesf this examplethe sensingand deadreckoning were arti®cially poor, but the samephenomenon
would occurnaturallyin largerscaleervironments.



amotionplannerthathasno knowledgeof the uncertaintyin the stateestimateandno mechanism
for takingthis uncertaintyinto account.Therobot's trajectorydivergesfrom the desiredpath,and
therobotincorrectlybelievesit hasarrived at the goal. Not shavn herearethe stateestimateghat
re ect thehigh uncertaintyin therobotposition. Ontheright (®gure2(b)) is anexampletrajectory
from acontrollerthatcanmodelthe positionaluncertaintytake actionto keeptheuncertaintysmall
by following thewalls, andarrive reliably at the goal.
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(a) Corventionalcontroller (b) Rokustcontroller

Figure2: Two possibletrajectoriesfor navigationin the Longwood at Oakmontervironment. The
robot haslimited rangesensing(up to 2m) andpoor dead-reckning from odometry (a)
The trajectoryfrom a corventionalmotion plannerthat usesa single stateestimate and
minimizestravel distance(b) Thetrajectoryfrom amorerobustcontrollerthatmodelsthe
stateuncertaintyto minimizetravel distanceanduncertainty

The controllerin ®gure 2(b) wasderived from a representatioalledthe partially obsenable
Markov decisionprocesgfPOMDP).POMDPsareatechniqudor makingdecisionsasedn prob-
abilistic estimate®f the stateof the world, ratherthanon absoluteknowvledgeof the true state. A
POMDPusesana priori modelof the world togethemwith the history of actionstakenandobser
vationsreceved, in orderto infer a probability distribution, or “belief”, over the possiblestatesof
theworld. Thecontrollerchoosesctions baseduponthe currentbelief, to maximizethe rewardit
expectsto receve overtime.

The advantageto usingPOMDPsfor decisionmakingis thatthe resultingpolicieshandleun-
certaintywell. The POMDPplanningprocessantake adwantageof actionsthatimplicitly reduce
uncertaintyevenif the problemspeci®catiorn(e.g.,the reward function) doesnot explicitly reward
suchactions.Thedisadwantageo POMDPsis that®ndingthe optimalpolicy is computationallyin-
tractable Existingtechniguedor ®nding exactoptimal plansfor POMDPstypically cannothandle
problemswith morethana few hundredstates(Hauskrecht2000; Zhang& Zhang,2001). Most
planningproblemsinvolving real, physical systemscannotbe expressedso compactly;we would
like to deploy robotsthat plan over thousand®f possiblestatesof theworld (e.g.,mapgrid cells),
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with thousand®f possibleobsenations(e.g.,laserrangemeasurementgndactions(e.g.,veloci-
ties).

In this paper we will describean algorithm for ®nding approximatesolutionsto real-world
POMDPs.Thealgorithmarisesdrom theinsightthatexactPOMDPpoliciesuseunnecessarilgom-
plex, high-dimensionatepresentationsf thebeliefsthatthecontrollercanexpectto experience By
®nding low-dimensionatepresentationshe planningprocesecomesnuchmoretractable.

We will ®rst describehow to ®nd low-dimensionalrepresentationsf beliefs for real-world
POMDPs;we will usea variantof acommondimensionality-reductiotechniquecalledPrincipal
Componentf\nalysis. The particularvariantwe usemodi®esthe lossfunctionof PCAin orderto
bettermodelthe dataasprobability distributions. Usingtheselow-dimensionatepresentationsye
will describehow to planin the low-dimensionakpaceandconcludewith experimentakesultson
robotcontroltasks.

2. Partially Observable Mark ov DecisionProcesses

A partially obserableMarkov decisionproces§POMDP)is amodelfor decidinghow to actin “an
accessiblestochastienvironmentwith aknown transitionmodel” (RussellandNorvig (1995),pg.
500). A POMDPIs describedy thefollowing:

asetof statesS = fs;;sp; 1115550

asetof transitionprobabilitiesT (s;i; a;s;) = p(sjjsi; a)
asetof obserationprobabilitiesO(z;; a;s;) = p(zijs;; a)
asetofrewardsR:S A 7! R

adiscountfactor 2 [0;1]

aninitial beliefpg(s)

The transitionprobabilitiesdescribehow the stateevolveswith actions,andalsorepresenthe
Markov assumptionthe next statedepend®nly on the current(unobserable)stateandactionand
is independendf the precedingunobsered) statesandactions.The reward functiondescribeghe
objective of the control,andthe discountfactoris usedto ensurereasonablédehaiour in theface
of unlimitedtime. An optimalpolicy is known to alwaysexist in thediscounted < 1) casewith
boundedmmediatereward (Howard, 1960).

POMDP policies are often computedusing a value function over the belief space. The value
functionV (b) for agivenpolicy is de®nedasthelong-termexpectedrewardthe controllerwill
receve startingatbeliefbandexecutingthepolicy upto somehaorizontime,whichmaybein®nite.
TheoptimalPOMDPpolicy maximizeghis valuefunction. Thevaluefunctionfor aPOMDPpolicy
undera ®nite horizoncanbe describedisinga piece-wisdinearfunction over the spaceof beliefs.
Many algorithmscomputethe value function iteratively, evaluatingandre®ningthe currentvalue
function estimateuntil no furtherre®@nementsanimprove the expectedreward of the policy from
ary belief. Figure 3(a) shavs the belief spacefor a three-statgroblem. The belief spaceis the
two-dimensionalshadedsimplex. Eachpoint on the simplex correspondso a particularbelief (a
three-dimensionatector),andthe cornersof the simplex represenbeliefswherethe stateis known
with 100%certainty Thevaluefunctionshovn in ®gure 3(b) givesthe long-termexpectedreward
of apolicy, startingatany beliefin thesimplex.



(a) Thebeliefspace (b) Thevaluefunction

Figure3: (@) Thebeliefspacefor athree-statg@roblemis thetwo-dimensionalshadedsimplex. (b)
A valuefunction de®nedover the belief space.For the purposeof visualization,the set
of beliefsthat constituteghe belief spaceshavn in (a) hasbeenprojectedontothe X Y
planein (b); thevaluefunctionthenrisesalongthepositve Z axis. Eachpointin thebelief
spacecorresponds$o a speci®cdistribution, andthe valuefunction at that point givesthe
expectedreward of the policy startingfrom this belief. The belief space(andtherefore
the valuefunction) will have onefewer dimensionthanthe total numberof statesin the
problem.

Theproces®f evaluatingandre®ningthevaluefunctionis atthe coreof why solvingPOMDPs
is consideredo be intractable. The valuefunction is de®nedover the spaceof beliefs, which is
continuousandhigh-dimensionalthe belief spacewill have onefewer dimensionthanthe number
of statesn themodel. For anavigationproblemin amapof thousandsf possiblestatescomputing
the value function is an optimization problemover a continuousspacewith mary thousandof
dimensionswhichis notfeasiblewith existing algorithms.

However, carefulconsideratiorof somereal-world problemssuggests possibleapproactfor
®nding approximatevalue functions. If we examinethe beliefs that a navigating mobile robot
encountersthesebeliefssharecommonattributes. The beliefstypically have a very smallnumber
of modes,andthe particularshapeof the modesis fairly generic. The modesmove aboutand
changen variance put thewaysin which themodeschangeis relatively constrainedIn fact,even
for realworld navigation problemswith very large belief spacesthe beliefshave very few degrees
of freedom.

Figure4(a) illustratesthis idea: it shavs a typical belief thata mobile robot might experience
while navigatingin the nursinghomeervironmentof ®gure 1(b). To visualizethe distribution we
samplea setof posegalsocalledparticles)accordingto the distribution and plot the particleson
the map. The distribution is unimodalandthe probability massis mostly concentratedn a small
area.Figure4(b) shavs a very differentkind of belief: probabilitymasss spreadover awide area,
therearemultiple modesandthelocationsof particlesbearlittle relationshipto the map. It would
bedif®cult to ®nd a sequencef actionsandobsenationsthatwould resultin sucha belief.

If real-world beliefshave few degreesof freedom thenthey shouldbe concentratediearalow-
dimensionalsubsetof the high-dimensionabelief space—thats, the beliefs experiencedby the
controllershouldlie neara structured Jow-dimensionalsurfaceembeddedn the belief space.If
we can®nd this surface,we will have a representationf the belief statein termsof a small setof
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Most particles |:

are here

(a) A commonbelief (b) An unlikely belief

Figure4: Two exampleprobability distributionsover robotpose.The smallblack dotsare particles
drawn from thedistribution over discretegrid positions.Ontheleft is a distribution where
therobot'slocationis relatively certain;this kind of compactunimodaldistributionis very
commonin robotnavigation. Ontherightis avery different,implausibledistribution. The
right handdistributionis suf®ciently unlikely thatwe canafford to ignoreit; evenif weare
unableto distinguishthis belief from someotherbelief andasa resultfail to identify its
optimalaction,the quality of our controllerwill be unafected.

basesr features.Onebene®tof sucharepresentatiois thatwe will needto planonly in termsof
the small setof features:®nding valuefunctionsin low-dimensionakpacess typically easierthan
®ndingvaluefunctionsin high-dimensionaspaces.

Therearetwo potentialdisadwantagego this sortof representationThe ®rst is thatit contains
anapproximationwe areno longer®nding the complete pptimal POMDPpolicy. Instead(assug-
gestedn Figure5) we aretrying to ®nd representationsf the beliefwhich arerich enoughto allow
goodcontrol but which arealsosuf®ciently parsimoniougo make the planningproblemtractable.
The seconddisadwantageis a technicalone: becauseve aremakinga nonlineartransformatiorof
thebelief space POMDPplanningalgorithmswhich assume corvex valuefunctionwill nolonger
work. We discusghis problemin moredetailin Section6.

