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Abstract

Time series analysis has attracted a lot
of attention for a long time because
of its applications in a wide range of
fields like science, economy, manage-
ment, medicine, etc. We propose a new
algorithm to perform time series analysis
and prediction in order to achieve better
accuracy than current techniques. Our
algorithm combines wavelet transform
and artificial neural networks. Notic-
ing that treatment of boundary condi-
tion for wavelet transform might play an
important role in predicting the future
and previously known boundary condi-
tions, such as periodic boundary con-
dition or reflective boundary condition
are arbitrary, we give a new method,
the correctional technique. Preliminary
experiments has been carried out on a
synthetic dataset and some real dataset.
Some promising results have been ob-
tained.

1. Introduction

In many fields of natural and social sciences, peo-
ple are interested in predicting the future from
the observed phenomena. More specifically, if we

observe a sequence of n events, y1, ..., ¥y, at past
times t1,...,%,, how can we predict the events
Ynt1s-- -2 Yntm that will happen at future times
tntls---stn+m? Examples include studying the

origin and the future evolution of the universe,
forecasting the weather, predicting the stock price
or economical growth, managing the real (and vir-
tual) traffic, predicting the sales of various prod-
ucts in a supermarket, or even continuing a great

composer’s unfinished work. These problems can
all be classified as time series analysis (TSA).

In this project, we combine the state-of-the-art
signal processing technique, the wavelet transform
and artificial neural networks to perform the time
series prediction. In wavelet transform, we ap-
ply a correctional method to treat the boundary
condition. Our algorithm has the following char-
acteristics:

o Wavelet transform is used to decompose the
original signal into several components in
multiple scales. Because wavelets are able
to represent a finite time sequence in mul-
tiple scales and wavelet transform is a non-
parametric method, i.e. very few ad hoc as-
sumptions are made about the original sig-
nal, wavelets have proven to be a useful tool
in time series analysis.

e Artificial neural networks are used to pre-
dict the event at the next moment using a
sequence of past events as the input. Be-
cause neural networks with one hidden layer
and arbitrary number of hidden nodes can
approximate any nonlinear function, they are
very useful for generalization.

e A more careful treatment of boundary con-
dition for wavelet transform is applied. We
believe the boundary condition is important
in time series analysis and prediction; there-
fore, more careful treatment is needed.

In this paper, we first go over some prior work
for time series prediction, we than propose our
algorithm, which followed by some experiments
on artificial data and real data, and we conclude
by some discussions.



2. Prior Work
2.1 Linear Time Series Models

Time series are usually modeled as stochastic pro-
cesses. HEvery observation in a stochastic pro-
cess is a random variable, so a stochastic pro-
cess can be defined as a collection of random vari-
ables ordered in time. A classical techniques for
time series analysis is autoregressive moving av-
erage model (ARMA). According to ARMA(M,
N) model:
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where a,, and b, are constants to be determined
by the data and e; is some random variable. The
first term is called autoregression first propose by
Yule[2] while the second term is called moving
average.

In order to capture long term trend of a time se-
ries, a technique called “integration” [3] is also
used. First, the original time series is transformed
into its dth-order differences:
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Analysis and prediction can be done on dth or-
der difference of the original signal, then they can
be “integrated” d times to recover the prediction
to the original signal. A model combined dth-
order integration to the ARMA(m, n) is called
ARIMA (m, d, n) model.

These linear models are very easy to understand
and straightforward to implement. However, be-
cause they are over-simplified models and have
very limited expressing power, they can fail for
even moderately nonlinear systems. Some exam-
ples of nonlinear sys tems for which the linear
model fail are given in [4]. Therefore, for more
accurate predictions, more complicated nonlinear
models should be investigated.

2.2 Nonlinear Models

Despite the obvious disadvantages of linear mod-
els, they remained to be the major techniques for

time series analysis until 1980, when Tong and
Lim proposed the threshold autoregressive model
(TAR)[5]. Under TAR, the value of the next step
is chosen from one of two linear functions, which
easily creates a global nonlinear system. Another
extension to the linear models can be carried out
by including quadratic or even higher order pow-
ers, as proposed by Volterra[6].

Recently, modern machine learning techniques
have been applied to the time series analysis.
Artificial neural networks[7, 8] are among the
most significant. Neural network is a useful ma-
chine learning algorithm which enables us to sys-
tematically learn the response function of a sys-
tem purely from input and output without mak-
ing any assumptions. Because neural network
with a hidden layer has been shown[10] to be
able to approximate any function with arbitrary
accuracy and backpropogation provides an easy
implementation[9], it is naturally more preferred
than the linear models and previous nonlinear
models. Kolarik and Rudorfer[11] use a sequence
of data points, z;_s,...,Zs+_1 as an input vector
for the neural network and z; is the object value.
Here s is a window size subject to appropriate
choice. After the window slides over the whole
sequence of the observed time series of length N,
N —s—1 training examples are obtained which can
be used to train the neural network which in turn
can be used to make prediction by sliding further
into future. Lin, et al in their work[12] applied
Baum-Haussler Rule[13] to decide the number of
hidden nodes and carefully studied the short term
and long term forecasting, which differ in that the
residuals are not available for long term forecast-
ing, so the feedback loop is not necessary. Both
works showed that neural network gives better
performance than traditional linear models.

