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Abstract

Westudyaform of thepursuit-evasionproblem,in whichone
or moresearchersmustmove througha given environment
so as to guaranteedetectionof any and all evaders,which
canmove arbitrarily fast. Our goal is to develop techniques
for coordinatingteamsof robotsto executethis task in ap-
plicationdomainssuchasclearinga building, for reasonsof
securityor safety. To this end,we introducea new classof
searcher, the � -searcher, which can be readily instantiated
as a physical mobile robot. We presenta detailedanalysis
of the pursuit-evasionproblemusing� -searchers.We show
thatcomputingtheminimumnumberof � -searchersrequired
to searcha given environment is NP-hard,and presentthe
�rst completesearchalgorithmfor a single � -searcher. We
show how this algorithmcanbeextendedto handlemultiple
searchers,andgiveexamplesof computedtrajectories.

Intr oduction
In this paperwe addressa form of the problemknown as
pursuit-evasion. Thegoalof thisproblemis to directtheac-
tionsof oneor moresearchers throughagivenenvironment
in sucha way as to guaranteethat any evaders presentin
theenvironmentwill befound.As anexample,considerthe
problemof closinga museumfor the night. In orderto be
surethatno thievesor othermalcontentsremaininsideafter
closing, the guardsmustperforma thoroughsearchof the
building. They mustkeepin mindthatany intrudersmaytry
to avoid theguards.For example,if aguardis checkingeach
roomalongahall, anintrudermightsneakbehindtheguard
while he is checkingoneroomandhide in a roomthatwas
alreadychecked. In this case,onesolutionmight be to use
two guards,with onealwayskeepingwatchon thehall.

Our goal is to derive strategiesfor robotsthatallow them
to play the role of guard. In particular, we are interested
in scalabletechniquesfor coordinatingtheactionsof teams
of robotsto clearentirebuildings. In this paper, we estab-
lish an analyticalfoundationfor studyingthis problemby
introducingthe conceptof a � -searcher, which is a robot
equippedwith a � -radian �eld of view (FOV) sensorfor
detectingevaders. The � -searcherre�ects the realitiesof
physical robots,mostof which have limited FOV sensors,
andthusthetechniqueswedevelopcanbeappliedto robots.
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Furthermore,the� -searcheris a qualitatively differentkind
of searcherfrom thosepreviouslystudiedin pursuit-evasion
scenarios,andsowarrantsthefreshanalysisthatwepresent
here.

After proving thatcomputingtheminimumnumberof � -
searchersrequiredto searchanenvironmentis NP-hard,we
presentthe �rst completesearchalgorithmfor the caseof
one� -searcherin a known environment.We show how this
algorithmcanbeextendedto handlemultiple robots(albeit
ata lossof completeness).Wehave implementedandtested
this algorithmin a variety of environmentsandpresentex-
amplesolutiontrajectories.

Background and relatedwork
The �rst rigorousformulationof the pursuit-evasionprob-
lem is dueto Parsons(1976),who restrictedhis studyto the
casein whichtheenvironmentis adiscretegraph.Nothingis
known aboutthelocationor motionof theevader, whois as-
sumedto beableto move arbitrarily fastthroughthegraph.
The evadercanoccupy any edgein the graph; to �nd the
evader, asearchermustwalk alongtheedgeoccupiedby the
evaderand“touch” theevader. Theentiregraphis initially
contaminated, which meansthat the evadercould be any-
where. As the searchprogresses,an edgeis cleared when
it is no longerpossiblefor the evaderto occupy that edge.
Should it later happenthat the evadercould have moved
backto apreviouslyclearedge,thatedgeis saidto berecon-
taminated. Usingthis terminology, thegoalof theproblem
canberestatedasfollows: �nd atrajectoryfor eachsearcher
suchthattheentiregraphis cleared.

A visibility-basedversion of the pursuit-evasion prob-
lem was introducedby Suzuki & Yamashita(1992), who
changedthe domain from discretegraphsto continuous
polygonalfree spacesandcoinedthe term k-searcher. In
this formulation, in order to �nd an evader, a k-searcher
neednot touchtheevader, but caninstead“see” theevader
from adistance.Thek-searcheris equippedwith k in�nitely
thin “�ashlights” with which it can searchthe environ-
ment.These�ashlightshaveunlimitedrange(but cannotsee
throughwalls) andcanbe freely rotatedaboutthesearcher
at boundedspeedandindependentlyof the searcher's mo-
tion. Commonlystudiedarethecaseswhenk = 1, k = 2,
and k = 1 (LaValle et al. 1997; Guibaset al. 1999;
Lee, Park, & Chwa 2002). The 1 -searchercanseein all



directionsatonce.
In addition to such analytical study, there has recently

beensomework on forms of pursuit-evasionwith physical
robots.Roy & Gordon(2002)modelthesingle-robotaction-
selectionproblemasa POMDP, which is madetractableby
compressionof the sparsebelief space. A similar prob-
abilistic framework is employed by Vidal et al. (2002),
who use heuristic searchto �nd strategies for coordinat-
ing teamsof air andgroundvehiclesto searchanunknown
outdoorenvironment. More distantly relatedis the large
bodyof work oncooperativetrackingof moving targetswith
�x edsensorsand/ormobilerobots(Werger& Mataríc 2001;
Stroupe2003;Spletzer& Taylor2003).