3. Dimensionality Reduction

In orderto ®nd a low-dimensionakepresentationf our beliefs,we will usestatisticaldimension-
ality reductionalgorithms(Cox & Cox, 1994). Thesealgorithmssearchfor a projectionfrom our
original high-dimensionatepresentationf our beliefsto alower-dimensionatompactepresenta-
tion. Thatis, they searchfor a low-dimensionakurface,embeddedn the high-dimensionabelief
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Conventional

Path Planner POMDP
Tractable Intractable
Not Robust Robust

Figure5: Themostusefulplanneries somavhereon a continuumbetweerthe MDP-styleapproxi-
mationsandthefull POMDPsolution.

space which passesiearall of the samplebeliefs. If we considerthe evolution of beliefs from
a POMDPasa trajectoryinsidethe belief space thenour assumptioris thattrajectoriesfor most
large, realworld POMDPslie neara low-dimensionakurfaceembeddedn the belief space.Fig-
ure 6 depictsan examplelow-dimensionakurfaceembeddedn the belief spaceof the three-state
POMDPdescribedn the previoussection.

Figure6: A one-dimensionaurface(blackline) embeddedh atwo-dimensionabelief spacggray
triangle). Eachblack dot representa singlebelief probability distribution experiencedy
thecontroller Thebeliefsall lie nearthelow-dimensionakurface.

Ideally, dimensionalityreductioninvolves no informationloss—allaspectof the datacanbe
recoveredequallywell from the low-dimensionalepresentatioasfrom the high-dimensionabne.
In practice,though,we will seethatwe canuselossyrepresentationef the belief (thatis, repre-
sentationghatmay notallow the original dataor beliefsto be recoveredwithout error) andstill get
goodcontrol. But, we will alsoseethat®ndingsuchrepresentationgf probabilitydistributionswill
requirea carefultrade-of betweenpreservingimportantaspectof the distributionsandusingas
few dimensionsaspossible We canmeasurehe quality of our representatioby penalizingrecon-
structionerrorswith alossfunction(Collins etal., 2002). Thelossfunction providesa quantitatve
way to measureerrorsin representinghe data,anddifferentlossfunctionswill resultin different
low-dimensionalepresentations.

Principal ComponentsAnalysis

One of the mostcommonforms of dimensionalityreductionis Principal ComponentsAnalysis
(Joliffe, 1986). Given a setof data,PCA ®ndsthe linear lowerdimensionakepresentationf the
datasuchthat the varianceof the reconstructedlatais presered. Intuitively, PCA ®nds a low-
dimensionahyperplanesuchthat, whenwe projectour dataonto the hyperplane the varianceof
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our datais changedslittle aspossible.A transformatiorthat preseresvarianceseemsappealing
becausat will maximally presere our ability to distinguishbetweenbeliefsthat are far apartin

Euclideannorm. As we will seebelow, however, Euclideannormis not the mostappropriatevay
to measuralistancebetweerbeliefswhenour goalis to presere the ability to choosegoodactions.

in B, the high-dimensionabelief space. We write thesebeliefs as column vectorsin a matrix
B = [byj:::jbn], whereB 2 RIS/ " We usePCA to computea low-dimensionatepresentationf
thebeliefshy factoringB into thematricesU andB,

B=UBT: 1)

In equation(1), U 2 RISI ! correspondso amatrix of baseghatspanthelow-dimensionabpaceof

| < jSjdimensionsB 2 R" ! representthedatain thelow-dimensionaspace? Fromageometric
perspectie, U comprisesasetof baseshatspanahyperplaneB in thehigh-dimensionaspaceof B;

B aretheco-ordinate®f thedataonthathyperplanelf nohyperplanef dimensionalityl existsthat
containgthe dataexactly, PCA will ®nd the surfaceof the givendimensionalitythatbestpreseres
the varianceof the data,after projectingthe dataonto that hyperplaneandthenreconstructingt.

Minimizing the changein variancebetweenthe original dataB and its reconstructiondB 7 is

equvalentto minimizing the sumof squarecerrorloss:

L(B;U;B) = kB UBTKZ: (2)

PCA Performance

Figure 7 shawvs a toy problemthat we can useto evaluatethe succesof PCA at ®nding low-
dimensionalepresentationsl he abstractnodelhasatwo-dimensionastatespace:.onedimension
of positionalongoneof two circularcorridors,andonebinaryvariablethatdeterminesvhich corri-

dorwe arein. Statess; : . : S1gg inclusive correspondo onecorridor, andstatess;o; : : : Spoo COrre-
spondto theother Therewardis ataknown positionthatis differentin eachcorridor;thereforethe
agenteeddo discoverits corridor, moveto theappropriatgosition,anddeclarat hasarrivedatthe
goal. Whenthegoalis declaredhe systenresetqregardlessof whetherthe agentis actuallyatthe

goal). Theagenthas4 actions:left , right , sense_corridor , anddeclare_goal . The
obsenationandtransitionprobabilitiesaregiven by discretizedvon Misesdistributions(Mardia &
Jupp,2000;Shatkay& Kaelbling,2002),anexponentialfamily distributionde®nedover[ : ).

Thevon Misesdistributionis a“wrapped”analogof a Gaussianit accountgor thefactthatthetwo
endsof thecorridorareconnectedBecauseghe sumof two von Misesvariateds anothewon Mises
variate,andbecause¢he productof two von Miseslik elihoodsis a scaledvon Miseslik elihood,we
canguaranteehatthetrue belief distribution is alwaysa von Misesdistribution over eachcorridor
aftereachactionandobsenation.

Thisinstanceof theproblemconsistof 200statesyith 4 actionsand102obsenations.Actions
1 and 2 move the controllerleft andright (with somevon Mises hoise)and action 3 returnsan
obserationthatuniquelyandcorrectlyidenti®eswhich half of themazetheagents in (thetop half
or the bottomhalf). Obsenrationsreturnedafteractionsl and?2 identify the currentstatemodulo

2. Mary descriptionof PCA arebasecbn afactorizationd SV T, with U andV column-orthonormaandS diagonal.
We could enforcea similar constraintby identifying B- = V S; in this casethe columnsof U would have to be
orthonormakhile thoseof B would have to beorthogonal.



100: theprobabilityof eachobsenationis avon Misesdistribution with meanequalto thetruestate
(modulo100). Thatis, theseobsenationsindicateapproximatelywherethe agentis horizontally

SR SR
Max Prob Max Prob Max Prob Max Prob.
Obs. = #1 Obs. = #3 Obs. = #5 Obs. = #10D
1 2 3 “ 5 6 7 100 Observation "top" after

| - - - - - <> <> g m mT>= 1 action#3has prob. 1

Reward——++——11 || |

Reward | Observation "bottom" afte|
- o o = ™ Enn o action #3 has prob. 1
» 101 102 103 104 105 106 107 200 =
~)

Figure 7: Thetoy mazeof 200states.

This mazeis interestingbecauset is relatively large by POMDP standardg200 states)and
containsa particularkind of uncertainty—theagentmustuseaction 3 at somepoint to uniquely
identify which half of the mazeit is in; the remainingactionsresultin obsenationsthat contain
no information aboutwhich corridor the agentis in. This problemis too large to be solved by
corventionalPOMDP valueiteration, but structuredsuchthat heuristicpolicieswill alsoperform

poorly.
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Figure8: Samplebeliefsfor thetoy problem from asamplesetof 500,atdifferent(hon-contiguous)
pointsin time. Theleft-mostbeliefis theinitial belief state.

We collecteda datasetof 500 beliefsand assessethe performanceof PCA on beliefsfrom
this problem.Thedatawerecollectedusinga hand-codedontroller alternatingatrandombetween
explorationactionsandthe MDP solution,takingasthe currentstatethe maximume-likelihoodstate
of thebelief. Figure8 shavs 4 samplebeliefsfrom this dataset. Notice thateachof thesebeliefsis
essentiallytwo discretizedvon Misesdistributionswith differentweights,onefor eachhalf of the
maze.The startingbelief stateis the left-mostdistribution in ®gure 8: equalprobability on the top
andbottomcorridors,andpositionalongthe corridorfollowing a discretizedson Misesdistribution
with concentratiorparametef..0 (meaninghatp(statg fallsto 1=eof its maximumvaluewhenwe
move 1=4 of theway aroundthe corridorfrom the mostlik ely state).

Figure9 examinesthe performancef PCA on representinghe beliefsin this datasetby com-
putingtheaverageerrorbetweertheoriginal beliefsB andtheirreconstructions) B2 In ®gure9(a)
we seetheaveragesquarederror (squared. ) comparedo the numberof basesandin ®gure9(b),
we seethe averageKullbach-Leibler(KL) divergence.The KL divergencebetweena belief b and

3. Weusea popularimplementatiorof PCA basednthe Golub-Reinschalgorithm(Golub& Reinsch1970)available
throughthe GNU Scienti®cLibrary (GalassiDavies, Theiler, Gough,JungmanBooth,& Rossi,2002).



its reconstructiom = UBfrom thelow-dimensionatepresentatiofyis givenby

¥8j
KL(bkr) = b(si) In

i=1

h(si)

r(si) ®)

Minimizing the squared. , erroris the explicit objective of PCA, but the KL divergenceis a more
appropriataneasuref how muchtwo probability distributionsdiffer.

