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Abstract

Thispaperaddressestheproblemof outdoorterrainmod-
eling for the purposesof mobile robot navigation. We
proposean approachin which a robot acquiresa set of
terrainmodelsat differing resolutions.Our approachad-
dressesoneof the major shortcomingsof Bayesianrea-
soningwhenappliedto terrainmodeling,namelyartifacts
thatarisefrom thelimited spatialresolutionof robotper-
ception.Limited spatialresolutioncausessmallobstacles
to be detectableonly at closerange. Hence,a Bayes�l-
ter estimatingthestateof terrainsegmentsmustconsider
therangesatwhich thatterrainis observed.Wedevelopa
multi-resolutionapproachthatmaintainsmultiplenaviga-
tion maps,andderive rationalargumentsfor the number
of layersandtheir resolutions.Weshow thatourapproach
yieldssigni�cantly betterresultsin a practicalrobotsys-
tem,capableof acquiringdetailed3-D mapsin large-scale
outdoorenvironments.

Intr oduction
Thispaperaddressestheproblemof robotsnavigatingthrough
unknown terrain. This problemarisesin greatmany robot
applications,such as planetaryexploration (Matthies et al.
1995)and the explorationof abandonedmines(Fergusonet
al. 2003). In suchcases,a robot must rely on its sensors
to determinethe location of obstacles,so as to safely navi-
gatethroughfreespace.In indoorenvironments,this is com-
monly achieved by assumingthe world is planar and esti-
matinga 2-D cross-sectionof theenvironment(Borenstein&
Koren. 1991; Burgard et al. 2000; Simmonset al. 2000;
Yamauchiet al. 1998). Outdoorenvironmentsrequirea 3-D
analysisof thegroundandpossibleobstaclesthatmight pro-
trudeinto navigablespace(Hashimoto& Yuta2003;Matthies
& Grandjean1992). Of particular importanceare negative
obstacles,characterizedby the absenceof supportingground
(e.g.,holes)(Matthieset al. 1998)aswell asobstaclesthat
might protrudeinto therobot's workspacefrom far above the
ground(e.g.,overhangs)(Fergusonetal. 2003).

Whenmodelingthenavigability of terrain,onecommonap-
proachis toextractanavigability assessmentfromsensormea-
surements(e.g., rangescans),and to integratetheseassess-
mentovertimeusingBayes®lters.Toperformthisintegration,
existingtechniquespartitiontheworkspaceinto agrid, similar
to the well-known occupancy grid map algorithm (Moravec
1988).For eachgrid cell, sensormeasurementsareintegrated
usingBayesrule to diminishtheeffectof sensornoise.
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Figure 1: The terrainperceptionpyramid: terrain is modeledwith
multiple mapsat differing resolutions,eachsensitive to observations
atdifferentranges.

Real-world terrainsensorshave limited measurementreso-
lution. For example,SICK laserrange®nderscanonly mea-
surerangeswith 0:5� accuracy; similar limitations exist for
stereocamerasystemsand sonarsensors. Limited resolu-
tion cancausetwo problemswith standardevidencegrid al-
gorithms:

1. First, the limited resolutionmaymake it impossibleto de-
tect small obstaclesat a distance.Obstacleslike curbsor
low-hangingwires can usually only be detectedat close
range.This is at oddswith the idealof Bayesianevidence
integration in terraingrids: If evidencegatheredat a dis-
tancesystematicallymissesan obstacle,the grid may not
changequickly enoughwhen the robot is ®nally nearthe
grid cell. As a result,theterrainmodelmaymissobstacles,
compromisingthesafetyof thevehicle.

2. Second,limited sensorresolutionmakesit dif®cult to sys-
tematically®ndnavigableterrainatadistance.As aresult,a
motionplanneris eitherforcedto make optimisticassump-
tionsaboutthenatureof terrainat a distance(with theob-
viousexpenseof having to replanwhennegative obstacles
areencountered),or mustremaincon®nedto nearbyregions
thathave beencompletelyimaged.

The ®rst limitation is the critical one that motivatesour re-
search,althoughourapproachsolvesbothof theseproblems.