The � -searcher
The existing body of analytical work on visibility-based
pursuit-evasion is concernedwith some form of the k-
searcher, andis notreadilyapplicableto physicalrobots,few
of which areequippedwith movable�ashlights or omnidi-
rectionalsensing.Sinceour targetdomainis teamsof phys-
ical robots,we introducea new classof searcher, which to
our knowledgehasnot yet beenstudied,andwhich we call
the � -searcher. The � -searcher is a holonomic(i.e., omni-
directionaldrive) mobile robot with a limited FOV sensor
having angularaperture� 2 (0; 2� ]. The sensorhasun-
limited range,but cannotpenetrateobstacles. This robot
can move (i.e., rotateand/or translate)at boundedspeed.
When � = 2� , we have an 1 -searcher. For � < 2� ,
however, we have a differentkind of searcher, with signi�-
cantlydiminishedcapabilities.Sincethesensor's FOV can
befreelyrotatedaboutthesearcheratboundedspeedandin-
dependentlyof thesearcher's motion(this follows from the
holomonicityof therobot),thecapabilitiesof the� -searcher
lie somewherebetweenthoseof a 1-searcherandthoseof a
2-searcher. Shown in Figure1 is anexampleof a� -searcher,
for � = � .

Given a connectedpolygonalfree spaceF , the pursuit-
evasionproblemis to �nd a trajectorythroughF (calleda
search schedule) for � -searchersthat guaranteesdetection
of anarbitrarily fastevader, whosetrajectoryandinitial lo-
cationareunknown.1 Analogouslyto thegraphsearchprob-
lem, any partof F wheretheevadercanbehiding is called
contaminatedandany partof F wheretheevadercannotbe
hiding is calledclear. Whenever thereexistsapathbetween
contaminatedspaceandclearspace,thatclearspaceis said
to berecontaminated. ThespaceF is initially contaminated
andthegoalis to clearit.

It is known that for the discretegraphsearchproblem,
establishingthe minimum numberof searchersrequiredto
searcha given graph,known as the search numberof the
graph,is NP-hard(Megiddoet al. 1988).For thevisibility-
basedversion, establishingthe minimum numberof 1 -

1It maybethecasewith physicalrobotsthattheavailablemap,
having beenacquiredfrom sensordata,is grid-based,ratherthan
polygonal. If so, thenthe �rst stepis to generatean approximate
polygonalrepresentationof the grid-basedmap,eitherautomati-
cally (e.g.,via smoothingandline-�tting) or manually(e.g.,with
theaidof anarchitectural̄ oorplan).

searchersrequiredto searcha givenpolygonalfreespaceis
alsoNP-hard(Guibaset al. 1999).We have a similar result
for � -searchers:

Theorem 1. Computing the minimum number of � -
searchers required to search a givenpolygonalfreespace
F is NP-hard.

Proof. We usethesamereductionasGuibaset al. (1999):
any planargraphG canbemappedontoanequivalentpolyg-
onalfreespaceF by makingverticesinto convex roomsand
edgesinto “kinked” hallways. Eachhallway hasa kink, or
bend,in themiddle,suchthat thesearchercannotseefrom
oneendof thehall to theother. As a result,to cleara hall,
thesearchermustwalk its entirelength,justaswith anedge
in G. The kink removes all advantagesof visibility, and
thushasthesameeffect on the � -searcherasit doeson the
1 -searcher. Sinceany planargraphcan be mappedonto
anequivalentpolygonalfreespace,andsincecomputingthe
searchnumberof a planargraphwith maximumvertex de-
gree3 is NP-hard(Monien & Sudborough1988),comput-
ing theminimumnumberof � -searchersrequiredto search
apolygonalfreespaceis alsoNP-hard.

A completealgorithm for a single� -searcher
Since,by Theorem1, we cannoteasilydeterminethemini-
mumnumberof � -searchersrequiredto searchagivenenvi-
ronment,we focusinitially on thecaseof controllinga sin-
gle � -searcher. In thissection,wepresentacompletesearch
algorithmfor the caseof a single � -searcher. That is, we
areinterestedin �nding a trajectoryfor a single� -searcher
that will searcha given polygonalfree spaceF , underthe
assumptionthatsucha trajectoryexists. We addresstheex-
tensionto multiplesearcherslater.