Average L2 Error vs. Number of Bases

Number of Bases

(a) AverageSquared.-2 Error

Average KL Divergence vs. Number of Bases
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(b) AverageKL Divergence

Figure9: The averageerror betweenthe original samplesetB and the reconstructiondJB". (a)
Squared. » error, explicitly minimizedby PCA,and(b) theKL divergence.Theerrorbars
representhe standardleviation from the meanof the erroroverthe 500beliefs.

Unfortunately PCA performspoorly at representingrobability distributions. Despitethe fact
that probability distributionsin the collecteddatasethave only 3 degreesof freedom,the recon-
structionerror remainsrelatively high until somevherebetweenl0 and 15 basisfunctions. If we
examinethe reconstructiorof a samplebelief, we canseethe kinds of errorsthatPCA is making.
Figure10 shavs a samplebelief (the solid line) andits reconstructior{the dottedline). Noticethat
thereconstructedelief hassomestrangeartifacts:it containsringing (multiple smallmodes)and
alsois nggative in someregions.PCA s apurelygeometrigorocessit hasno notionof the original
dataas probability distributions, andis thereforefree to generateeconstruction®f the datathat
containnegative numbersor do notsumto 1.

Noticealsothatthe PCA processs makingits mostsigni®canterrorsin the low-probabilityre-
gionsof thebelief. Thisis particularlyunfortunatebecauseeal-world probabilitydistributionstend
to be characterizedby compactmasse®f probability, surroundedy large regionsof zeroproba-
bility (e.g.,®gure4(a)). Whatwe thereforeneedto do is modify PCAto ensurethereconstructions
areprobability distributions,andimprove the representationf sparseprobability distributions by
reducingthe errorsmadeon low-probability events.

The questionto be answereds whatlossfunctionsareavailableinsteadof the sumof squared
errors,asin equation(2). We would like a lossfunction that betterre ects the needto represent
probability distributions.

4. NotethatbeforecomputingtheKL divegencebetweerthereconstructiorandtheoriginal belief, we shift therecon-
structionto be non-ngative, andrescalat to sumto 1.
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An Example Belief and Reconstruction
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Figure 10: An examplebeliefandits reconstructionysing10 bases.

4. Exponential Family PCA

The corventionalview of PCA is ageometricone,®nding a low-dimensionaprojectionthat mini-
mizesthesquared-erroioss. An alternateview is a probabilisticone:if thedataconsistof samples
dravn from a probability distribution, then PCA is an algorithmfor ®nding the parametersf the
generatre distribution that maximizethe likelihood of the data. The squared-erroloss function
correspond$o anassumptionthatthe datais generatedrom a Gaussiardistribution. Collins etal.
(2002)demonstratethatPCA canbe generalizedo arangeof lossfunctionsby modelingthedata
with differentexponentialfamiliesof probability distributionssuchasGaussianbinomial,or Pois-
son.Eachsuchexponentiafamily distribution correspondso a differentlossfunctionfor avariant
of PCA,andCollins etal. (2002)referto the generalizatiorof PCA to arbitraryexponentialfamily
data-likelihoodmodelsas“Exponentialfamily PCA' or E-PCA.

An E-PCAmodelrepresentshereconstructedlatausinga low-dimensionalveightvectort, a
basismatrix U, andalink functionf :

b f(UDB (4)

EachE-PCA modelusesa differentlink function, which canbe derived from its datalikelihood
model(andits correspondingrror distribution andlossfunction). Thelink functionis a mapping
from the dataspaceto anotherspacan which thedatacanbelinearly represented.

Thelink functionf is the mechanismhroughwhich E-PCAgeneralizeslimensionalityreduc-
tion to non-linearmodels. For example,the identity link function corresponds$o Gaussiarerrors
andreducesE-PCAto regular PCA, while the sigmoidlink function correspondso Bernoulli er
rors and producesa kind of “logistic PCA' for 0-1 valueddata. Other nonlinearlink functions
correspondo othernon-Gaussiaexponentiafamiliesof distributions.

We can®nd the parametersf an E-PCA model by maximizingthe log-likelihood of the data
underthe model, which hasbeenshavn (Collins et al., 2002) to be equivalentto minimizing a
generalizedregmandivergence

Br (bkUD) = F(UB b UB+ F (b (5)

betweerthelow-dimensionahndhigh-dimensionatepresentationsyhich we cansolve usingcon-
vex optimizationtechniques.(HereF is a corvex functionwhosederiative is f , while F is the
corvex dual of F. We canignoreF for the purposeof minimizing equation5 sincethe value
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of bis ®xed.) TherelationshipbetweenPCA and E-PCA throughlink functionsis reminiscentof
the relationshipbetweeninear regressionand Generalized.inear Models (McCullagh& Neldet
1983).

To apply E-PCAto belief compressionwe needto choosea link function which accurately
re ects thefactthatour beliefsareprobability distributions. If we chooseahelink function

f (UD) = eVP (6)

P P
thenit is nothardto verify thatF (UB) = eYPandF (b) = bInb b. So,equatiorb becomes

X X
Br (bkUp= €'° b Ub+b Inb b @)

If wewriteB=f (UD), thenequation7 becomes
X X
Br (bkUB=b Inb b Inb+ B b= UK L(bkb)

whereUK L is theunnormalizeKL divergence.Thus,choosingthe exponentiallink function (6)
correspondgo minimizing the unnormalizedKL divergencebetweenthe original belief and its
reconstruction. This loss function is an intuitively reasonablehoicefor measuringthe error in
reconstructinga probability distribution® The exponentiallink function correspondso a Poisson
errormodelfor eachcomponentf thereconstructedelief.

Our choiceof lossandlink functionshastwo adwantages:®rst, the exponentiallink function
constrainour low-dimensionatepresentatiorV? to be positive. Secondpur errormodelpredicts
thatthe varianceof eachbelief components proportionatlto its expectedvalue. SincePCA makes
signi®canterrorscloseto 0, we wish to increasethe penaltyfor errorsin small probabilities,and
this errormodelaccomplisheghat.

If we computethelossfor all by, ignoringtermsthatdependonly onthedatab, therf

8
L(B;U;B) = e’ h ub (8)
i=1

Theintroductionof thelink functionraisesa question:insteadof usingthe complex machinery
of E-PCA, couldwe just choosesomenon-linearfunctionto projectthe datainto a spacewhereit
is linear, andthenusecornventionalPCA?The dif®culty with this approacthis of courseidentifying
thatfunction;in generalgoodlink functionsfor E-PCAarenotrelatedto goodnonlinearfunctions

5. If we hadchoserthe link functioneV®=" €Y we would have arrived at the normalizedKL divergence which is
perhapsanevenmoreintuitively reasonablevayto measureéheerrorin reconstructing probabilitydistribution. This
more-complicatedink functionwould have madeit moredif®cult to derive the Newton equationsn the following
pageshut notimpossible we have experimentedvith theresultingalgorithmandfoundthatit producesjualitatively
similar resultsto the algorithm describedhere. Using the normalizedKL divergencedoeshave one advantage:it
canallow usto getaway with onefewer basisfunction during planning,sincefor unnormalizedKL divergencethe
E-PCA optimizationmustlearna basiswhich canexplicitly representhe normalizationconstant.

6. E-PCA is relatedto Lee and Seungs (1999) non-ngative matrix factorization. One of the NMF loss functions
presentedy Lee and Seung(1999)penalizeshe KL-divergencebetweena matrix andits reconstructionaswe do
in equatiors; but, theNMF lossdoesnotincorporatealink functionandsois notanE-PCAloss. AnotherNMF loss
functionpresentedy LeeandSeung(1999)penalizesquarecerrorbut constrainghefactorsto be nonngative; the
resultingmodelis anexampleof a (GL)?M, ageneralizatiorof E-PCAdescribedy Gordon(2003).
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to applybeforeperformingregularPCA. So,while it mightappeareasonabléo usePCAto ®nd a
low-dimensionakepresentationf the log beliefs,ratherthanuseE-PCAwith an exponentiallink
functionto ®nd a representationf the beliefsdirectly, this approactperformspoorly becausehe
surfaceis only locally well-approximatedy alog projection.E-PCA canbeviewedasminimizing
aweightedleast-squarethatchooseshe distancemetric to be appropriatelylocal. Using corven-
tional PCA over log beliefsalsoperformspoorly in situationswherethe beliefscontainextremely
smallor zeroprobability entries.

Finding the E-PCA Parameters

Algorithmsfor corventionalPCA areguaranteetb corvergeto auniqueanswelindependentf ini-
tialization. In general E-PCA doesnot have this property:thelossfunction (8) may have multiple
distinctlocal minima. However, the problemof ®ndingthebesB givenB andU is corvex; cornvex
optimizationproblemsarewell studiedandhave uniqueglobal solutions(Rockafellay 1970). Sim-
ilarly, the problemof ®ndingthebestU givenB andB is corvex. So,the possibleocal minimain
thejoint spaceof U andB arehighly constrainedand®nding U andB™ doesnot requiresolvinga
generahon-cowex optimizationproblem.