The key insight in solving the ®rst problemis to notethat



the rangeat which terrainis analyzedplaysa systematicrole
in therobot's ability to detectobstacles.To make this depen-
denceexplicit, we proposeto maintainmultiple terrainmaps,
eachsensitiveto different,possiblyoverlappingsensorranges.
This is illustratedin Figure1: Terrainobservationsareincor-
poratedinto themapssensitiveto therangeatwhichtheobser-
vationwasacquired.Eachmap,thus,modelstheprobability
of obstaclesdetectableat a particular range. Whencombin-
ing mapsfor assessingthe navigability of terrain,preference
is given to shorterrangemaps;however, all mapsparticipate
in motionplanning.

Theuseof multiplemapsraisestheissueof their resolution.
As we will show in this paper, a variableresolutionapproach
yields superiorcoverageto a ®xed resolutionapproach. To
derive anappropriateresolution,we will analyzetheeffect of
measurementnoiseand limited resolutionon the densityof
measurements,so that the maximumresolutionis chosenat
eachlevel that guaranteesthat all grid cells arecoveredwith
high likelihood. The result of this analysisis a pyramid of
terrainmaps:Neartherobotwe have a ®ne-grainedmapsuf-
®cient for maneuveringtherobot in closeproximity to obsta-
cles,whereasthe mapfar from the robot is coarse,facilitat-
ing the task of motion planning. In extensive experiments,
weshow thattheresultingapproachis superiorto existing ter-
rainmodelingapproaches,in thatit enhancestherobot'ssafety
while facilitatingmotionplanning.

BayesianTechniquesfor Navigability
In thissectionwepresentourcoreBayesiantechniquefor con-
structingnavigability mapsof unknown terrain.Theapproach
requiresthat the robot be equippedwith a 3-D range®nder.
For a ®xedresolutiongrid, this approachis identicalto a pre-
viouslypublishedalgorithmin (Fergusonetal. 2003).It forms
thebasisof thepyramiddescribedin subsequentsections.

Supposethe robot acquiresa 3-D rangescanof its sur-
rounding terrain. Each measurementis mapped into a
(x y z)-coordinateusingtheobviouscoordinatetransforma-
tion. Whetheror not a location(x y) is navigable is deter-
minedby asimplegeometricanalysis;A locationis navigable
at heightz if thez-valuesof all measurementsin thevicinity
of (x y) areeitherneareachother(e.g.,lessthan5cmdevia-
tion), or areabove thegroundplaneat a distancethatexceeds
theheightof therobot. Eithercriterion is easilyveri®edby a
simplegeometricanalysis,asshown in (Fergusonetal. 2003).

The analysisof navigability resultsin a probability distri-
bution p(x i j zt ) for eachnearbylocationx i , conditionedon
therangescanzt (heret denotesthetime). Multiple measure-
mentscovering the samegrid cell are then integratedusing
Bayesrule:

p(x i j z1; z2; : : : ; zT )

=
p(zT j x i ; z1; : : : ; zT � 1) p(x i j z1; : : : ; zT � 1)

p(zT j z1; : : : ; zT � 1)
(1)

The“standard”derivationof thealgorithmassumesthatx i is
asuf®cientstatisticof thepast,henceweget

=
p(zT j x i ) p(x i j z1; : : : ; zT � 1)

p(zT j z1; : : : ; zT � 1)
(2)

andafteranotherapplicationof Bayesrule

=
p(x i j zT ) p(zT ) p(x i j z1; : : : ; zT � 1)

p(x i ) p(zT j z1; : : : ; zT � 1)
(3)

Thenavigability variableis binary—eithera cell is navigable
or not. Thus,wecaninvert theentirereasoningby substituting
: x i for x i :

p(: x i j z1; z2; : : : ; zT )

=
p(: x i j zT ) p(zT ) p(: x i j z1; : : : ; zT � 1)

p(: x i ) p(zT j z1; : : : ; zT � 1)
(4)

If we now divide (3) by (4) and substitutep(: x i j �) =
1 � p(x i j �) for arbitraryconditioningvariables,we essen-
tially obtainthestandardgrid mappingalgorithmin (Moravec
1988),but herefor navigability:

p(x i j z1; z2; : : : ; zT )
1 � p(x i j z1; z2; : : : ; zT )