We take inspirationin the designof our algorithmfrom
thework of Guibasetal. (1999),whohavepreviouslygiven
a completealgorithm for the caseof a single 1 -searcher.
Their algorithmdoesnot suf�ce for a � -searcherwith � <
2� , becauseit doesnot accountfor the searcher's limited
FOV. However, weborrow from theirwork in severalways.

Thebasicstepsof ouralgorithmare:(i) by aseriesof par-
titions, retractthegivenfreespaceinto a network of curves
that representthevisibility constraintsinducedby theenvi-
ronmentandthesearcher's FOV; (ii) constructan informa-
tion graphthatencodesthepossibleinformationstatesof the
problemasthesearchermoves,usingthenetwork of inter-
sectingcurvesasaroadmap;then(iii) searchthisgraphfor a
goalstate,andreadthedesiredtrajectoryoutfrom theresult-
ing path.Thekey to thisalgorithmis identifying thecritical
pointsin theenvironment;it is only by moving throughthese
pointsthat thesearcherwill changetheinformationstateof
theproblem.

Identifying critical changesin information state
The areavisible to a � -searcherwhen it is positionedat a
point p with orientation� in F is called its visibility poly-
gon, V� (F; p; � ), abbreviated to V� when F , p, and � are
clearfrom the context. Whena point q lies within V� , we
saythatq is in view (Figure1(c)). Thevisibility polygonis
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Figure1: Introductionto the� -searcherShownin (a) is anexampleof a � -searcherpositionedat a pointp with orientation� in a polygonal
freespaceF . Theshadedregion is thesearcher's visibility polygon,V� (F; p; � ). Shownasdashedlinesin (b) are theinducedgapedgesfor
the� -searcher, which partition thefreespaceinto 4 regions.Shownin (c) areexamplesof verticesthatare in view, visible, and/or� -visible,
for � = �

3 .

de�ned by a setof line segments,someof which lie on the
boundaryof F andsomeof which do not. The latter seg-
ments,which crossthroughtheinterior of F , arecalledgap
edges(Figure1(b)). Theseedges,combinedwith theedges
of F , form a planar mapthatpartitionsthefreespaceof F
into a setof faces, which we call regions. We canattachto
eachregion a binary label that indicateswhetherit is clear
(“0”) or contaminated(“1”).

We model the information state of the problem as
(p; � ; B (p; � )) , where (p; � ) is the searcher's pose and
B (p; � ) is the list of binary labelson the regions induced
by its gap edges.To monitor progress,we needonly take
noticewhenthis informationstatechangescombinatorially;
that is, whenthesetof regionsor region labelschanges.A
combinatorial,or critical, changein informationstatecorre-
spondsto a move of thesearcherthatchangesthetopology
of contaminatedspace.During sucha move, oneor more
gap edgeswill: disappear, split, or merge (it canalsohap-
penthatanew gapedgeappearsduringamove,but new gap
edgesalwaysborderclearspace,andso sucha move does
notchangethetopologyof thecontaminatedspace).

Other moves can deform the contaminatedspaceof F ,
but do not changeits topology. We cancharacterizecritical
changesin information statewith the following necessary
(thoughnotsuf�cient) condition:

Lemma 1. Givena single � -searcher in a polygonalfree
spaceF , there canbea change in the topology of thecon-
taminatedspacein F only if there is a change in thesetof
verticesof F that lie in V� .

Proof. We treatthethreecasesseparately:

1. Edgedisappearance.For a gapedgee to disappear, one
of two eventsmustoccur. Eithertheconcave vertex of F
that inducede movesout of V� , or e becomescoincident
with the boundaryof F and terminatesat a previously
non-visibleconvex vertex of F . In the�rst case,e disap-
pearsbecauseit falls out of view (andthus is no longer
part of V� ); in the secondcase,e disappearsbecauseit
becomespartof theboundaryof F (andthusis no longer
agapedge).

2. Edgesplitting. A gapedgee canbesplit only if a previ-
ouslynon-visibleconcave vertex of F , sayv, movesinto
V� suchthat v lies on e. The gap edgee will thensplit
into two new edges,with the�rst terminatingatv andthe
secondoriginatingat v.

3. Edgemerging. Mergingis simplythereverseof splitting.
Two gapedgese1 ande2 canmergeonly if e1 terminates
at the sameconcave vertex of F , sayv, from which e2
originates,andv movesout of V� . Theresultis a single
new edge,having thesameorigin ase1.

In eachcase,at leastonevertex of F movesinto or out of
V� .