Gordon(2003) describesa fast, Newton's Method approachfor computingU and B which
we summarizehere. This algorithmis relatedto Iteratvely ReweightedLeastSquaresa popular
algorithmfor generalizedinearregressionNMcCullagh& Nelder 1983).In orderto useNewton's
Methodto minimize equation(8), we needits derivative with respecto U andB':

@ sup = P @

@JL(B,U,B) @’ @JB UB (9)
= eUB)gT BBT (10)
= (eVB)  B)BT (11)

and

—@L(B;U;B) - Qe Qg p (12)

@B @
= UTelVB) uTB (13)
= UT(eY®)  B): (14)

If we setthe right handside of equation(14) to zero,we caniteratively computeB'j, thej th

columnof B, by Newton's method.Let ussetq(B ;) = UT (elV®1) B ), andlinearizeaboutB |
to ®nd rootsof g(). This gives

aAB;)
T(a(UBj) .
BIY B = U (e Bj) (16)
aAB;)
Notethatequationl5 is a formulationof Newton's methodfor ®nding rootsof g, typically written
as

Xn+1 - Xn qu )
n
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We needan expressiorfor g®

@ _ @ 1, us)
= U B 18
&, & (e i) (18)
= @ yrauen (19)
@
= uU'D;U (20)

We de®neD; in termsof thediag operatorthatreturnsa diagonalmatrix:

Dj = diag (e"®i); (21)
where 2
b(sg) ::: 0
dagh=9 : . : & 22)
0 i b(ss))
Combiningequation(15) andequation(20), we get
(UTDjU)(BT™ Bj) = UT(B; €'F)) (23)
UTD;UBT™ = (U'D;U)B;+UTD;D; '(B; €'%) (24)
= UTDj(UB; +D; ¥(B; %) (25)

which is a weightedleast-squareproblemthat can be solved with standardinear algebratech-
nigues. In orderto ensurethat the solutionis numericallywell-conditioned,we typically add a
regularizerto thedivisor, asin

UTD;(UB; + D; 1B Vi)

BheW = 26
J (UTDjU + 10 °1y) (26)
wherel| isthel | identity matrix. Similarly, we cancomputea newv U by computingU; , theit"
row of U, as
grew = (Ui B+ (Bi eV ByD, HhDiBT 7
i :

(BD;BT + 10 5I))

The E-PCA Algorithm

We now have analgorithmfor automatically®nding a goodlow-dimensionakepresentatioB for
the high-dimensionabelief setB. This algorithmis givenin table 1; the optimizationis iterated
until someterminationconditionis reachedsuchasa ®nite numberof iterations,or whensome
minimumerror is achieved.

The steps7 and9 raiseoneissue. Although solving for eachrow of U or columnof B sepa-
ratelyis a corvex optimizationproblem,solvingfor the two matricessimultaneouslys not. We are
thereforesubjectto potentiallocal minima;in our experimentsve did not®nd thisto beaproblem,
but we expectthatwe will needto ®nd waysto addresshelocal minimumproblemin orderto scale
to evenmorecomplicateddomains.

14



Collectasetof samplebeliefsfrom the high-dimensionabelief space
Assemblehesamplesnto thedatamatrixB = [lyj:::jbg;]
Chooseanappropriatdossfunction,L (B ; U; B)
Fix aninitial estimatefor B'andU randomly
do

For eachcolumnB’; 2 B,

ComputeB}*" usingcurrentU estimatefrom equation(26)
Foreachrow U; 2 U,

© ©® N o g A~ w DR

ComputeU"" usingnew B estimaterom equation(27)
. whileL(B;U;B) >

=
o

Table1: TheE-PCAAlgorithm for ®ndingalow-dimensionatepresentationf aPOMDR including
Gordons Newton's method(2003).

OncethebasedJ arefound,®ndingthe low-dimensionalepresentationf a high-dimensional
beliefis a corvex problem;we cancomputethe bestanswerby iteratingequation(26). Recovering
afull-dimensionalbelief b from thelow-dimensionalepresentatiof is alsovery straightforvard:

x = e!P; (28)

Ourde®nitionof PCA doesnotexplicitly factorthedatainto U, S andB” asmary presentations
do. In this three-partrepresentationf PCA, S containsthe singularvaluesof the decomposition,
andU andB areorthonormal We usethetwo-partrepresentatioB  f (UB’) becausehereis no
guantityin the E-PCAdecompositionwhich correspondso thesingularvaluesin PCA. As aresult,
U andB will notin generabe orthonormal.lf desiredthoughi,it is possibleto orthonormalizeJ
asanadditionalstepafteroptimizationusingconventionalPCA andadjustB accordingly

5. E-PCA Performance

Using the loss function from equation(8) with the iterative optimizationproceduredescribedoy
equation(26) andequation(27) to ®nd the low-dimensionafactorizationwe canlook at how well
this dimensionality-reductioprocedurgerformson somePOMDPexamples.

Toy Problem

Recallfrom ®gure9 thatwe wereunableto ®nd goodrepresentationsf the datawith fewerthanl10
or 15 basesgventhoughour domainknowledgeindicatedthat the datahad 3 degreesof freedom
(horizontalpositionof the modealongthe corridor, concentratioraboutthe mode,andprobability
of beingin the top or bottomcorridor). Examiningone of the samplebeliefsin ®gure 10, we sav
that the representatiomvasworstin the low-probability regions. We cannow take the samedata

15



setfrom the toy example,useE-PCA to ®nd a low-dimensionalrepresentatiomnd comparethe
performanceof PCA andE-PCA. Figurel1(a)shavs thatE-PCAis substantiallymoreef®cient at
representinghedata,aswe seetheKL divergencefalling very closeto 0 after4 basesAdditionally,
thesquared. , errorat4 baseds 4:64 10 “. (We need4 basedor perfectreconstructionrather
than3, sincewe mustincludea constantbasisfunction. The smallamountof reconstructiorerror
with 4 basesemainsbecauseve stoppedhe optimizationprocedureeforeit fully corverged.)

Figure11(b)shaws the E-PCAreconstructiorof the sameexamplebelief asin ®gure 10. We
seethatmary of theartifactspresenin the PCA reconstructiorareabsentUsingonly 3 basesywe
seethatthe E-PCAreconstructioris alreadysubstantiallypetterthanPCA using10 basesalthough
therearesomesmallerrorsatthe peaksof thetwo modes.(Using4 basesthe E-PCAreconstruction
is indistinguishableo the naked eye from the original belief.) Thiskind of accurag for both 3 and
4 basess typical for this dataset.

Robot Beliefs

Although the performanceof E-PCA on ®nding good representationsf the abstractproblemis
compelling,we would ideally like to be ableto usethis algorithmon real-world problems,such
asthe robot navigation problemin ®gure 2. Figures12 and13 shaw resultsfrom two suchrobot
navigation problems,performedusing a physically-realisticsimulation (althoughwith arti®cially
limited sensinganddead-reckning). We collecteda samplesetof 500 beliefsby moving therobot
aroundtheernvironmentusingaheuristiccontroller andcomputedhelow-dimensionabelief space
B accordingto the algorithmin table 1. The full statespaceis 47.7m  17m, discretizedto a
resolutionof Im  1m per pixel, for a total of 799 states. Figure 12(a) shovs a samplebelief,
and ®gure 12(b) the reconstructiorusing 5 bases. On the right of ®gure 12 we seethe average
reconstructiorperformancef the E-PCA approachmeasure@saverageKL-divergencebetween
the samplebelief andits reconstructionFor comparisonthe performancef bothPCA andE-PCA
are plotted. The E-PCA error falls to 0:02 at 5 basessuggestinghat 5 basesare suf®cient for
goodreconstructionThisis avery substantiateduction allowing usto representhe beliefsin this
problemusingonly 5 parameters;atherthan799 parametersNotice thatmary of the statedie in
regionsthatare“outside” the map;thatis, statesghat cannever receve probability masswerenot
removed. While remaving thesestateswould be a trivial operationthe E-PCAis correctlyableto
do soautomatically

In ®gure 13, similar resultsareshavn for a differentervironment. A samplesetof 500 beliefs
wasagain collectedusinga heuristiccontroller andthe low-dimensionabelief spaceB wascom-
putedusingthe E-PCA. The full statespaceis 53:6m  37:9m, with aresolutionof :5m  :5m
perpixel. An examplebeliefis shavn in ®gure 13(a),andits reconstructiorusing6 basess shovn
®gure 13(b). Thereconstructiorperformanceasmeasuredy the averageKL divergenceis shovn
in ®gure13(c);theerrorfalls very closeto 0 aroundé baseswith minimal improvementthereafter

6. Computing POMDP policies

The Exponential-&mily Principal ComponentsAnalysis model gives us a way to ®nd a low-di-
mensionalrepresentatiorof the beliefs that occurin ary particularproblem. For the two real-
world navigation problemswe have tried, the algorithmprovedto be effective at ®nding very low-
dimensionafrepresentationshaving reductiondrom  800statesand  2; 000 statesdown to 5
or 6 bases.A 5 or 6 dimensionabelief spacewill allow muchmoretractablecomputationof the
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Average KL Divergence vs. Number of Bases (E-PCA) An Example Belief and Reconstruction Using 3 Bases
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Figure11: (a) TheaverageKL divergencebetweerthe original samplesetandthe reconstructions.
TheKL divegenceis 0:018after4 basesTheerrorbarsrepresenthe standardleviation
from the meanover the 500 beliefs. (b) The sameexamplebelief from ®gure 10 andits
reconstructiorusing3 bases.The reconstructiorshavs small errorsat the peakof each
mode.Not shavn is thereconstructiorusing4 basesin which the original belief andits
reconstructiorareindistinguishabldo the naked eye. (c) and(d) shav ®ne detail of the
original beliefandthereconstructiorin two partsof the statespace Althoughtherecon-
structionis notperfect,in thelow-probabilityareawe seethattheerroris approximately
2 10°.

value function, andsowe will be ableto solve muchlarger POMDPsthanwe could have solved
previously.
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KL Divergence between Sampled Beliefs and Reconstructions

KL Divergence

1 2 3 4 5 6 7 8 9

Number of Bases

(c) Reconstructiomperformance

(b) Reconstruction

Figure12 (a) A samplebelief for the robot navigationtask. (b) The reconstructiorof this belief
from the learnedE-PCA representatiomising 5 bases.(c) The averageKL divemgence
betweenthe samplebeliefsandtheir reconstructionggainstthe numberof basesused.
Noticethatthe E-PCA error falls closeto O for 5 baseswhereasonventionalPCA has
muchworsereconstructiorerrorevenfor 9 basesandis notimproving rapidly.