(5)

=
p(x i j zT )

1 � p(x i j zT )
1 � p(x i )

p(x i )
p(: x i j z1; : : : ; zT � 1)

1 � p(: x i j z1; : : : ; zT � 1)

Or in log-form,with therecursionaddedout:

log
p(x i j z1; z2; : : : ; zT )

1 � p(x i j z1; z2; : : : ; zT )
= log

p(x i )
1 � p(x i )

+
X

t

�
log

p(x i j zt )
1 � p(x i j zt )

+ log
1 � p(x i )

p(x i )

�
(6)

This updateequation—whichsimply addsor subtractsevi-
dencefor the navigability from eachgrid cell—is at the core
of classicaltechniqueswith a singlenavigability grid (Fergu-
sonet al. 2003;Hashimoto& Yuta2003),aswell asour new
approachthatmaintainsapyramidof gridsatdifferentresolu-
tions.

Thekey problemof this updatelies in its implicit indepen-
denceassumption.Consideragrid cell x i thatcontainsanon-
navigablecurbthatcanonly bedetectedat closerange.Mea-
suredfrom adistance,p(x i j zt ) will besmallerthantheprior
p(x i ), hence

p(x i j zt )
1 � p(x i j zt )

+ log
1 � p(x i )

p(x i )
(7)

will benegative. Let thisvaluebecalled� . At closerange,the
robotcandetecttheobstacles;hencethisexpressionturnsinto
a positive value. Let uscall this positive value� . Theposte-
rior will only indicateoccupancy if thenumberof closerange
readingsis at leastn � �

� , wheren is thenumberof long-range
readings.Otherwise,theobstaclemaybemissed.Clearly, for
any valueof � and� , theapproachcanfail whenthenumber
of long-rangereadingsis too large.

Multi-Resolution Approaches
Thecentralideaof ourpaperis to developapyramidof terrain
models,in which eachterrainmodelcapturesthe occupancy
from measurementdataacquiredat different ranges. These
mapsarede®nedthroughasequenceof distances

0 = d0 < d1 < d2 < : : : < dN = max dist (8)

thatpartitionthespaceof all distancesat which therobotcan
perceive, up to its maximumrange.Eachinterval [dn ; dn +1 )
de®nesa map,that is, at any point in time,our approachonly
updatesa grid cell in the n-th map if the actualdistanceof
this cell to the sensor(at the time of measurement)falls into



the interval [dn ; dn +1 ). In this way, eachrangescanleadsto
updatesatmultiplemaps.

Thede®nitionof thevaluesf dn g requiressomeanalysis,in
that the issueof the grid resolutionandthe distancebandto
whicheachgrid is tunedarecloselyintertwined.Ouranalysis
will becarriedout in two parts.First, we will derive a bound
on the maximumresolutionof eachgrid cell, which guaran-
teeswith high likelihoodthat all grid cells arecovered. This
boundsetstheresolutionlevelsatdifferentrangesdn ; asto be
expected,the resolutiondecreaseswith distance.The actual
rangesf dn g that de®nethe individual mapsare then deter-
minedby anargumentthatensuresuniform spreadof updates
atall levelsof thepyramid,which impliesthatall of theoccu-
pancy mapsaresimilar in their resultingcon®dence.

Upper Bound for the Grid Resolution
In thissection,wewill deriveanupperboundontheresolution
of eachgrid cell asa functionof thedistanceto the robot,d.
Thisboundis derivedasa lowerboundon thegrid resolution.
The boundis driven by threeconsiderations:the effects of
measurementnoise,theverticalresolution,andthehorizontal
resolutionof therangescanningdevice. Its rationaleis thatfor
exploration,we would like to guaranteecoverageof eachgrid
cell with high likelihood. Part of our analysisrequiresa �at
ground. This is becausethecurvaturein front of the robot is
generallyunknown apriori.