Among variations of neural networks is finite im-
pulse response (FIR) network (also known as time
delayed neural network (TDNN) )[14, 15]. In FIR
network, in every layer, the inputs are first fed
into a filter. The filter produces a weighted sum
of past n values of the input. This elegantly incor-
porates the idea of autoregression into the neural
network. The output of the filter then is trans-
ferred to a sigmoid function and the output be-



comes the input of next layer. Temporal back-
propagation can be used to train the FIR network.
FIR network has been shown as a successful tech-
nique for time series prediction|[4]

2.3 Wavelet Methods

Instead of working on the original signal directly,
we work on the transformed signals. The ba-
sic idea is to first decompose the original signal
into components according to some generalized
Fourier transform and then apply some predict-
ing method to these individual components. In-
tuitively, different components capture different
characters of the signal, so the prediction they
yield should also differ. High frequency compo-
nents can be used to predict the near future while
low frequency components can usually tell the
long term trend. If they were treated differently,
better results would be expected. Fourier trans-
formation is usually a natural choice to decom-
pose the signal into components. However, recent
studies[16] show that they are outperformed by
another kind of transform, wavelet transform.

Wavelets are a set of orthogonal basis functions in
L?(R). These basis generated from two specially
constructed and mutually orthonormal functions:
a scaling function ¢ and the mother wavelet, 1.
Other wavelet functions can be obtained by trans-
lations of scaling function ¢, and dilations and
translations of the mother wavelet 1 from the fol-
lowing relationships:

biok = 2j0/2¢(2j0/2t—k) (2)
g = PPPIt—k), j>jo; keZ (3)

The fundamental reason why wavelet transform
has become more popular than Fourier transform
is its ability to specify both location (via trans-
lation) and frequency (via dilation). The tra-
ditional Fourier transform can only express the
global frequency spectrum without providing any
localized information, such as when or where the
signals are occurring. For wavelets, however,
their intrinsic multiresolution feature can auto-
matically adjust the window size to resolve lo-
cal information. As a result of their nice prop-
erties outlined above, wavelets have been success-

fully used in time series analysis. General reviews
can be found in, for example, Morettin[19, 20],
Priestley[21] or Percival and Walden[22]

Because wavelets are useful in decomposing a sig-
nal and neural networks are powerful for gener-
alization, it is natural to combine these two to
perform time series analysis. As a matter of
fact, some work has been done by Aussem and
Murtagh[23]. They decomposed the times series
into components with wavelets and let each com-
ponent grow with a neural network, then combine
the predictions together to obtain an overall pre-
diction. However, we notice that some improve-
ment can be made on their approach. This gives
rise to the topic of the research project we are
proposing.

3. Correctional time series prediction
using stationary wavelet transform
and neural networks

When it comes to wavelet transform, we suspect
that boundary treatment may play a significant
role in time series forecasting problems for the
following reasons. First, if using wavelets decom-
position would ever be able to improve the fore-
casting quality, it’s indicated that the better we
isolate the components at different scales, i.e., the
more uniform scale each component represents,
the better the resultant prediction is. However,
using ad hoc boundary conditions such as periodic
or reflective extensions does not guarantee that
the tail part of each component really represents
the same resolutional information as represented
by the rest of this component. Since forecasting
extends the time series from the tail, boundary
handling may thus have a significant influence on
where the series goes. Based on this reasoning, we
believe a more careful handling of the boundary
will be helpful.

We propose a Time Series Analysis with Cor-
rectinoal Wavelet Transform and Artificial Neural
Network, a combination of TSA, Wavelet Trans-
form, Neural Network, and Correctional treat-
ment of boundary conditions. For the boundary
condition, we decide to use the idea of predictor-
corrector from numerical analysis. Suppose we



have a time series, y1,...,yn, and we want to
predict yn41,.-.,yn+m- Our algorithm works as
follows:

1. We make initial prediction using neural net-
work on the original time series and use the
predicted values as the boundary condition
for the wavelet decomposition.

2. Using linear method and artificial neural net-
work to predict each component from yn41

t0 YN+ M-

3. Decompose yi,...,yn using wavelet trans-
form again, but this time boundary is treated
with predicted values in step (2)

4. Tterate step (2) and (3) until some converging
criterion is met.

To test goodness of fit, we can first split an ob-
served data sequence into two parts, one for train-
ing and one for testing. We then apply a predic-
tion algorithm to grow to the same length as the
testing sequence. A distance, L? for examples,
between the testing sequence and the predicted
sequence is computed and can be taken as a score
for testing the goodness of fit. A lower score rep-
resents a better fit.

Intuitively, the end of the observed signal plays
an important role in predicting the future, thus
it has to be treat carefully. Qur iterative scheme
removes the arbitrariness of the standard periodic
or reflective boundary condition in wavelet trans-
form. It is reasonable to believe better results can
be obtained.