KL Divergence between Sampled Beliefs and Reconstructions
4
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KL Divergence
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(a) A samplebelief (b) Thereconstruction (c) Averagereconstructiomperfor
mance

Figure13 (a) A samplebelief for the navigation problemin Longwood, cf. ®gure2. (b) There-
constructionfrom the learnedE-PCA representationising6 bases.(c) The averageKL
divergencebetweenthe samplebeliefs and their reconstructionggainstthe numberof
basesised.

Unfortunately we canno longerusecorventionalPOMDP valueiterationto ®nd the optimal
policy giventhelow-dimensionaketof belief spacefeatures.POMDP valueiterationdependsn
the fact that the value function is corvex over the belief space. Whenwe computea non-linear
transformationof our beliefsto recover their coordinateson the low-dimensionalbelief surface,
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we lose the corvexity of the value function (compare®gure 3 and ®gure 6 to seewhy). As a
result, the value function cannotbe expressedasthe supremumof a setof hyperplanesover the
low-dimensionabelief space.

So, insteadof using POMDP value iteration, we will build a low-dimensionaldiscretebelief
spaceVIDP anduseMDP valueiteration. Sincewe do notknow theform of thevaluefunction,we
will turnto functionapproximationGordon(1995)provedthatthe tted valueiterationalgorithmis
guaranteetb ®nd abounded-erroapproximatiorto a (possiblydiscountedMDP's valuefunction,
solong aswe useit in combinationwith a function approximatorthatis an avemager. Averagers
arefunctionapproximatorsvhich arenon-epansionsn max-norm;thatis, they do not exaggerate
errorsin their training data. In our experimentsbelonv we useregular grids aswell asirregular,
variable-resolutiorgrids basedon 1-nearest-neighbadiscretization representedyy a setof low-
dimensionabeliefsB

B = fbl;bz;:::;qgjg: (29)

Both of theseapproximationareaveragersptheraveragersncludelinearinterpolation k-nearest-
neighborsandlocal weightedaveraging. We will notfocusin detail on the exact mechanisnfor
discretizingthe low-dimensionalspace asthis is outsidethe scopeof this paper The resolution
of theregulargrid in all casesvaschoserempirically;in section7 we describea speci®cvariable
resolutiondiscretizationschemehat worked well empirically The readercanconsultMunosand
Moore (2002)or ZhouandHansen(2001)for moresophisticatedepresentations.

The®ttedvalueiterationalgorithmuseghefollowing updaterule to computeat-steplookahead
valuefunctionV! froma(t 1)-steplookaheadsaluefunctionVt 1:

0 1
B
Vi) = max@r (B8 + T (Biahy) VA (30)

j=1

HereR andT areapproximatereward and transitionfunctionsbasedon the dynamicsof our
POMDR the resultof our E-PCA, andthe ®nite setof low-dimensionalbelief sample” that
we are usingasour function approximatar Note thatin all problemsdescribedn this paper the
problemdid notrequirediscounting( = 1). Thefollowing sectionsdescribehow to computethe
modelparameterk andT .

Computing the Reward Function

Theoriginal revardfunctionR(s; a) representsheimmediatereward of takingactiona at states.

We cannotknow, given eithera low-dimensionalor high-dimensionabelief, what the immediate
rewardwill be,but we cancomputethe expectedreward. We thereforerepresenthereward asthe
expectedvalueof theimmediatereward of thefull model,underthe currentbelief:

R (b;a)

Ep (R(s:a)) (31)

i
R(si;a)b(si): (32)
i=1

Equation(32) requiresusto recover the high-dimensionabelief b from the low-dimensionalepre-
sentatiord , asshovn in equation(28).
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For mary problems,the reward function R will have the effect of giving a low immediate
reward for belief stateswith high entrofy. Thatis, for mary problemsthe plannerwill be driven
towardsbeliefsthat are centredon high-revard statesand have low uncertainty This propertyis
intuitively desirable:in suchbeliefs the robot doesnot have to worry aboutan immediatebad
outcome.

Computing the Transition Function

Computingthelow-dimensionatransitionfunction T = p(B ja; B ) is notassimpleascomputing
the low-dimensionalreward function R : we needto considerpairs of low-dimensionalbeliefs,
B andfj. In the original high-dimensionabelief space the transitionfrom a prior belief b to a
posteriorbeliefly is describedy the Bayes®lter equation:

8
b(s) = O(s;a;z)  T(sk;a;s)bi(sk) (33)
k=1

Herea is theactionwe selectedandz is theobserationwe sav; T is theoriginal POMDPtransition
probability distribution,andO is the original POMDPobsenration probability distribution.

Equation(33) describesa deterministictransition conditionedupon a prior belief, an action
and an obsenation. The transitionto the posteriorly is stochastiovhenthe obseration is not
known; thatis, the transitionfrom by to Iy occursonly whena speci®cz is generatedand the
probability of this transitionis the probability of generatingobserationz. So,we canseparatehe
full transitionprocessnto a deterministidransitionto by, the belief afteractingbut beforesensing,
andastochastidransitionto ly , thefull posterior:

&I
T(sj;a;s)b(s)) (34)

j=1
O(s; a;z)ba(s): (35)

ba(s)

b (s)

Equations34 and 35 describethe transitionsof the high-dimensionabeliefs for the original
POMDP. Basedon thesehigh-dimensionatransitions we cancomputethe transitionsin our low-
dimensionahpproximateéelief spaceMDP. Figure14 depictstheprocessAs the®gureshavs, we

OO

Low dimensional

) ) V V High dimensional V
action observation
a z

—

Figure 14: Theprocesof computinga singletransitionprobability.

startwith alow-dimensionabeliefty . Fromti wereconstructthigh-dimensionabeliefbaccording
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to equation(28). Thenwe applyanactiona andanobsenationz asdescribedn equation(34) and
equation(35) to ®nd the new belief B. Oncewe have B’ we cancompresst to a low-dimensional
representatiofi® by iteratingequation(26). Finally, sincet® may not be a memberof our sample
B of low-dimensionabelief stateswe mapt’to a nearbyly 2 B accordingto our function
approximator

If our functionapproximatoiis a grid, the last stepabore meansreplacingt’ by a prototypical
B which sharesits grid cell. More generally our function approximatormay represent’ asa
combinatiorof severalstatesputtingweightw (1 ) on eachy . (Forexample,f ourapproximator
is k-nearest-neighbow(q ) = %foreachof theclosesk samplesn B .) In thiscasewvereplace
thetransitionfrom By to BPwith severaltransitionsgachfromj to somef , andscaletheprobability
of eachoneby w(f ; ).

For eachtransitionfy ! b! by! P! P! B we canassigna probability

Y8
p(z;jji; @) = p(zjba) w(By;0) = w(ly; ) p(zisi)ba(si) (36)
I=1
Thetotaltransitionprobability T (1 ; ;8 ) is thesum,overall obserationsz, of p(z;] ji; a). Step
3 in table2 performsthis computationput shareswork betweerthe computationof T (15 ; a;1 )

for differentposteriorbeliefsty which arereachabldrom the sameprior belieffy underactiona.

Computing the Value Function

With therewardandtransitionfunctionscomputedn the previous sectionswe canusevalueitera-
tion to computethe valuefunctionfor our belief spaceMDP. Thefull algorithmis givenin table2.

7. Solving Lar ge POMDPs
Toy problem

We ®rst testedthe E-PCAbelieffeaturesusingaregulargrid representatioon a versionof the toy
problemdescribeckarlier To ensurethatwe only neededh smallsetof beliefsampledy , we made
thegoalregionlarger We alsouseda coarsewdiscretizatiorof the underlyingstatespaceg40 states
insteadof 200)to allow usto computethe low-dimensionamodelmorequickly.

Figure 15 shavs a comparisorof the policiesfrom the differentalgorithms. The E-PCAdoes
approximateljtwice aswell asthe Maximume-Likelihoodheuristic;this heuristicguesse#s corri-
dor, andis correctonly abouthalf the time. The “AMDP Heuristic” algorithmis the Augmented
MDP algorithmreportedoy Roy and Thrun (1999). This controllerattemptgo ®nd the policy that
will resultin the lowest-entrog belief in reachingthe goal. This controllerdoesvery poorly be-
causst is unableto distinguishbetweera unimodalbeliefthatknows which corridorit is in but not
its positionwithin the corridor, anda bimodalbelief thatknows its positionbut not which corridor.
Theresultsin ®gure 15 areaveragedover 10000trials.