Theboundassumesarangesensorwith verticalangularres-
olution of � (e.g.,1 degree)andhorizontalangularresolution
 , whichis mountedata®xedheighth ontherobot.Let r� be
thecorrectmeasurementof a range®nderpointedat theverti-
calangle� , where� = 0 denotesthehorizontaldirection.On
a �at surface,theexact ranger � is obtainedby thefollowing
equation

r � =
h

sin �
(9)

Sensormeasurementsare,of course,noisy. Theactualsensor
measurementis a probabilisticfunctionof r � . Let this distri-
bution bedenotedby p(r̂ � j r � ), wherer̂ � denotestheactual
measurement.For ouranalysis,let usassumethatthevariance
of thisdistribution is givenby � 2

r .
Let d be the horizontaldistanceof a grid cell to the robot.

Themeasurementnoisecausesnoisein thedistanceat which
groundis detected.Thevarianceof thisdistanced dueto mea-
surementnoiseis givenby

� 2
d =

� 2

1 + ( h
d )2

(10)

where� 2 is the varianceof p(r̂ � j r � ). To seethis, we note
thatthemeasurementangleatdistanced is

� = arctan
h
d

(11)

Thus,rangenoiseis projectedontosurfacenoisein proportion
to thecosineof thisangle:

cos� = cos
�

arctan
h
d

�

=
1

q
1 + ( h

d )2
(12)

Figure 2: Lower boundon the grid cell size, for a rangescanner
with � = 0:5� verticalresolution, = 2� horizontalresolution,and
measurementnoise� = 15cm.

Sincethe varianceis a quadraticfunction, the resultingvari-
anceon thegroundis asstatedin (10). For d � h, we have
� 2 � � 2

d , suggestinga lower boundfor thegrid cell sizethat
is asymptoticallyindependenton thedistanced.

This is quitedifferentfor the effect of limited angularres-
olution. Let � be the vertical angularresolutionof the sen-
sor. Equation(11) speci®edtheangleat which a point on the
groundat distanced is detected.This angleis a functionof d.
Its dependenceond is characterizedby thederivative

�
�
�
�
@�
@d

�
�
�
� =

h
d2 + h2 (13)

Thus,for any (small)angularresolution� , weobtain

� d � �
(d2 + h2)

h
(14)

where � d is the minimum vertical ground differencede-
tectableby a sensorwith resolution� . This valueis of course
only an approximation,sincethe function � is approximated
usinga linear function (®rst orderTaylor expansion). How-
ever, for small � , this valuegivesus an accuratemeasureof
the distancebetweengrounddetectionsdueto sensorlimita-
tions.Thisvalueincreasesquadratically with thedistanced.

Thehorizontalresolutionof thescanner givesustherela-
tion

� d
2d

= arctan
 
2

(15)

andhence

� d = 2darctan
 
2

(16)

whichgrows linearly in d.
Sinceresolutionandnoiseeffectsareall worst-caseaddi-

tive,anappropriatelowerboundfor thegrid cell sizeis

� (d) =
�

q
1 + ( h

d )2
+ 2d arctan

 
2

+ �
(d2 + h2)

h

(17)

whichconsistsof aconstant,a linear, andaquadraticterm.
Figure2 illustratesthelowerboundonthegrid cell size,for

averticalresolution� = 0:5� , ahorizontalresolution = 2� ,



anda measurementnoisevariance� = 15cm. Thetop curve
is our additive lower bound, composedof the noise bound
(dashedcurve) thatasymptotesinto a constant,thelinearhor-
izontal resolutionbound(thin line), andthe resolutionbound
(gray curve) that grows quadratically. Within a rangeof up
to ®ve meters,thetotal boundis surprisinglycloseto a linear
function.Beyondthis range,it becomesquadratic.

As notedabove, our analysisis basedon the assumption
of a �at ground. This assumptionis adoptedto re�ect that
the groundaheadof the robot is unknown. It is pessimistic
in the faceof an upward slope,in which casethe densityof
measurementsis largerthanexpected(hencetheboundcould
be reduced).It is optimistic on downward-slopedground,in
which theresultinggrid cellsmight not alwaysbecoveredby
at leastonesensormeasurement.In suchsituations,therobot
will have to reduceits explorationspeedsoasto compensate
theeffectsof reducedvisibility in suchterrain.

The Pyramid
We have just deviseda lower boundon the grid cell sizede-
pendingon theranged atwhichmeasurementsareintegrated.
In this section,we will derive a rationalargumentfor number
andshapeof thelayersin ourpyramid.