Thislemmatellsusthatany critical changein information
statewill beaccompaniedby (actually, causedby) a change
in thesetof verticesof F that lie within V� . Sowe needto
identify thepointsat which therecanbea changein theset
of verticesthatarein view.

Before continuing, we de�ne two notions of visibility
from a point p 2 F (Figure1(c)). We saythat two points
p andq aremutuallyvisible if the line segmentbetweenp
and q doesnot crossthe boundaryof F (this is the tradi-
tional geometricnotionof visibility). Equivalently, we may
saythat p is visible from q or that q is visible from p. We
saythata pair of points(p;q) is � -visible from a point s if
thereexistsanorientation,say� , for a � -searcherlocatedat
s suchthatbothp andq lie within V� , with p andq ordered
counterclockwiseabouts. That is, if we rotatea sweepline
counterclockwiseabouts throughtheFOV of asearcherpo-
sitionedat s with orientation� , we encounterbothp andq,
with p comingbeforeq (angulartiesarebrokenby distance
from s). Clearly, if (p;q) is � 1-visible from s, then(p;q) is
also � 2-visible from s for any � 2 � � 1. Thus, if the pair
(p;q) is � -visible from s, thenp andq arealsobothvisible
from s (traditionalvisibility is just2� -visibility).

Partitioning the envir onment
We now partitionF into a setof regionsR. Our goalis that
the following conditionhold for eachregion r 2 R: given
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Figure2: Shownin (a) is thepartition P� (F ) for a spaceF con-
sistingof a squarecontaininga triangular hole. Shownin (b) is the
partition P� (F ) for a square freespaceF , with � = 2�

3 . In both
cases,the dashedlines are the segmentsusedin the construction
of the partition (the boundariesof the square and/or triangle are
also included).Either visibility (a) or � -visibility (b) of boundary
verticesis constantacrosstheresultingregions.

a � -searcherlocatedanywherein r , thesetof � -visible ver-
tex pairsdoesnot change.First, we ensurethat thereis no
changein thesetof visible vertices.For eachpair of mutu-
ally visible verticesv1 andv2 of F (includingwhenv1 and
v2 areendpointsof the samesegmentof F ), we construct
thesegmentv1v2, thenextendthis segmentin eitherdirec-
tion asfar aspossiblewithout crossingtheboundaryof F .
The intersectionsof theresultingsegmentsform a partition
of F into a setof convex regions. The intuition behindthis
techniqueis thatwe identify all placeswherethesetof vis-
ible verticescanchangedueto occlusion(Figure2(a)).The
resultingpartition,P� (F ), hasthefollowing property:

Lemma 2. Givenanyregion r fromthepartition P� (F ) of
a polygonalfreespaceF , thesetof visibleverticesof F is
thesamefor all pointsin theinterior of r .

Proof. Assumeby contradictionthatsomevertex v1 of F is
visible from a point p andnot visible from anotherpoint q,
with bothp andq in theinteriorof r . Considerany continu-
ouspath
 from p to q suchthat
 is containedin theinterior
of r . Thenthereis somepointalong
 , says (possiblyequal
to q), wherev1 disappearsfrom view. For thisto occur, there
mustbeanothervertex of F , sayv2, thatoccludesv1. The
threepointsv1, v2 ands will becollinear;v1 andv2 will be
mutuallyvisible;andv2 ands will bemutuallyvisible. Then
in theconstructionof P� , theextensionof thesegmentv1v2
wouldpassthroughs, whichmeansthats doesnot lie in the
interior of r . Thusthereis no pathbetweenp andq thatre-
mainsin theinterior of r , which contradictstheassumption
thatbothp andq lie in theinteriorof r .

Sowe know thatthesetof visible verticescannotchange
within a region r 2 P� (F ). However, for � < 2� , it is still
possiblefor thesetof � -visiblevertex pairsto changewithin
aregion. Wewantto re�ne thepartitionP� (F ) sothatthere
is nochangein � -visibility of verticesasa� -searchermoves
within a singleregion. For this purpose,we introducevisi-
bility curves:

De�nition (Visibility curve). Given 0 < � � � and
two distinct pointsv1 and v2, the visibility curve, denoted

v2v1 C(v1,v2)
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Figure3: Thevisibility curveC� (v1 ; v2) for twopointsv1 andv2 .
Shownin (a) is thecasewhen� = �

3 ; thesearcsaretheclosestthat
a �

3 -searchercancometo themidpointof v1v2 , whilemaintaining
visibility of both points. Shownin (b) is the casewhen� = 5�

3 ;
thesearcsarethefarthestthata 5�

3 -searchercanmoveaftercross-
ing v1v2 whilemaintainingvisibility of bothpoints.Threeexample
posesalongeach curveareshown,with therelevantportionsof the
visibility polygonsshaded.

v1
v2

C(v1,v2)

�

��

�

v2

C(v1,v2)

v1

Figure4: An exampleof how� -visibility changeswhencrossing
a visibility curve, for � = �

2 . Asthesearcher crossesC �
2

(v1 ; v2),
it mustlosesightof at leastoneof v1 andv2 .