It shouldbenotedthatthis problemis suf®ciently smallthatcorventionalPCAfaresreasonably
well. Inthenext sectionsyewill seeproblemsvherethePCArepresentatiodoespoorlycompared
to E-PCA.
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1. Generatehediscretdow-dimensionabeliefspaceB usingE-PCA(cf. tablel)
2. Computethelow-dimensionatewardfunctionR :
Foreachb 2 B ;a2 A
(a) Recarerbfromb
(b) ComputeR (b;a) = P ‘,i‘l R(si; a)b(si).
3. Computethelow-dimensionatransitionfunctionT :
Foreachy 2 B ;a2 A
@) Foreachq T (tq;a;lq) =0
(b) Recwverby fromB
(c) For eachobsenrationz
(d) Computely from the Bayes'®Iter equation(33) andb.
(e) Computei’from by by iteratingequation(26).
(f For eachty with w(ty ;1) > 0
(9) Add p(z; ] ji; @) from equation(36)to T (B ;a;1 )
4. Computethevaluefunctionfor B
(@ t=0
(b) Foreachly 2 B :VO(f) =0
(c) do
(d) change=0
(e) Foreachl 2 B :
VD) = maxs R (ia)+ 5T (@ian) VEim)
a ) j=1 y A,y
change= changer V() V! i(fy)
(f) while change> 0

Table 2: Valuelterationfor anE-PCAPOMDP

Robot Navigation

We testedthe E-PCA POMDP algorithmon simulatedrobot navigation problemsin two example
ervironments,the WeanHall corridor shavn in ®gure 16 and the Longwood retirementfacility
shawvn in ®gure 1(b). The modelparametersregiven by robot navigation models(seeFox et al.,
1999).

We evaluatedthe policy for the relatively simple problemdepictedin ®gure 16. We setthe
robot's initial belief suchthatit may have beenat one of two locationsin the corridor, with the
objectie to getto within 0:1m of the goal state(eachgrid cell is 0:2m  0:2m). The controller
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Average reward vs. Number of Bases
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Figure15 A comparisorof policy performancausingdifferentnumbersof basesfor 10000trials,
with regular grid discretization.Policy performancevasgiven by total revard accumu-
latedover trials.

recevedareward of +1000 for arriving atthe goalstateandtakinganat_goal action;areward
of 1000wasgivenfor (incorrectly)takingthis actionat a non-goalstate. Therewasa reward of

1 for eachmotion. The statesusedfor planningin this examplewere the 500 statesalongthe
corridor, andthe actionswereforward andbackward motion.

Figurel6 shavs asamplerobottrajectoryusingthe E-PCApolicy and5 basisfunctions.Notice
thatthe robotdrivespastthe goalto thelab doorin orderto verify its orientationbeforereturning
to the goal; therobotdoesnot know its true position,andcannotknow thatit is in factpassinghe
goal. If the robot had startedat the otherend of the corridor, its orientationwould have become
apparenbnits wayto thegoal.

True Start State | Start Position

Figure16: An examplerobottrajectory usingthe policy learnedusing5 basisfunctions.On theleft
arethe startconditionsandthe goal. On theright is the robottrajectory Noticethatthe
robotdrivespastthe goalto thelab doorto localizeitself, beforereturningto the goal.

Figurel7 shovstheaveragepolicy performancdor threedifferenttechniquesThe Maximum-
Likelihood heuristic could not distinguishorientations,and thereforeapproximately50% of the
time declaredhegoalin thewrongplace.We alsoevaluateda policy learnedusingthebests bases
from corventionalPCA. This policy performedsubstantiallybetterthanthe maximume-likelihood
heuristicin that the controller did not incorrectly declarethat the robot had arrived at the goal.
However, this representatioicould not detectwhenthe robotwasat the goal, andalsochosesub-
optimal (with respecto the E-PCApolicy) motionactionsregularly. The E-PCAoutperformedhe
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othertechniguesn this examplebecausé wasableto modelits beliefaccuratelyin contrasto the
resultin ®gurel5wherePCA hadsuf®cientrepresentatioto performaswell or betterthanE-PCA.

Policy perfomance on Mobile Robot Navigation
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Figure17. A comparisorof policy performanceaisingE-PCA,cornventionalPCA andthe Maximum
Likelihoodheuristic,for 1,000trials.

Figure18(a)shawvs a secondexampleof navigationin simulation. Notice thattheinitial belief
for this problemis bi-modal; a good policy will take actionsto disambiguatehe modesbefore
proceedingo thegoal. Usinga samplesetof 500beliefs,we computedhe low-dimensionabelief
spaceB. Figure 18(b) shavs the averageKL divergencebetweenthe original and reconstructed
beliefs. Theimprovementin the KL divergenceerrormeasuresloved down substantiallyaround6
baseswe thereforeused6 basego representhe belief space.

Figure18(c)shovs anexampleexecutionof the policy computedusingthe E-PCA. Thereward
parametersverethe sameasin the previous navigation example. Therobotparametersvere max-
imum laserrangeof 2m, andhigh motion modelvariance. The ®rst actionthe policy chosewas
to turn the robotaroundandmove it closerto the nearestvall. This hadthe effect of eliminating
thesecondlistribution modeontheright. Therobotthenfollowedessentiallya“coastal’trajectory
up theleft-handwall in orderto staylocalized,althoughthe uncertaintyin they directionbecame
relatively pronounced.We seethat asthe uncertaintyeventually resolhed itself at the top of the
image,therobotmovedto thegoal.

It is interestingto notethatthis policy containsa similar “coastal” attribute assomeheuristic
policies((e.g.,the Entropy heuristicandthe AMDP Cassandrakaelbling, & Kurien, 1996; Roy
& Thrun,1999). However, unlike theseheuristics the E-PCArepresentatiowasableto reachthe
goalmoreaccurately(thatis, getcloserto the goal). This representatiowassuccessfubecausét
wasablemoreaccuratelyto representhe beliefsandthe effectsof actionson thebeliefs.

Finding People

In additionto the syntheticproblemandthe robot navigation problemsdescribedn the previous
sectionswe alsotestedour algorithmon a more complicatedPOMDP problem,that of ®nding a
personor objectmoving aroundin anenvironment. This problemis motivatedfrom the Nursebot
domainwhereresident&xperiencingcognitive declinecansometime®ecomedisorientecandstart
to wander In orderto make betteruseof the health-caregroviders' time, we would like to usea

24
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Figure18: (a) The samplenavigation problemin Longwood, cf. ®gure 2. This probleminvolves
multi-modal distributions. (c) The averageKL divergencebetweenthe samplebeliefs
andtheir reconstructionggainstthe numberof basesused,for 500 sampleseliefs for
a navigatingmobile robotin this ervironment. (d) A comparisorof policy performance
usingE-PCA, corventionalMDP andthe AMDP heuristic.

robot suchas Pearl(®gure 1(a)) to ®nd the residentsquickly. We assumehat the personis not
adwersarial.

The statespacein this problemis much larger than the previous robot navigation problems:
it is the cross-producof the persons positionandthe robot's position. However, we assumefor
simplicity thatthe robot's positionis known, andthereforethe belief distribution is only over the
persons position. Thetransitionsof the persorstatefeaturearemodelledoy Brownianmotionwith
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(a) Original Belief (b) Reconstructionvith PCA

(c) Reconstructionvith E-PCA

Figure19 Theperformancef PCAandE-PCAonasamplebelief. Themapis 238 85grid cells,
ata 0:2m resolution. (a) A samplebelief. (b) The PCA reconstructionusing40 bases.
(c) The E-PCAreconstructionysing6 bases.

a ®xed, known velocity, which modelsthe persons motion asrandom,independenbf the robot
position. (If the personwasmoving to avoid being“captured”by the robot, a differenttransition
modelwould be required.) We assumethat the position of the personis unobserable until the
robotis closeenoughto seethe person(whentherobothasline-of-sightto the personup to some
maximumrange,usually 3 metres);the obseration model has 1% false negatives and no false
positives. Therewardfunctionis maximalwhenthe persorandtherobotarein the samelocation.

Figurel9(a)shovsanexampleprobabilitydistributionthatcanoccurin thisproblem(notshovn
is therobot's position). Thegrey dotsareparticlesdravn from the distribution of wherethe person
couldbein theernvironment. Thedistributionis initially uniformoverthereachablareaqinsidethe
blackwalls). After the robotrecevessensordata,the probability massis extinguishedwithin the
sensorangeof therobot. As therobotmaovesaroundmoreof the probabilitymasss extinguished,
focusingthedistribution ontheremainingplaceshe personcanbe. However, the probability distri-
bution startsto recover massin placestherobotvisits but thenleaves. In the particle®lter, this can
bevisualizedasparticlesleakinginto areaghatwerepreviously emptiedout.

We collecteda setof 500 belief sampleausinga heuristiccontrollergiven by driving the robot
to the maximumlik elihoodlocationof the personandusede-PCAto ®nd agoodlow-dimensional
representationf the beliefs. Figure 19(b) shavs the reconstructiorof the examplebelief in ®g-
ure 19(a), using corventionalPCA and 40 bases.This ®gure shouldreinforcethe ideathat PCA
performspoorly at representingprobability distributions. Figure 19(c) shavs the reconstruction
usingE-PCAand6 baseswhichis a qualitatvely betterrepresentationf the original belief.
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Recallfrom section6 thatwe useafunctionapproximatofor representinghevaluefunction. In
the precedingexampleswe useda regular grid over the low-dimensionakurfacewhich performed
well for ®nding goodpolicies. However, the problemof ®nding peopleempirically requiresa ®ner
resolutionrepresentatiothanwould be computationallytractablewith aregulargrid. We therefore
turnto adifferentfunctionapproximatorthe 1-nearest-neighbowariableresolutiorrepresentation.
We addnew low-dimensionabelief statesto the modelby periodicallyre-evaluatingthe modelat
eachgrid cell, andsplitting the grid-cell into smallerdiscretecellswherea statisticpredictedfrom
the modeldisagreesvith the statisticcomputedirom experience.A numberof differentstatistics
have beensuggestedbr testingthemodelagainstdatafrom therealworld (Munos& Moore,1999),
suchasreductionin reward variance,or value function disagreementWe have optedinsteadfor
a simplercriterion of transitionprobability disagreementWe examinethe policy computedusing
a®xedrepresentatiomndalsothe policy computedusinganincrementallyre®nedrepresentation.
Note thatwe have not fully exploredthe effect of differentvariableresolutionrepresentationsf
thevaluefunction, e.g.,usingk-nearest-neighbounterpolationssuchasdescribedy Hauskrecht
(2000). Theseexperimentsare beyond the scopeof this paper asour focusis on the utility of the
E-PCAdecompositionNo variableresolutionrepresentatioof a valuefunctionhasbeenshowvn to
scaleeffectively beyondafew tensof dimensionsatbest(Munos& Moore,2002).