In determiningthe numberof layers in the pyramid, we
tradeoff the size of an obstaclethat can be detectedby the
robotandtheresolutionandrangeatwhich it canbedetected.

For a sensorwith vertical resolution� , theability to deter-
mineanobstacleof height� z dependsonthedistanced. This
heightis easilydeterminedusingtheobviousgeometricequa-
tion:

� z
2d

= arctan
�
2

(18)

This implies that the height of detectableobstaclesdepends
linearlyon thedistanced, for asensorwith ®xedresolution:

� z = 2d arctan
�
2

(19)

This lineardependencesuggestsalineardecreaseof grid reso-
lution in thepyramid—thisis at starkcontractof anexponen-
tial structureof mostpyramidsin the®eld of computervision.
In particular, we proposeanobstaclegrid pyramidof resolu-
tions � d; 
 � d;2
 � d;3
 � d; : : :, for a linear scalingparam-
eter 
 . With sucha linear increasein resolution,the corre-
spondingrangefor eachlayer is determinedby the boundin
(20):

di = min
� d

� (d) < i 
 � d (20)

While thisboundis generallyquadratic,within ameasurement
rangeof 5 metersthe function is approximatelylinear. Thus,
with appropriatechoiceof thepyramidresolution
 , weobtain
a pyramid that scaleslinearly in resolution,andwhereeach
layerfocusesonanapproximatelylineardistanceof cellsnear
therobot.

In our experiments,we foundthata “soft” boundaryworks
betterthana hardboundaryon theassociationof rangesd to
a layer in the pyramid. In particular, when receiving range
measurementsthatprovide informationon navigability at the
distanced, theinformationintegratedinto thegrid de®nedfor
therangedi is gatedby a factorof

exp
�

� 1
2

(d � di )2

� 2

� �
log

p(x i j zt )
1 � p(x i j zt )

+ log
1 � p(x i )

p(x i )

�

Figure 3: Theroboticvehicleis basedon a Segway RMP, equipped
with a vertically orientedSICK laser range�nder mountedon an
Amtecpan/tilt unit. Therobotusesa highly tunedInertial Measure-
mentUnit andaGPSfor localization.

This exponentialdecayleadsto a smoothimplementation
of ourdistance-basedmulti-resolutiongrid approach.

Experimental Setup
Werecentlydevelopedamobilerobotsystemfor 3-D mapping
andnavigation of outdoorenvironments. Our navigation al-
gorithmis describedelsewhere(Likhachev, Gordon,& Thrun
2003): In essence,this approach®ndsa paththroughthemap
that maximizesthe progressto a target locationwhile mini-
mizing therisksof encounteringnon-navigablespace.

Our robot,shown in Figure3, is basedon theSegwayRMP
mobile platform. The RMP is a computer-controlledversion
of thecommercialSegway HT scooter. Therobotis equipped
with a SICK laserrange®ndermountedon anAmtecpan-tilt
unit. Thelaseris sweptbackandforth in orderto acquire3-D
scansof therobot's environment.Therobotalsoincorporates
asophisticatedInertialMeasurementUnit (IMU) andGPSfor
localization. By projectingthe endpointsof the laserscans
into 3-D accordingto theestimatedpositionof the robotand
theangleof thepan-tilt, therobotcanconstructcloudsof 3-D
pointsdescribingtheworld aroundtherobot.

By integratingconstraintsfrom theIMU, GPS,andmatches
betweenlaserscans,weareableto constructlarge-scale,glob-
ally consistent,3-Dmapsof urbanenvironments.A mapof the
centerof Stanfordcampusover 600 meterswide is shown in
Figure4. While suchmapsarenecessaryfor planningglobal
routesfrom onelocationto another, therobotmustalsomoni-
tor theimmediatesurroundingsof therobotto ensuresafemo-
tion. Thenavigationpyramidalgorithmdescribedin thispaper
wasimplementedasthelocalnavigationlayeron theSegway.
Experimentswereperformedto validatethe two advantages
of thepyramidalgorithm:robustnessto limited spatialresolu-
tion, andimprovedsensorcoverage.