C� (v1; v2), is the locus of � -searcher positionsclosestto
the midpointof the segmentv1v2 such that an appropriate
orientationof thesearcher will placebothv1 andv2 in V� .
For � < � < 2� , C� = C(2 � � � ) . ThecurveC� is unde�ned
for � = 2� .

As canbeseenin Figure3(a),thevisibility curve for 0 <
� < � is composedof two arcs.Eacharc is partof a circle
de�ned by thelocusof pointsfrom which thesegmentv1v2
subtendstheangle� (thesegmentv1v2 is alwaysa chordin
eachcircle;when� = �

2 thetwo circlesarethesameandthe
segmentv1v2 is a diameter).To maintainvisibility of both
verticesfrom a point alongthis curve, thesearchermustbe
orientedtoward the midpoint of v1v2. As � approaches� ,
thesearcs�atten, until they meetto form a singleline when
� = � . In this case,a � -searcherpositionedon the line
mustbeorientedorthogonalto theline in orderto maintain
visibility of v1 andv2. Asshown in Figure3(b),for � < � <
2� , thevisibility curve is composedof thesametwo arcsas
for 2� � � , but theorientationof thesearcheris rotatedby
� .

Theimportanceof thevisibility curveis thatit makescon-
cretethe constraintsinducedby the requirementto main-
tain visibility of a given pair of verticeswith a � -searcher.
For 0 < � � � , thevisibility curve is theclosestthata � -
searchercanapproachtwo verticeswhile keepingthemboth



in view (Figure4). If the searchermoves forward from a
point on this curve, it will necessarilylose visibility of at
leastone vertex. For � � � < 2� , the interpretationis
slightly different: if two verticesarecurrently in view and
a � -searcherpassesbetweenthem,thevisibility curve is the
farthestthat thesearchercantravel while keepingbothver-
ticesin view. Whenthesearcherreachesapointon thevisi-
bility curve,its blind spotbecomeswedgedbetweenthetwo
vertices;any further forwardmotionwill causeat leastone
vertex to fall outof view.

We now re�ne our partition of F with a setof visibility
curves.For every pair of verticesv1 andv2 of F (including
whenv1 andv2 areendpointsof the samesegmentof F )
for which thereexists somepoint on the curve C� (v1; v2)
that lies in the free spaceof F and from which (v1; v2)
and/or(v2; v1) is � -visible , we addC� (v1; v2) to F . The
intuition behindthis stepis thatwe needonly includethose
curvesthatrepresentvisibility changesthatcanactuallyoc-
cur for a searchermoving throughF . For example,if the
searchercanneversimultaneouslyseetwo vertices,thenthe
visibility curvebetweenthemis notameaningfulconstraint
on the searcher's motion. For the samereason,we discard
from eachcurve any portionthat lies outsideF . It is possi-
ble to further prunethe visibility curvesby removing from
C� (v1; v2) anyportionfrom whichoneor bothof v1 andv2
is not visible. This further pruningwould speedup trajec-
tory planning,but hasno effect on thecompletenessof our
algorithm.

Note that when� = � , the additionof visibility curves
is redundant:the existenceof a third point on C� (v1; v2)
from whichv1 andv2 are� -visibleis equivalentto v1 andv2
beingmutualvisible,andC� (v1; v2) is just theline through
v1 andv2, whichwasincludedin thecoarserpartition(hence
thenameP� (F )).

The intersectionsof the resultingarrangementof curves
andlinesform a partitionof F into a setof (not necessarily
convex) regions (Figure 2(b)). This partition, P� (F ), has
thefollowing two properties:

Lemma 3. Givenanyregion r fromthepartition P� (F ) of
a polygonalfreespaceF , thesetof � -visibleverticesis the
samefor all pointsin theinterior of r .

Proof. SinceP� (F ) is a re�nement of P� (F ), r must be
containedwithin a singleregion, sayr � , of P� (F ). As the
setof visible verticescannotchangewithin r � (Lemma2),
thesetof visibleverticeslikewisecannotchangewithin r .

So we areleft to show that, amongthe (constant)setof
visiblevertices,thesetof � -visibleverticesdoesnotchange.
Assumeby contradictionthat this conditiondoesnot hold.
In particular, assumethatthevertex pair (v1; v2) is � -visible
from somepoint p andnot � -visible from someotherpoint
q, with both p andq in the interior of r . Since(v1; v2) is
� -visible from p, both v1 andv2 mustalsobe visible from
p. And sincethesetof visible verticesis thesamefor both
p andq (becausethey arebothin r ), v1 andv2 mustalsobe
visible from q. Then,by thede�nition of a visibility curve,
p andq mustlie onoppositesidesof C� (v1; v2), whichcon-
tradictsthe assumptionthat p andq lie in the sameregion
r .