This problemsharesnary attributeswith the robotnavigation problem,but we seein ®gure 19
and®gures20 and 21 that this problemgeneratespatialdistributions of highercompleity. It is
someavhatsurprisingthat E-PCAis ableto ®nd a goodrepresentationf thesebeliefsusingonly 6
basesandindeedthe averageKL divergences generallyhigherthanfor therobotnavigationtask.
Regardlesswe areableto ®nd goodcontrollers,andthis is an exampleof a problemwherePCA
performsvery poorly evenwith alarge numberof bases.

Figure 20 showns an exampletrajectoryfrom the heuristiccontrol strateyy, driving the robot
to the maximumlik elihoodlocationof the personat eachtime step. The opencircle is the robot
position, starting at the far right. The solid black circle is the position of the person,which is
unobserableby therobotuntil within a3m range.Thepersonstartsin theroomabove the corridor
(a),andthenmovesdown into the corridor oncethe robothasmovedto the far endof the corridor
(b). As therobotreturnsto searchinsidethe room (c) and(d), the personmovesunobsered into
the previously searchedorridor (e). Althoughwe have deliberatelychoseran examplewherethe
heuristicperformspoorly, the personis not following an unlikely or adwersarialtrajectory: at all
timesthe solid black circle remainsin regions of high probability The robot's belief accurately
re ects the possibility thatthe persorwill slip past,but the heuristiccontrolalgorithmhasno way
to take this possibilityinto account.

Usingthe policy foundfor the low-dimensionabelief spaceasdescribedn previous sections,
we are ableto ®nd a muchbettercontroller A sampletrajectoryfor this controlleris shavn in
®gure21. Therobottravelsfrom the right-mostpositionin the corridor (a) to only part-way down
the corridor (b), andthenreturnsto explore the room (c) and(d). In this example,the persons
startingpositionwasdifferentfrom theonegivenin the previousexample—thee-PCApolicy would
®ndthepersoratthis point, startingfrom thesamanitial conditionsasthepreviousexample).After
exploring theroomandeliminatingthe possibility thatthe personis insidetheroom (e), the policy
hasreducedhe possiblelocationsof the persondown to the left-handend of the corridor, andis
ableto ®nd the persorreliably atthatlocation.

Note that ®gures20 and 21 have the target personin the worst-casestart position for each
planner If the persornwerein the samestartpositionin ®gure 21 asin ®gure 20, the policy would
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Figure 20. An exampleof asuboptimaperson®ndingpolicy. Thegrey particlesaredravn from the
distribution of wherethepersormightbe,initially uniformly distributedin (a). Theblack
dot s the true (unobserable) positionof the person. The opencircle is the obserable
position of the robot. Throughthe robot's poor action selection,the personis able to
escapento previously exploredareas.

have foundthe personby panel(d). Similarly, if the personhadstartedat the endof corridorasin
®gure21,thepolicy shavn in ®gure 20 would have foundthe personby panel(b).

Figure22 shavs a quantitatve comparisorof the performancef the E-PCAagainsta number
of otherheuristiccontrollersin simulation,comparingthe averagetime to ®nd the personfor these
differentcontrollers. The solid line depictsthe baselinegperformanceusinga controllerthat has
accesdo thetrue stateof the personat all times(i.e., a fully obserablelower boundon the best
possibleperformance)Thetravel timein this cases solelyafunctionof thedistancdo the person;
no searchings necessaryr performed.Of coursethisis not arealizablecontrollerin reality. The
othercontrollersare:

Closest:Therobotis drivento the nearesstateof non-zergprobability.
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Figure21: Thepolicy computedusingthe E-PCArepresentationTheinitial conditionsin panel(a)
arethe sameasin ®gure 20. Noticethat, unlike the previous®gure, this stratgly ensures
thattheprobabilitymasss locatedin oneplace,allowing therobotto ®nd thepersonwith
signi®cantlyhigherprobability

DensestTherobotis drivento thelocationfrom which the mostprobabilitymasss visible.
MDP: Therobotis drivento themaximume-likelihoodstate.

PCA: A controller found using the PCA representatiorand a ®xed discretizationof the low-
dimensionaburface.

E-PCA: The E-PCA controller using a ®xed discretizationof the low-dimensionalsurfaceto
computethevaluefunction.

Re®nedE-PCA: The E-PCA controller using an incrementallyre®nedvariableresolutiondis-
cretizationof the surfacefor computingthe valuefunction.
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Figure22: A comparisorof 6 policiesfor person®ndingin a simpleervironment. The baselineis
the fully-obsenable,i.e., cheating,solution (the solid line). The E-PCA policy is for a
®xed(variableresolution)iscretizationTheRe®nede-PCAis for adiscretizatiorwhere
additionalbelief sampleshave beenadded.The PCA policy wasapproximatelyé times
worsethanthebestE-PCA policy.

The performanceof the bestE-PCA controlleris surprisinglycloseto the theoreticalbestperfor
mance,in termsof time to ®nd the person,but this resultalsodemonstratethe needfor careful
choiceof discretizationof the belief spacefor computingthe value function. The initial variable
resolutionrepresentatioprovedto bea poorfunctionapproximatorhowever, usingtheiteratively-
re®nedvariableresolutiondiscretizationywe areableto improve theperformanceubstantially The
controllerusingthe corventionalPCA representationasewascomputedver a®xeddiscretization
of the low-dimensionalrepresentatiomising 40 basesand 500 grid points. The quality of belief
representationnderPCA wassopoorwe did not investigatemorecomplex policy approximators.

8. Discussion
Time Complexity

Theseexperimentdemonstratéhatthe E-PCAalgorithmcanscaleto ®ndinglow-dimensionakur
facesembeddedh very high-dimensionaspacesThealgorithmis iterative andthereforeno simple
expressiorfor thetotal runningtime is available.For adatasetof B j sampleof dimensionalityn,
computinga surfaceof sizel, eachiterationof thealgorithmis O(jBjnl 2 + jBjl® + nl3). Eachstep
of the Newton's algorithmis dominatedoy a setof matrix multipliesandthe ®nal stepof inverting
anl | matrix, which is O(13). The U stepconsistsof jBj iterations,whereeachiteration has
O(nl) multipliesandthe O(I%) inversion.TheV stepconsistof n iterations whereeachiteration
hasO(jBjl) multipliesandthe O(I3) inversion leadingto thetotal complexity givenabove.

Figure23 shavsthetime to computethe E-PCAbasedor 500samplebeliefs,for 20,230states.
ThisimplementatiorusedJava 1.4.0andColt 1.0.2,ona 1 GHz Athlon CPUwith 900M of RAM.
Also shavn arethe computatiortimesfor corventionalPCA decompositionFor smallstatespace
problems,the E-PCA decompositiorcan be fasterthan PCA for a small numberof basesijf the
implementatiornof PCA always computeghe full decomposition(l = n, wherel is the reduced
dimensionalityandn is thefull dimensionality).

30



Exponential Family PCA Running Time
35000

30000 -
25000 -
20000 -

Time in secs

15000 -
10000

5000 F Conventional PCA = 4151sg¢

o

0 2 4 6 8 10 12
Number of Bases

Figure 23 Thetime to computethe E-PCArepresentationfor differentdiscretization®f the statespace.

By farthedominantermin therunningtime of ouralgorithmis thetime to computethe E-PCA
bases.Oncethe baseshave beenfound andthe low-dimensionalspacehasbeendiscretized the
runningtime requiredby valueiterationto corvergeto a policy for the problemswe have described
wasontheorderof 50to 100ms.

SampleBelief Collection

In all exampleproblemswe have addressedywe have useda standardsamplesize of 500 sample
beliefs. Additionally, we have usedhand-codecheuristiccontrollersto samplebeliefs from the
model.In practice we found500samplebeliefscollectedusinga semi-randoncontrollersuf®cient
for our exampleproblems. However, we may be ableto improve the overall performanceof our
algorithmonfuture problemsoy iteratingbetweerphase®f building thebeliefspaceepresentation
(i.e., collecting beliefsandgeneratinghe low-dimensionakepresentationand computinga good
controller Oncean initial setof beliefs have beencollectedand usedto build an initial set of
basesanda correspondingpolicy, we cancontinueto evaluatethe error of the representatiofe.g.,
K-L divergencebetweenthe currentbelief andits low-dimensionalrepresentation)lIf the initial
representatiohasbeernlearnedwith toofew beliefs,thentherepresentatiomayover-®t thebeliefs;
we candetectthis situationby noticingthatour representatiodoesa poorjob at representingiew
beliefs. Validationtechniquessuchas cross-alidation may also be usefulin determiningwhen
enoughbeliefshave beenacquired.