The ®rst experimentis shown in Figures5 to 7. Figure5
shows therobotstandingat a distancefrom a setof stairs.At
this distancethe robot is not able to detectthe stairsas an
obstacle.Both the standardevidencegrid algorithmandthe
pyramid algorithmgenerateterrainmapslike the oneshown
in Figure5. (All levelsof thepyramidwerechosento have a
®xedresolutionfor thepurposesof comparisonwith thestan-



Figure 4: 3-D mapof thecenterof theStanfordcampusconstructed
by the Segway. The map is over 600 metersacross,andwascon-
structedfrom over10km of travel.

dardalgorithm.) After standingstill for severalminutes,both
algorithmsdescribethe stairsareaasbeingemptywith high
probability.

Subsequently, therobotwasdrivenupto thestairs.At closer
ranges,the stairsare detectedas obstacles,but the standard
evidencegrid is unableto overcomethepreviousevidencede-
scribingthe cells asfree space.The resultingevidencegrid,
shown in Figure6 doesnot containthestepsandwould have
resultedin acollisionof therobot.Thepyramidalgorithm,on
theotherhand(Figure7, wasableto detectthestairs.As the
robot moved closerto the stairs,the obstacleswereincorpo-
ratedinto theshorterrangelayersof theterrainmap.

Thesecondexperiment,picturedin Figures8 and9, shows
anexampleof theeffectof multi-resolutionpyramidsonmap-
ping performance.Figure8 shows a ®xed resolutionterrain
mapgeneratedwhile therobotwasapproachingagate.Thelo-
calizationof obstaclesin themapis quitegood,but thesweep-
ing patternof the laserleaveslarge holesin the terrainmap.
Theabundanceof holesmakesit dif®cult to plansmoothlocal
pathsthroughthis environment.Figure9 shows thesamesce-
nario,exceptusingamulti-resolutionpyramid.Obstaclesnear
therobotarepreciselymapped,while obstaclesin thedistance
arestoredat low resolution.Furthermore,mostof theholesin
theterrainmaphave been®lled.

Conclusion
This paperproposeda pyramid approachto acquiringterrain
modelswith mobile robots. The modelwas motivatedby a
key �a w in �at grid approachesto modelingthenavigability of
terrain;namely, that theability of a sensorto detectobstacles
varieswith range.By integratinginformationinto asingle�at
map, failuresto detectobstaclesat a distanceare treatedas
randomnoise,andnot what they actuallyare: thesystematic
effectof limited sensorresolution.

Our approachalleviatesthis problemby devising a hierar-
chy of maps,eachtunedto adifferentsensorrange(andhence
adifferentsensorresolution).Wederiveamathematicalbound
that providesa rationalargumentfor determiningthe region
coveredby eachmap,andthe granularityof the grid cells in
eachmap. As a result,themapresolutiondecreaseswith the

Figure5: Watchingthestairsfrom adistance,bothalgorithmscreate
asimilar terrainmapwith thestairsmarkedasfreespace.

Figure 6: After the robot approachesthe stairs,the standardoccu-
pancy grid algorithmis unableto overcomethepreviousnegativeev-
idenceandthecurbis notdetected.

Figure7: Thepyramidapproachis ableto detectthestairsin time to
safelyavoid them.

measurementrange,which hasthenicesideeffect thatthere-
sultingmapstendto havemuchhighercoveragethancommon
single-mapapproaches.

Wehavedemonstratedourapproachusinganactualoutdoor
mobilerobotsystem.Oursystemis basedonaroboticSegway
scooter, andhassuccessfullyacquiredlarge-scalemodelsof
areas1km2 in size.Ourexperimentsdemonstratethatourap-
proachsuccessfullyidenti®esobstaclesin situationswherethe



Figure 8: Model of therobot's surroundingsusinga �x edresolution
grid. The largenumberof holesin themapmakesmotionplanning
dif�cult.

�at approachfails, andthat it indeedleadsto improved cov-
eragein the resultingmap. Computationally, our approachis
only marginally moreexpensivethanthesinglemapapproach,
whichshouldmakeourapproachthemethodof choicefor out-
doormobilerobotnavigation.
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