4. Experiments and Results
4.1 Artificial Data

In order to get some hints of how our method
works, we first apply it to a synthetic dataset as
shown in Fig.(1)

This dataset is made up of one linear function and
two sinusoidal waves. We use a base linear func-
tion because we suspect that the usual reflective
boundary condition will fail to work for this long
term trend. We first train the neural network on
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Figure 1. The synthetic data used to test our algorithm

the original signal and obtain the first order pre-
diction, shown in Fig.(2).
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Figure 2. Training the neural network on original time se-
ries and make the first order prediction. The dashed line
is the original signal and the solid line is the prediction.

We then perform a wavelet transform on the time
series with boundary condition taken from the
first order prediction. We plot the first four com-
ponents and the residue in Fig.(3). We see that
the first four components have retained perfect
periodicity while the overall trend is captured by
the residue component. If we first work on each
of these components, we expect that each of these
components can be predicted very well, therefore
a good overall prediction can be achieved. The re-
sult is shown in Fig.(4). In this relatively trivial
task, we obtained almost perfect prediction.
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Figure 3. First four components obtained by wavelet
transform and the residue
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Figure 4. The overall prediction obtained by neural net-
work and wavelet transform with correctional boundary
condition.

If we use a usual boundary condition, such as
the reflective boundary condition, for the wavelet
transform, we obtain the prediction shown in
Fig.(5), which is clearly a failure. We can con-
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Figure 5. The overall prediction obtained by neural net-
work and wavelet transform with reflective boundary con-
dition.

sider the boundary condition as some kind of hint
to the predictor about what is going to happen
in the immediate future. As this example shows,
the hint is sometimes much more important than
what the predictor has already seen. When doing
time series analysis and prediction, although it is
a good idea to first decomposed the signal with
some transforms, most transforms involve bound-
ary condition treatment, which has to be treated



carefully.

4.2 Real Data

We also apply our method to a real dataset, the
Mickey-Glass Equation dataset from the Santa Fe
competition[4]. The whole dataset has 1500 data
points. In our experiment, we use the first 1400
points for training and predict the next 40 points.
To give a general idea of this time series, we show
the first 200 points in Fig.(6)
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Figure 6. First 200 points from the Mackey-Glass Equation
dataset

We then decompose the training signal into five
components using wavelet transform and use FIR
network to predict the next 40 points to each
of these components.

Fig.(7)

We can then sum up the prediction to each of
these components to obtain the overall predic-

tion as shown in Fig.(8]. The mean square error
(MSE) is 0.0976.

The results are shown in

However, if we use the reflective boundary condi-
tion, we obtain the prediction shown in Fig.(9).
The MSE is 0.1189.

Therefore, the correctional boundary condition
gives 21.8% increase of prediction accuracy.
5. Discussion

We designed a new algorithm to perform time

series analysis and prediction. We use wavelet
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Figure 7. Prediction on each of the five component ob-
tained by wavelet transform on the Mackey-Glass Equation
dataset with correctional boundary condition
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Figure 8. Overall prediction obtained by correctional
boundary condition
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Figure 9. Prediction obtained by reflective boundary con-
dition

transform to do signal decomposition and neural
network to make prediction.
transform involves the specifications of boundary
conditions. All literature we have read treated
the boundary condition in a convenient but ar-
bitrary manner. The most usual choices are re-
flective boundary conditions or periodic boundary
condition. Intuitively, the values at the bound-
ary, or the most recent observations should play
a very important role in time series prediction.
We therefore proposed a method for which we
initially make a first order predict in time do-
main. The first order prediction is then fed back
into the time series as values beyond the bound-
ary. This somewhat avoids the arbitrariness of

However, wavelet

the usual boundary condition treatment. In our
experiment, we see we obtain better prediction
results consistently with our boundary condition.

However, there are still problems. In our exper-
iments, sometimes we observe that the first or-
der prediction, or the prediction from the original
time series, achieves better accuracy than the pre-
diction made by wavelet transform with whatever
boundary condition, which means wavelet trans-
form doesn’t necessarily improves the prediction
accuracy. According to the results up to now,
this usually happens when the first order predic-
tion is already very good. When first order pre-
diction doesn’t give good result, wavelet trans-
form can improve the prediction accuracy. This
seems to suggest that the goodness of prediction
by our method is dataset dependent, just like ev-
ery method else. It seems to be a more sensible
algorithm to set up a criterion for acceptance. If
the first order prediction on testing dataset gives
good accuracy, then it is accepted; otherwise, we
perform wavelet transform to pursue better re-
sults. More experiments are needed to back this
claim. However, the main idea of this paper is
that a more careful boundary condition treatment
is needed if we want to do wavelet transform, and
it is consistently verified by all of our experiments.

6. Conclusion

In this paper, we designed a new algorithm for
time series prediction, which combines wavelet
transform and neural network. In wavelet trans-
form, we apply a correctional boundary condition
treatment, which has been shown to give better
prediction than usual boundary condition, such as
reflective boundary condition. More experiments
are needed in the future in order to understand
how to adapt our algorithm to a wider range of
datasets.
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