Model Selection

Oneof the openquestionsne have not addressedo far is that of choosingthe appropriatenum-
berof basedor our representationUnlesswe have problem-speci®information,suchasthetrue
numberof degreesof freedomin the belief space(asin the toy exampleof section3d), it is dif®-
cult to identify the appropriatedimensionalityof the underlyingsurfacefor control. Onecommon
approachs to examinethe eigervaluesof the decompositionwhich canbe recoveredusingthe
orthonormalizatiorstepof the algorithmin table 1. (This assume®ur particularlink functionis
capableof expressingthe surfacethat our datalies on.) The eigervaluesfrom corventionalPCA
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areoften usedto determinethe appropriatedimensionalityof the underlyingsurface;certainlythe
reconstructionwill belosslessf we useasmary basesastherearenon-zerceigermvalues.

Unfortunately recall from the descriptionof E-PCA in section4 that we do not generatea
setof singularvalues,or eigemvalues. The non-linearprojectionintroducedby the link function
causeghe eigervaluesof the U matrix to be uninformatize aboutthe contribution of eachbasis
to the representationInsteadof using eigervaluesto choosethe appropriatesurfacedimension-
ality, we usereconstructiorquality, asin ®gure 11. Using reconstructiorguality to estimatethe
appropriatedimensionalityis a commonchoicefor both PCA andotherdimensionalityreduction
techniquegTenenbaumge Silva, & Langford,2000). Onealternatechoicewould be to evaluate
therewardfor policiescomputedor differentdimensionalitiesndchoosehe mostcompactepre-
sentatiorthatachiaresthe highestreward, essentiallyusingcontrolerrorratherthanreconstruction
quality to determinedimensionality

Recallfrom our discussionn section2 thatwe areusingdimensionalityreductionto represent
beliefsfrom POMDPswith aspeci®ckind of structure.In particularthe E-PCArepresentatiowill
bemostusefulin representingpeliefsthatarerelatively sparseandhave asmallnumberof degree of
freedom.However, E-PCAwill beunableto ®nd goodlow-dimensionaftepresentation®r POMDP
modelsthatdo notexhibit thiskind of structure-thatis, if thebeliefscannotberepresentedslying
on low-dimensionalhyperplanelinked to the full belief spacevia the appropriatelink function.
Oneadditionalproblemthenis how to know a priori whetheror not a speci®cPOMDP hasthe
appropriatestructure lt is unlikely thatthereis ageneratechniquehatcandetermingheusefulness
of E-PCA, but we cantake advantageof modelselectiontechniqueslsoto determinewhetheror
notE-PCAwill ®nd ausefullylow dimensionatepresentatiofor aspeci®cPOMDP. For example,
if theKL divergencebetweera setof samplebeliefsandtheir reconstructionss large evenusinga
large numberof basesthenthe problemmaynot have theright structure.

9. RelatedWork

Many attemptshave beenmadeto usereachabilityanalysisto constrainthe setof beliefsfor plan-
ning (Washington,1997; Hauskrecht,2000; Zhou & Hansen,2001; Pineau,Gordon,& Thrun,
2003a).If thereachablesetof beliefsis relatively small,thenforward searchto ®nd this setis a per
fectly reasonablapproachThepolicy computedoverthesebeliefsis of courseoptimal,althoughit
is relatively rarein realworld problemsto be ableto enumeratehe reachabléeliefs. Reachability
analysishasalsobeenusedwith somesucces@sa heuristicin guiding searchmethodsgspecially
for focusingcomputatioron ®ndingfunctionapproximatorgWashington,1997;Hansen;1998).In
thisapproachtheproblemstill remainsof how to computehelow-dimensionatepresentatiogiven
the ®nite setof representatie beliefs. Discretizationof the belief spacdtself hasbeenexploreda
numberof times,bothregulargrid-basediscretizationLovejoy, 1991),regularvariableresolution
approache$Zhou& Hansen2001)andnon-regularvariableresolutionrepresentationBrafman,
1997; Hauskrecht2000). In the samevein, stateabstractionBoutilier & Poole,1996)hasbeen
exploredto take advantageof factoredstatespacesandof particularinterestis the algorithm of
HanserandFeng(2000)which canperformstateabstractiorin theabsencef a prior factorization.
Sofar, however, all of theseapproachebave fallenvictim to the“curseof dimensionality’andhave
failedto scaleto morethanafew dozenstatesat most.

The value-directed®OMDP compressioralgorithmof Poupartand Boutilier (2002)is a dim-
ensionality-reductiotechniquethatis closerin spirit to ours,if notin technique.This algorithm
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computesa low-dimensionalrepresentatioof a POMDP directly from the model parameters,
T, and O by ®nding the Krylov subspacdor the reward function underbelief propagtion. The
Krylov subspacéor a vectoranda matrix is the smallestsubspacehat containsthe vectorandis
closedundermultiplication by the matrix. For POMDPs the authorsusethe smallestsubspacéhat
containsthe immediatereward vectorandis closedundera setof linear functionsde®nedby the
statetransitionsand obsenration model. The major advantageof this approachs thatit optimizes
thecorrectcriterion: thevalue-directedompressionvill only distinguishbetweerbeliefsthathave
differentvalue. The major disadwantageof this approachs thatthe Krylov subspacés constrained
to belinear Using our algorithmwith PCA insteadof E-PCA, we canrealizemuchof the same
compressiorasthe PoupartandBoutilier (2002) method:we cantake advantageof regularitiesin
the sametransitionmatricesT #Z but notin therewardfunctionR. Unfortunatelyaswe have seen,
beliefsare unlikely to lie on a low-dimensionahyperplaneandour resultsreportedin section3
indicatethatlinearcompressionvill notscaleto the sizeof problemswe wishto address.

Possiblythe mostpromisingapproachefor ®nding approximatesalue-functionsarethe point-
basedmethodswhich insteadof optimizing the valuefunction over the entire belief spacedo so
only for speci®cbeliefs. Cheng(1988) describeda methodfor backingup the value function at
speci®cbelief pointsin a procedurecalled “point-baseddynamicprogramming”(PB-DP).These
PB-DP stepsareinterleaved with standardbackupsasin full valueiteration. Zhangand Zhang
(2001)improvedthis methodby choosinghe Witnesspointsasthe backupbelief points,iteratively
increasingthe numberof suchpoints. The essentiaideais that point-baseackupsare signi®-
cantlycheapethanfull backupsteps.Indeed thealgorithmdescribedy ZhangandZhang(2001)
out-performsHansers exact policy-searchmethodby an order of magnitudefor small problems.
However, the needfor periodicbackupsacrosshe full belief spacestill limits the applicability of
thesealgorithmsto smallabstracproblems.

More recently Pineauet al. (2003a)have abandonedull valuefunction backupsin favour of
only point-basedackupsin the “point-basedvalue iteration” (PBVI) algorithm. By backingup
only atdiscretebelief points,the backupoperatotis polynomialinsteadof exponential(asin value
iteration),and,evenmoreimportantly the complexity of thevaluefunctionremainsconstantPBVI
usesa fundamentallydifferentapproacto ®nding POMDP policies,andstill remainsconstrained
by the curseof dimensionalityin large statespaces.However, it hasbeenappliedsuccessfullyto
problemsat leastan order of magnitudelarger thanits predecessorgndis anotherexample of
algorithmsthatcanbe usedto make large POMDPstractable.

E-PCA s not the only possibletechniquefor non-lineardimensionalityreduction;there ex-
istsa large body of work containingdifferenttechniqguesuchas Self-OganizingMaps(Kohonen,
1982),Generatie TopographidMapping (Bishop,Sven£n, & Williams, 1998), StochastidNeigh-
bour Embedding(Hinton & Roweis, 2003). Two of the mostsuccessfulalgorithmsto emepge re-
cently have arelsomap(Tenenbaunet al., 2000)andLocally Linear EmbeddingRoweis & Saul,
2000). IsomapextendsPCA-like methodsto non-linearsurfacesusing geodesidistancesasthe
distancemetric betweerdatasamplesratherthanEuclideandistancesLocally Linear Embedding
(LLE) canbe considereda local alternatve to the global reductionof Isomapin thatit represents
eachpointastheweightedcombinatiorof its neighboursandoperate$n two phasescomputingthe
weightsof the k nearesneighbourdor eachhigh-dimensionapoint, andthenreconstructinghe
datain thelow-dimensionako-ordinatramefrom the weights.However, thesealgorithmsdo not
containexplicit modelsof the kind of data(e.g.,probability distributions)thatthey areattempting
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model.Oneinterestindine of researchhowever, maybeto extendthesealgorithmsusingdifferent
lossfunctionsin the samemannerthatPCA wasextendedo E-PCA.

10. Conclusion

Partially ObsenableMarkov DecisionProcessebave beenconsideredntractablefor ®nding good
controllersin realworld domains.In particular the bestalgorithmsto datefor ®nding anapproxi-
matevaluefunctionover thefull belief spacehave not scaledbeyondafew hundredstateqPineau
et al., 2003a). However, we have demonstratedhat real world POMDPscan containstructured
belief spacespy ®nding and usingthis structure,we have beenableto solve POMDPsan order
of magnituddargerthanthosesolved by corventionalvalueiterationtechniquesAdditionally, we
wereableto solve differentkinds of POMDPs from a simple highly-structuredsyntheticproblem
to arobotnavigation problemto a problemwith a factoredbelief spaceandrelatively complicated
probability distributions.

Thealgorithmwe usedto ®nd this structureis relatedto Principal Component#\nalysiswith a
lossfunctionspeci®callychoserfor representingrobabilitydistributions. Therealworld POMDPs
we have beenableto solwe are characterizedby sparsedistributions, and the Exponentialfamily
PCA algorithmis particul