Lemma 4. Givenanyregion r fromthepartition P� (F ) of
a polygonalfreespaceF , any vertex pair that is � -visible
fromtheinterior of r is also� -visiblefromtheboundaryof
r .

Proof. Assumeby contradictionthatthevertex pair(v1; v2)
is � -visible from some point p in the interior of r (by
Lemma3, the particularchoiceof p makesno difference),
andnot � -visible from somepoint q on the boundaryof r .
It is clearthat,sincev1 andv2 arevisible from p, they must
alsobevisible from q. Then,by thede�nition of a visibil-
ity curve, p andq mustlie on oppositesidesof C� (v1; v2),
which contradictstheassumptionthatq is on theboundary
of theregioncontainingp.

Theselemmastell us thata � -searcherthat is positioned
within a region r can move onto the boundaryof r with-
out losingvisibility of any vertices(it maygain visibility of
somevertices). At this point, to avoid possibleambiguity,
it will be necessaryto order to the setof verticesthat are
in view.2 For a � -searcherpositionedat p with orientation
� , we denoteby S� (F; p; � ) theorderedsetof verticesof F
that are in view (i.e., in V� (F; p; � )), sortedcounterclock-
wiseaboutthesearcher(angulartiesarebrokenby distance
from the searcher).For brevity we may abbreviate this set
asS� . We now show thata searcherpositionedin the inte-
rior of a region canmove to the region's boundarywithout
removing or reorderingany verticesthatareinitially in view:

Lemma 5. Givenanyregion r fromthepartition P� (F ) of
a polygonalfreespaceF , anda � -searcherwith pose(p; � )
such that p lies in the interior of r , the searcher can move
to any point q on the boundaryof r without removing or
reorderinganyverticesin S� .

Proof. Considerany continuouspath
 from p to qsuchthat

 n q is containedin theinteriorof r andq is visitedexactly
once(i.e., thepath
 intersectstheboundaryof r only at q,
whereit terminates).Eachvertex pair that is in S� (F; p; � )
mustbe� -visible from p andso,by Lemmas3 & 4, alsobe
� -visiblefrom all otherpointson
 (since
 is con�nedto r ).
Soit is possiblefor thesearcherto movecontinuouslyalong

 without losingsightof any vertices.Furthermore,because
� -visibility guaranteesan orderingon eachvertex pair, it
is possiblefor the searcherto move continuouslyalong 

suchthatno vertex pair in S� is reordered.As a result,the
searchercanmove from p to q without removing or reorder-
ing any verticesin S� .

This lemmatellsusthatwecanmoveasearcherfrom the
interior of a region to its boundary, with theonly changein
S� beingtheadditionof verticesof F . To putit anotherway,
asearcherthatis positionedin theinteriorof aregionmayas
well move to theregion's boundary, for at theworst its ver-
tex coveragewill remainthesame.As a result,without loss

2When� > � , it may be possibleto changethe information
statewithout changingthe setof verticesthat areview, by wedg-
ing thesearcher's blind spotbetweendifferentvertex pairs.In this
case,only theorder of thein-view verticeswill change,andsowe
mustkeeptrackof this orderto beableto distinguishamongthese
informationstates.



of generalitywe canrestrictour attentionto theboundaries
of theregionsof P� (F ), andignoretheir interiors.Further-
more, no verticesS� will be removed or reorderedas the
searchermovesalonga singlecomponent(i.e., segmentor
arc) of the boundaryof a region; sucha changecan only
occur at the intersectionof two components.By moving
to an intersection,the searcheris in fact moving from the
interior to the boundaryof a larger region that would exist
if theboundarycomponentalongwhich it is traveling were
excludedfrom the partition. So we can further focus our
attentionon theintersectionsof regionboundaries.

Of course,thesearchermayhave to rotateasit moves;� -
visibility only guaranteesthat it is possiblefor thesearcher
to simultaneouslyseeagivenpairof vertices.In general,for
apointp thatis anintersectionof oneor moreregionbound-
aries,therewill beaninterval of orientationfor whichtheset
of verticesin V� will remainunchanged.Equivalently, there
is an interval of orientationfor which each� -visible vertex
pair is in V� . By intersectingall suchintervals,wecanparti-
tion thespaceof possiblesearcherorientations,[0; 2� ). The
intervalsproducedby this partition,� � (F; p), have thefol-
lowing property:thesetof verticesin V� is thesamefor any
two orientationsin thesameinterval.

Soall orientationsin a given interval, sayi , of � � (F; p)
are equivalent, in the sensethat there can be no critical
changein informationasa � -searcher, positionedat p, ro-
tateswithin i . We canidentify eachorientationinterval by
a pair of vertices(vf ir st ; vl ast ), which are,respectively, the
�rst andlastverticesin view, accordingto theorderin which
eachvertex is encounteredby rotatinga sweepline coun-
terclockwisethrough the searcher's FOV. Without loss of
generality, we canassumethata � -searcherthat is oriented
within aninterval (vf ir st ; vl ast ) is alwaysorientedsuchthat
either its minimum FOV boundaryintersectsvf ir st or its
maximumFOV boundaryintersectsvl ast .

Building the information graph
We now have the roadmapalong which the searcherwill
travel as it moves throughF , andwe canbuild a directed
information graph, GI , that encodesall possiblecritical
changesin theinformationstate.For eachpointp thatis the
intersectionof two or more componentsof region bound-
ariesin P� (F ), computetheorientationintervals � � (F; p).
We addto GI a nodefor eachpossibleregion labelingthat
can result from placing the searcherat p and rotating it
througheachorientationinterval in � � (F; p).

Wecompletetheconstructionof GI by addingedgesthat
correspondto thefeasiblechangesin informationstate.First
we mustde�ne theactionsthatareallowedfor thesearcher.
Assumethesearcheris positionedat a point p thatis thein-
tersectionof two or moreregionboundarycomponents,and
orientedwithin an interval de�ned by (vf ir st ; vl ast ). This
searchercan:

1. Rotateinto any adjacentorientationinterval.

2. Translate along the length of any boundary compo-
nent c incident to p such that the orientation interval
(vf ir st ; vl ast ) is valid at the oppositeend of c. During
themove thesearcherservosits rotationsoasto maintain

visibility of bothvf ir st andvl ast (andthusall verticesin
between).

For eachnoden in GI , we determinetheinformationstates
that would result from taking eachallowableactionat the
con�gurationthatn represents,andaddedgesfrom n to the
nodesthatencodethesenew states.

Given an informationstatefrom which to start, we can
thensearchGI for a goal state,which representsall of F
beingclear. In a startstate,all in-view regionsareclearand
all othersarecontaminated.In a goal state,all regionsare
clear. Given a feasiblepaththroughGI from startto goal,
we can readfrom it the requiredsearchertrajectory, as a
seriesof in-placerotationsandconstrainedtranslations.We
now establishthecompletenessof thisapproach:
Theorem 2. An algorithmthat will �nd anypath to a goal
vertex froma startvertex in GI is completefor thevisibility-
basedpursuit-evasionproblemwith a single� -searcher.

Proof. Given a polygonal free spaceF and a single � -
searcher, take any solution trajectory, say � . Our goal is
to map� onto an equivalentpath in GI . That is, we wish
to show that � can be transformedinto an equivalent tra-
jectory alongthe curvesthat make up the roadmapusedin
constructingGI .

Denoteby (p; � ) thesearcher's poseat thestartof � . If p
lies in theinteriorof a regionr in P� (F ) then,by Lemma5,
we canmove the searcherto any point on the boundaryof
r , without losing or reorderingany in-view verticesof F .
In particular, we canmove the searcherto any intersection
alongtheboundaryof r . If p alreadyliesonaregionbound-
ary, thenwe canslide the searcheralongthat boundaryto
the nearestintersection,again without losing or reordering
any in-view vertices.

As � progresses,we can replicateits moves within our
roadmapin thefollowing way. While � remainsin theinte-
rior of aregionr , wekeepthesearcheratanintersection,say
q, on theboundaryof r , andachieve any necessarychanges
in vertex visibility by simply rotatingthe searcherthrough
its orientationintervals. If � crossesinto anadjacentregion
r 0 suchthat q is also on the boundaryof r 0, we can con-
tinue to rotatethe searcherin place. If, on the otherhand,
q is not on theboundaryof r 0, we move thesearcheralong
any boundarycomponentthatis incidentto bothq andsome
otherintersection,says, thatdoeslie on theboundaryof r 0.
During this translation,thesearcher's rotationis controlled
soasto remainwithin its currentorientationinterval andnot
loseor reorderany in-view vertices(Lemma5 guarantees
thatthis is possible).

In thisway, wecreateanew trajectory� 0 thatmovesalong
the roadmapandis at asleastasgoodas� . That is, S� at
eachpoint on � 0 is a supersetof S� at the corresponding
pointon � . Comparedto � , asearchermoving along� 0 may
seeadditionalvertices,but it will never missany, nor will it
seethemin adifferentorder. As wecanconstructasolution
� 0 givenany solution� , thealgorithmis complete.

Multiple searchers
One way to extend this algorithm to handle multiple
searchersis to includein theconstructionof GI thejoint in-



formationandactionspacesof all searchers.Unfortunately,
this approachis not complete.Thereasonis thatthevisibil-
ity polygonsof multiple searcherscaninteractandoverlap
in sucha way thattheinformationstatecanchangewithout
any searchercrossinga regionboundaryin P� .

A moreseriousdrawbackto extendingour algorithmto
multiple searchersin this way is that the joint informa-
tion andactionsspacegrow exponentiallyin thenumberof
searchers.Even in simpleenvironmentsandwith only two
searchers,theinformationgraphGI requiresaprohibitively
largeamountof memoryto storeandacorrespondinglylong
time to search.Nevertheless,we have implementedthis ex-
tension,andshow in thenext sectionthat it computesvalid
clearingtrajectories.

Implementation and computedexamples
We have implementedand testedthe algorithm described
above, using the CGAL computationalgeometry library
(Burnikel et al. 1999). For reasonsof ef�ciency andcon-
venience,our implementationthusfar computestrajectories
only for thespecialcaseof � = � . In thiscase,theroadmap
in P� (F ) consistsonly of linearobjects,andsotheunderly-
ing geometriccomputationcanbedonewith rationalnum-
bers.For � 6= � , circulararcsareintroduced,andtheexact
computationof their intersectionsrequiresthe useof arbi-
trary precisionreal numbers,which arefar slower to work
with thanrationals. Ef�ciency concernsaside,the caseof
� = � is of particularinterestandvalueto roboticists,be-
causea sensorthat is commonlyfoundon robotstodayis a
scanninglaserrange-�nderwith a180� FOV (e.g.,theSICK
LMS). Sotrajectoriescomputedby our implementationcan
beexecuteddirectly on holonomicrobotsthatareequipped
with suchsensors.

We now presenta few computedexamples. In all the
�gures, light gray (or yellow) areasare currently in view
(andthusclear),white areasareclear(but not in view), and
darkgrayareasarecontaminated.For reasonsof space,not
all stepsin eachtrajectoryare shown. For clarity of pre-
sentation,thesearcher's approximatetrajectoryis shown in
the last frame. Shown in Figure5 is anof�ce-lik e environ-
mentcomposedof a hallway connectingtwo rooms.Shown
in Figure7 is a morecomplex environment,for which the
computedtrajectoryhad 42 steps. Figure 6 shows a sim-
ple environmentthat requirestwo searchersto clear(a sin-
gle � -searcheris incapableof clearingany loops,evenwhen
� = 2� ). We usedthemulti-searcherextensionmentioned
aboveto computethissolution,in whichtwo searcherswork
togetherto cleartheenvironment.

Summary
We have presenteda novel form of the visibility-based
pursuit-evasion problem by introducing a new class of
searcher, the � -searcher, which we chosebecauseit can
readilybe instantiatedasa physicalmobile robot. Because
the � -searcheris qualitatively differentfrom thepreviously
studiedk-searcher, existing motion-planningtechniquesdo
not suf�ce. As part of a detailedanalysisof this new kind
of searcher, we showedthatcomputingtheminimumnum-

Figure5: A computedclearingtrajectoryfor a � -searcher. In this
casethesearcher clears theenvironmentby moving backward out
of theupperroom,downthehall, andinto theleft room.

ber of � -searchersrequiredto searcha given environment
is NP-hardandderived the �rst completesearchalgorithm
for a single� -searcher. We showedhow this algorithmcan
beextendedto �nd strategiesfor multiplesearchersby plan-
ning in their joint actionspace,andgave examplesof com-
putedtrajectoriesfor singlesearchersandfor teamsof two
searchers.

Planningin thejoint actionspaceof all searchersisclearly
not thebestapproach,asit is centralizedandscalesbadlyas
thenumberof searchersincreases.We arecurrentlydesign-
ing more parsimonioustechniquesfor coordinatingmulti-
ple searchers,suchasdistributednegotiation. For example,
if a searcherencountersa hallway with many contaminated
rooms,it mayaskof anothersearcher, “Watchmy backfrom
theendof thehall while I cleartheserooms.” It is interesting
to notethatthiskind of cooperativemini-strategy arisesnat-
urally in the joint actionspaceplans. We areinvestigating
thepossibilityof learningfrom theseplanssuchhigher-level
primitivesas“watchmy back”and“guardthis intersection.”
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Figure7: In this more complicatedexample, the � -searcher ®rst
clearstheleft handsidefromtopto bottom,thenmovesthroughthe
horizontalhallwayto clear theright handside, fromtopto bottom.


